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Editorial ••r2.3 

Keith Bowden, 
Theoretical Physics Research Unit, Birkbeck College, 
University of London, Malet St, London WCJE 7HX 

Whoops, There Goes Gravity (with apologies to Eminem) 

I have not spoken at ANP A for some time, although I intend to do so this 
year. It might be appropriate if I said something about my thinking in 
advance of the meeting. For about ten years now my main focus has been 
on the formulation of a generalised, background-independent holographic 
principle. (I deliberately use lower case.) This idea was put into my head 
in 1992 by Maurice Jessel, and clarified more recently by Pierre Noyes 
and Stephen Wood who suggested that it might have something to do 
with quantum gravity. It was also one reason why I moved my base to 
Birkbeck College as the idea seemed to have some connection with the 
work of David Bohm and Basil Hiley. 

What do I mean by a generalised holographic principle? Well my 
original idea was to find a formulation of holography that was general 
enough to include both the Jessel Principle of Secondary Sources and 
Kron's Method of Tearing - which I saw as an essentially holographic 
process - and of course the original work of Gabor. More recently I have 
attempted to incorporate the link and statistical theory of Tom Etter and 
have thought somewhat about the work of Bohm on the implicate order 
and t'Hooft and others on quantum gravity. It would be particularly 
interesting to find a formulation that would apply to Rafael Sorkin's ideas 
as described in a recent meeting of ANP A. 

What do I mean by background independent? Well the relationship 
between Kron's Method and Jessel's Principle illustrates this quite well. 
Engineers refer to this relationship as the Finite Difference, or Finite 
Element Method. In Kron's terms the solution to a field problem, egan 
electrical potential problem described by the Laplacian (fmd the voltage 
over a continuous region whose boundary conditions are given), can be 
modelled - to an arbitrary degree of accuracy - by replacing the field over 
the region by voltages on an electrical network whose boundary 
conditions are given by those of the original problem. 



In some way the small scale topology of the problem has been factored 
out and the solution to the problem depends only on the global topology 
(see below), the boundary conditions and the form of the "connection", ie 
the Laplacian in this case. Kron built similar network models for 
Maxwell's equations, Schrodinger's equation and many engineering 
problems. More recently I have become aware how - astonishingly -
problems in fields as diverse as Knot Theory and Economics fit well into 
the same formulation. 

On the other hand the large scale, or global topology of the problem 
must also be factored out. The idea is to obtain a holographic principle 
independent of all these things. Electrical circuit analogies such as the 
above are usually based on planar, or flat circuits, those that can be 
embedded in the plane. In general electrical circuits have crossovers, 
points where one wire crosses another. These circuits can only be 
embedded in higher genus surfaces such as a Mobius strip, a Klein bottle, 
or the surface of a torus (which may have many holes). (These 
embeddings are called triangulations.) Corresponding continuous field 
problems may be solved on the same surfaces. Similarly Physics 
problems in Relativity and Quantum Mechanics can only be described on 
surfaces that are not flat. 

Think about field contours on a plane surface. The only condition on 
these is that they must not cross. Now think about such lines on the 
surface of a torus unwrapped into a rectangle in the usual way (the top 
and bottom of the rectangle are considered to be joined as are the left and 
right hand sides). Now the lines are constrained not only to cross each 
other but must also match at the top and bottom of the rectangle and at 
the left and right hand sides. Similar conditions would hold for the 
Mobius strip except that now the conditions at the top and bottom are 
relaxed and the conditions on the left and right hand sides are reversed. It 
turns out in general (and in higher dimensional surfaces in still higher 
dimensional problems) that the conditions on these contours are (perhaps 
surprisingly) encapsulated by a collection of mathematical (homology) 
groups, Hi associated only with the global interconnectivity of the surface, 
twists and holes. It should be possible to factor these out of any 
generalised, background-independent holographic principle. 

I imagine the formulation of this generalised principle to live in the world 
John Baez refers to as higher algebra, that of category theory, sheaf 
theory, homology and topoi. Category theory in particular, which is the 
language of sheaves, homology and topoi, is a mathematical language 
that is generalised enough that it does not have to specify which primitive 



mathematical structures, sets, groups, rings, vector spaces etc, we are 
working with. Kron, Jesse! and Gabor etc, must all be special cases of the 
formulation. Kron's work had already be set in this context by the 
mathematicians J P Roth and Sun Ichi Amari amongst others. 

Recently I put in a lot of work to understand more clearly the way the 
mathematics, particularly that of sheaf theory, is commonly applied to 
Physics problems. I was interested in the relationship between the way 
that sheaf theory describes structures by coverings with intersections and 
the intersections between torn structures in Kron's method. I am 
particularly grateful to Ioannis Raptis oflmperial College for pointing the 
way. It was not until I looked again at John Baez's excellent book in the 
Knots and Everything series, however, that I properly understood how 
such problems are described by connections on sections of sheaves and 
how the conditions on those connections are related to holography. I can't 
recommend this book enough; it is the only one that I have found that 
explains connections clearly and in a generalised abstract framework. 

However I now found myself somewhat stuck. I felt that I understood 
most of the relevant mathematics quite well, except for topoi, (and I did 
not want to invest still more time into this until I felt fairly certain that I 
was going to get something out of it). But all my attempts to generalise 
the equations that I already had for Kron and Jesse! were still resulting in 
only partial success. I wanted a new way forward. I was inspired to go 
back to thinking about physical holography rather than its abstract 
mathematical counterpart. I also started to go back to thinking about the 
way in which information travels around in physical problems such as 
those that we have been describing. It too is subject to the homological 
restrictions induced by the twists and holes of higher genus surfaces. 

Physical holography works by phase cancellation as Peter Marcer 
reminds us regularly. However, I realised, I have had, in the past, a 
tendency to ignore the wavey properties of physics and simply think of 
fields. Technically, I was interested in the topological structure of 
problems, but tended to bury the time variation out of sight by making the 
homological coefficients into (modules of) polynomials in the Laplace 
transform. In electrical network terms, I had treated the impedances as if 
they were pure resistances; that is I had ignored the reactances. Perhaps 
this was inappropriate. 

On the other hand this phase cancellation can be thought of as a 
restriction on the way in which information can travel round on the 



surfaces. These restrictions are described technically as transmission 
zeros. It turns out that mathematically these restrictions have a 
homological structure in themselves. This was the proposal of my very 
first (non-computing) published paper in 1980 and one of the main 
themes of my PhD thesis in 1983; I had not thought about it very much in 
nearly as long! I will not talk about this at length this year but it is a 
subject that I will come back to in the future. 

These transmission zeros can be much more clearly described if we work 
in electrical network theory rather than continuous field theory, 
remembering all the time the way in which the famous de Rham 
isomorphism (between singular homology - networks - and that of 
differential forms - fields) holds these two things tightly together. I was 
starkly reminded at this stage of a fascinating (almost) isomorphism that 
Lou Kauffman had shown me between electrical networks and Knot 
Theory. It is described in an Appendix to his book Knots and Physics, 
where it is somewhat hidden away. It is instructive to rewrite this in terms 
of Kron theory when slightly different versions of his knot invariants 
appear. 

In this isomorphism a planar electrical network with only unit positive 
and negative resistances is replaced by the projection of a knot into the 
plane with (positive and negative) crossovers by replacing each wire by a 
pair of strings and each positive (negative) unit resistance by a positive 
(negative) crossing of the strings. Technically we get a checkerboarded 
knot whose dual is isomorphic to the dual of the network. If the 
conductance between any two points of the network is zero then the knot 
will pull apart if grasped by the corresponding two points and vice versa. 
This idea is a consequence of the knot invariants mentioned above in 
which conductance is shown to be an invariant of the "electrified" knot. 
The Reideister moves of knot theory correspond to the Thevenin and 
Norton star delta transformations of electrical network theory. 

Recently I pointed out to Lou that there may be some physical 
understanding to be gained by replacing his positive and negative 
resistances by normalised inductances and capacitances. Inductances 
correspond to positive crossings and capacitances to negative crossings in 
the usual way. If the conductance of an electrical circuit is zero then no 
information can be transmitted across it. If the corresponding knot pulls 
apart in your hands then no information can be transmitted via the knot. 



At some frequency w we can write inductance and capacitance as jwL 
and 1/jwC in the usual way with the electrical engineer's j being the 
square root of -1. Normalising and being lazy with dimensions we put 
w=L C=l giving unit inductance j and unit capacitance -j. Being slightly 
less restrictive we see that it is only necessary to put ~=1/LC. In general 
we like to write the inductance as s and the capacitance as -s, considering 
s as the Laplace transform. All impedances in the network then take these 
values. Note however that it is not necessary that s2=-1. 

Now we can see clearly on the one hand how phase shifts can be created 
by the reactive components and result in phase cancellation and 
transmission zeros necessary for holography, and on the other how the 
twists in the corresponding strings may or may not result in phase 
cancellation and knot separation. Note however that there is a kind of 
double cover between the two phase shifts. A 180 degree shift in the 
string phase corresponds to a 90 degree shift in the electrical phase. 

Remember also that this knot holography may be taking place on the 
surface of a torus or Klein bottle. Lou calls such knots, virtual knots. 
However now we notice another subtle difference between the knot 
theory and the circuit theory. Knots on a torus may have a single strand 
passing through the hole. Knots of circuits must have an even number of 
strands through the hole by definition. There is a similar lack of iso 
between the Reidemeister moves and the Norton and Thevenin star and 
delta transformations that wants investigating further. These problems 
can be easily got around, but they are also of interest in themselves. 

So finally we are back at background independence and generalisation. A 
formulation that would include knots would be interesting and helpful. 
Indeed there is a natural way of doing knot homology that arises from the 
above; I do not know if this has been treated in the literature. This project 
is obviously still underway. For me the attainment of the goal is not 
necessarily the main point, it is the journey that has been both enjoyable 
and instructive. Indeed I think it quite likely that someone else will point 
out to me how the thing should be done (if they haven't already done it 
themself!) From ANPA's point of view it would be interesting to 
investigate to what extent these ideas are related to the Combinatorial 
Hierarchy. I believe that the work of John Amson, in particular, may 
provide some clues, but they are the subject of another discussion. I hope 
to explain more clearly how things are progressing in the meeting. 
Holograms occur on boundaries. I am using this article as an excuse for 
the title ofthis volume. Now you know why it has no dust cover. 
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ANP A Proceedings Editorial Policy 

ANP A has been criticised in the past - in particular by members of its own 
Advisory Board - for having no formal editorial policy for its Proceedings. 
This has been balanced by a feeling within ANP A that we should keep 
ourselves open to all viewpoints. In the last few years as editor I have tried to 
tighten things up in such a way as I felt would satisfY our critics whilst not 
compromising our own position. This has been partially successful although 
for some time I have felt that it is time that there was a formally stated policy. 
The following has been approved by the Executive Council, although it is 
open to feedback from all. By "the editor" is meant the Editor or (an) 
appropriate nominated Referee(s) (note the capital Rl) 

l. The paper should make a new and original contribution to the fields of 
ANPA's interest. Survey papers are acceptable. 

2. The default use of language for submitted papers in Physics {and 
Philosophy of Physics} • should be the common language of Physics as 
usually understood by Physicists {and, in particular, by Philosophers of 
Physics} •. Any other use of language should be carefully explained at the 
start of the paper and all appropriate defmitions included there. 
{*added by KGB} 

3. The editor should be satisfied that the paper is presented in such a way that 
the mf\iority of the readership will understand the author's intentions. In 
particular it should he clear that the author has a correct understanding of the 
subject matter. 

4. "Verbatim" reports will be accepted subject to the above three conditions 
only, regardless of whether the final draft is an accurate rendition of what was 
originally said. Other such reports are better submitted to the Newsletter. 

5. Theories of any nature are acceptable material, provided they are 
compatible with the known facts, and provided they are deemed to be of 
interest to the readership. Theories of alternative, imaginary worlds are also 
acceptable, provided their nature is made clear. 



ANP A Proceedings Notes for Authors 

I would like to tty to continue confonnity of style for future issues of the 
Proceedings. Ideally I would like contributions to be submitted in International 
Journal of General Systems fonnat (I have some copies of their Notes for 
Authors) or similar- LOOK AT MY PAPER IN A RECENT ISSUE OF 
THE PROCEEDINGS FOR AN EXAMPLE. 

At least, Times Roman, 12 point, single sided, two copies (HARD COPY), is 
preferred. 10 point is TOO SMALL to be reduced to A5; 14 point is better 
for most papers. Main heading 20 point capitalised and centred, other headings 
16 point capitalised to the left. Author's name(s) capitalised and centred. Address 
italicised and centred. No underlining. At least a one inch bottom margin for 
footers; page numbers NOT top centre. Only copy in good English will be 
considered, and remember, this is a formal Proceedings. Remember also to 
include your name (surprising how many people omit this!), affiliation and 
full address, email address and the version number (even if it is 1.0) or date 
of the draft, centred below the main beading. I often get sent more than one 
version of a paper and invariably mix them up! Send copy to KEITH 
BOWDEN, 139 SANDRINGHAM RD, BARKING, ESSEX IGll 9AH. 

If English is not your first language try to keep the paper short. 

The copy date for the ANP A2002 Proceedings is January 1st 2003. The issue 
will go to print on April181 2003. This will be adhered to rigidly this year. 

Keith Bowden, 
Theoretical Physics Research Unit, 
Birkbeck College, 
Malet St, 
London WClE 7HX, UK. 

k.bowden@physics.bbk.ac.uk 

Tel: 0208-594-5064 

FOR EDITORIAL ADDRESS SEE THE PENULTIMATE PARAGRAPH 



To Keith, 

1 

Some ANPA Pre-Prehistory 
Ted Bastin 

1 

Clive and I thought this addendum to your pre history would be a good 
thing. I do not know what you think nor whether if you approve, in what form it 
should go in the Proceedings. 

From Ted. 

Dear Ted, 
Thank you for your kind comments (below). I am sure that any sensitivity 

shown is more likely due to the fact that the paper was cobbled together from 
interviews with Clive and Pierre amongst others, then any such quality on my 
part! Your update is much appreciated. I think the best way to present it is 
verbatim so here it is. 

Best Wishes, 
Keith 

Letter about history to Keith 

Dear Keith, 
I have been rereading your "Some ANP A prehistory ... " in 

"Implications" ANPA 22. First may I thank you for being so sensitive 
and accurate about the personal relationships back then. Having said 
that I think that a bit of pre-prehistory might help people understand 
the picture better. You jump about ten years from the salad days of me 
and Clive to the catastrophic impact of Frederick. 

You describe the time when Frederick didn't come to work on 
the PACE analogue computer at Brussels because of flu. Pace was 
meant to be a more reliable form of the Pask Machine. The story of 
this wondrous machine is a yam well worth telling some time, but for 
now I will restrict myself to its logic. Gordon (Pask) provided units 
each of which was a massive piece of 1940's (valves) servo 
machinery out of a Lancaster or something to represent the first two 
levels of a hierarchy. Its units were in two levels with 4 and 16 of 
these elements respectively. It was essentially discrete since the servos 
worked on/off switches. The working of them was not digital but used 
feedback loops which connected the 16 units with each other via the 
4 units. The connexions were on/off however. Gordon thought that if 
you connected everything with everything else while observing their 
total symmetry you were representing everything that could happen so 
that nothing arbitrary was introduced by departing from digitalness. 
This principle appeared in all Gordon's conceptual or actual learning 
and teaching machines. Input to the 16 level was randomised 
because though we thought the levels would continue upwards, even 



2 2 
Gordon could not contemplate 256 units. (4+16 units took about 
2kW.) 

You see that two principles - that of levels, and that of each new 
level's being constructed out of the operations on the existing level -
already gave a hierarchy picture which Frederick used as his terms of 
reference. What he did was to elaborate the notion of operator in the 
way we all know, and if that, and the introduction of a separate 
mapping space, was not a stroke of genius then I do not know the 
meaning of that word. The suggestion which has gone about, that I 
asked him to produce some numbers, which he did by fiddling about 
with bits of algebra, does not do justice, particularly to him. One bit of 
history, which is not mythical in the least, is that one morning a few 
days after the denoument Frederick came, deflated and actually 
apologetic, to say it was all a pipe dream because at one stage the 
construction could not be continued. That's when I really jumped out 
of my skin. 

Now a stage further back in pre-prehistory. The two levels idea, 
with one consisting of operators on the first, owes something to 
Eddington's vector space and associated energy-momentum array. 
Eddington had to get numbers out of dimensionality, and we set about 
(algebraically as we then said) getting rid of all the geometry that 
could not be part of any such argument. We knew that Eddington's 
numerology was not right because he did not make that separation, but 
we went on the assumption that perhaps the numbers would turn up 
somehow. We envisaged statistical techniques with the Pask machine 
in which the imposition of a space/time distinction of the units would 
be reflected in the selection from the random input. Frederick 
imploded on the scene at this point and pre-prehistory came to a full 
stop. It is worth pointing out that the Pask machine, with its random 
input, was explicit about the dynamical nature of the algebra. Who or 
what worked the algebra if it represented the real world? Frederick 
never wanted to think about that; but I kept harping on about it and it 
was about that time when he took a quite new turn with his 
indistinguishables. I do not know if there was any connexion. 

What we did know something about was the first level. We got 
from the quadratic group (see 'Concept of order') an argument which 
derived dimensionality from ideas of symmetry as distinct from 
intuitive spatial perception, and that gave us the shape of the bottom 
level in combinatoric form. In fact that structure is isomorphic with 
Frederick's bottom level if you change multiplication for addition. 
Our assumption from those days, that the peculiar symmetry of the 
quadratic group explained why space was 3D, has turned out to be a 
half truth, and the full story is much longer. However, like believing 
in God, it is more accurate to believe that than to believe nothing. 
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REPRESENTING MEASUREABLE NUMBERS IN THE 
IUERARCHY 

Ted Bastin 

Maesllwyn, Tan y Groes, Cardigan SA43 2JF 
( edward@bastinsooo 1. fsnet. co. uk) 

Draft submitted 1 
ABSTRACT 

1 

This paper accompanies "Interpreting the hierarchy: Level change and 
Lou Kauffinan' s construction of matrices" by Clive Kilmister. It deals 
with the physical setting that demanded these mathematical innovations. , 
This very general approach requires us to make an initial identification of 
hierarchy numbers with a scale of mass. Attention is drawn to 
correspondences of this approach with that of Rowlands and Cullerne. 
Future work is forecast concerning the early appearance of Pythagoras' 
theorem in any digital construction of geometry. 

1. Physical variables in a combinatorial approach as distinct from 
bounded interpretable numbers 

We pursue the path of constructing combinatorially based 
dynamical quantities to replace those of classical mechanics, and the 
proof of the pudding will be that the new go over into the old as a special 
case. I draw attention to David McGoveran's conclusion (Bit String 
Physics: Noyes P.298) that all existing attempts at a discrete physics seem 
to him to be "contaminated with continuum ideas". How difficult it is to 
get people to react to statements like these: they seem to take them in a 
spirit of toleration and fail to realize that they must be either ridiculous or 
else appallingly right. Under no circumstances may one say "Hum: 
interesting". 

The combinatorial physics approach makes its initial contacts with 
experiment by identifYing whole numbers, or ratios of whole numbers 
derived from the initial whole numbers, with physically important 
dimensionless numbers. There is a huge conceptual step from here to 
getting a representation of physical variables as they are usually 
understood. I will quote again Tom Etter's characterization of this step as 
being from 'composition' to 'extension' in order to exhibit its prevailing 
importance. A related recognition of this step is Kauffinan' s discussion of 
what he indeed calls 'steps', but more on that anon. On a question of 
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suitable terms, I contrast the method where we interpret whole numbers 
with that in which we have to advance to the continuum, or at least to a 
dense set of unspecified rationals, before we can get to the physical 
variable: that begs the question of what the continuum really is. It is 
better to say that we need to contemplate an unbounded set of 
interpretable numbers. 

The first things that have a physical identification are the coupling 
constants. However they do not give us a range of values. To make that 
leap we think the only way forward is to envisage a continual flux of 
elements. This involves a corresponding continual jumping between 
levels. Then the process allows the alteration of the vector at the more 
complex level, and so the selection of a different discriminately closed 
subset. Then one may revert to the simpler level. This to-and-fro could go 
on for ever, so that we have escaped the boundedness. 

2. The matrix picture and permutations, Kauffman's treatment. 
If we are to use the matrix algebra in the combinatorial hierarchy to 

escape boundedness then we must look again at the function of the matrix 
transform in that mathematics. Trouble appears because the usual 
introduction of matrices in the hierarchy algebra is by creating a new 
entity which replaces a des as a new entity in its own right, forming what 
is then called a new level with vectors of squared length. In the first place 
it has been assumed that a matrix will specifY a des to represent an area of 
physical activity within whatever the whole structure represents -the 
structure of a particle for example. This activity or flux goes on without 
intervention by the matrix However the matrix has a second function 
which needs more scrutiny. In essence a permutation of any vector at will 
is what is required. These two functions or roles for the matrix are not 
obviously compatible. We have often spoken of 'working at a given 
level' in recognition of the fact that if the two things the matrix does are 
separated in real time then there can be no conflict. Of course the 
apparent anthropomorphism of this language is only to be brief. 
Everything has to happen automatically, though we do suppose that there 
will be ways in which an experimenter can learn to alter the balance of 
the choices at the different levels in order to interact with the world. 

The matrix thus has the function of changing one des for another 
by permutation of is own elements. The essential step at this point is to 
realize that all the elements of the vector must be treated exactly the 
same. We call such treatment 'indifferent'. In his paper, Kilmister set out 
an algebraic structure meant to handle the dynamical aspect. In earlier 
discussions of the hierarchy algebra we have failed to realize that we 
could not just import the matrix as Parker-Rhodes did, but have to explain 
what it is about it that plays the dynamical role. Kilmister used an 
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ingenious reconstruction of matrices in terms of permutations due to 
Kauffman. We are trying to find what operator will preserve the essential 
character of a vector or ordered string while permitting the flux of its 
elements. This operator must work elementwise on the elements of the 
string to permute them and so we form the intersection of the things and 
we may conveniently call this multiplication. For example the operator 
0101 would permute 1101 into 0100. Now we have to incorporate the 
fact that all the permutations of the operators have to be combined. 

The word combine has two component meanings -both essential. 
First, it means that the operation of every element must alter the result: 
secondly it means that the fmal result must be independent of the order in 
which the elementwise operations are carried out. But the converse is not 
true and both are needed. These two conditions satisfy the requirement of 
simultaneity and of the indifferent treatment of the elements. Clearly we 
need a new elementwise operation which sums up the effects of all the 
component elements. If we were working over the rationals the obvious 
thing would be to call this addition to give a sort of average, and then we 
could advance straight to defining the matrix. Working combinatorially 
things need more thinking out. In fact at any given stage there are only 
two results -existence and non-existence represented by 1 and 0, the 
combination will have to be statistical in character. These considerations 
restrict us to symmetric difference denoted by the + sign. Thus we find 
discrimination appearing again, and in fact we have arrived at matrices 
composed of 1 and 0. It will be important in applying the construction 
to dynamic operations to realize that what we do is conditional on our 
observing all these considerations which led us to the 'matrix' form. 

3. What this replacement of the old matrices imposes on the 
interaction of levels. 

One advantage of the new approach to the matrix formulation is 
that it makes the notion of level much less artificial since it is consequent 
on the need for changing permutations which we cannot imagine our 
being without. 

One general consequence follows from the permutation 
construction which I shall come back to but which I mention in a bare 
form now. The possibility of working at more than one level is essential 
for getting from bounded physical quantities to unbounded ones. One 
may use a matrix to specify a given permutation and thus specify a 
physical change. Having made the change one may revert to the level at 
which one considers the elements of the matrix and make a change there. 
It is necessary to have succession of these stages to get enough logical 
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richness to represent unbounded change among elements which are in 
their nature bounded until some new principle is brought in. 

It is difficult to avoid slipping into anthropomorphic language as I 
have just done in speaking as though we had to decide what level we are 
working on at any given moment. Of course the reality is that the changes 
are imposed by the input to the whole system so that at a given moment 
there is a flux of activity in all the DCSS at one level and then at another 
moment a switch is made which controls the persistence or non­
persistence of this activity. The changes are in real time but we do not 
control them. You may remember that I made a great fuss about 
recognizing that we must contemplate other systems like our own in the 
'vasty deep' so that input to the system could take place at all levels. This 
let me out from solipsism. 

In the Kauffman-Kilmister view of the origin of the matrix the 
stability imposed of the flux of each system is imposed by a sort of 
averaging over an extended period of activity which requires a new 
logical operation. Kilmister shows that this may be taken to be the 
discrimination operation because of the strong symmetry thus introduced. 
He would like to be able to say that it has to be, but the sufficient 
condition is good enough to go on for me .. 

A direct consequence of the bounded/unbounded switch is that 
some numerical measures associated with the former are squared in the 
latter. This follows from the Kauffinan definition of multiplication. I 
mention now that we shall find in this squaring the origin of the squaring 
of momentum in the energy-momentum relationship of special relativity. 
I mention such a far consequence at this point merely to foreshow that a 
lot of detail of importance will hinge on what is being said. 

4. The new dynamical concepts 
In getting to what I call the physical variable as distinct from 

bounded discrete entities one has to advance in stages. The first things 
that have a physical identification are the coupling constants. However 
they do not give us a range of values. Even when we have advanced to 
having a range of values the main step towards being unbounded in the 
way the classical dynamical concepts are, has still to be taken To 
understand this progression of thought one must see the inevitability of 
reinventing all of the classical concepts completely. This requirement is 
very strange since we are so used to concepts which are defined in terms 
of spatial separation. So strange is it that it is difficult to get the reader to 
react to the proposal for a complete replacement. People usually behave 
as if they haven't heard what you are saying or as though it is part of the 
inessential gas that people must be allowed for the sake of politeness. 
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There is another major change in outlook that we have to make 
which is hardly separable from the reinvention of classical concepts that 
goes with our view of the physical variable. One naturally needs to have a 
physical picture of the particles of high energy physics: Now what could 
we mean by a physical picture which does not presuppose the spatial 
continuum? One might assume that thinking of this sort would take the 
form of abstract groups and such algebraic devices, which in themselves 
could not have physical consequences. Do we mean that? Not bloody 
likely. In the foregoing discussion I have spoken as though changes in -
say- groups are at once things going on in the world. They happen in real 
time. This is the brutal face of the process view. Thus I contemplate 
atomic structures built up of combinatorial motions that are in every way 
real, and underlie and indeed dictate the dimensional shape of the 
spatialized phenomenon. I think of an analogy which is helpful if it is not 
pushed too far. The working of Newton's pendulum -the way when you 
let two balls impact, upon which exactly two detach themselves at the 
other side, for example- has a purely combinatoric explanation even 
though it deals in the kinetics of matter. Someone who should have 
known much better once told me it was the only way in which the 
principles of conservation of energy and conservation of momentum 
could be reconciled. In fact of course the principles of dynamics do not 
enter at all. 

One may say 'why exclude space while having an all-too-evident 
time'. The answer is that time and space are different. The difference is 
obscure here because what we are calling time is simply succession, not 
as the full physical coordinate of -say- relativity. We can stop short of 
that extension, but we cannot do without a principle of succession. 

5. Given mass/charge the first variable has to he momentum 
Our first physical identification has to be mass because it appears 

as a factor in the fine structure constant. I described last year how for 
Rowlands and Culleme the construction of mass and charge must go in 
tandem, so that in the step-by-step filling up of the scale from zero to 137 
we were defining a primitive additive quantity which might equally be 
termed mass or charge since no structure has yet appeared for us to 
distinguish them. Mass in fact appears through the factor h which has 
the dimensions of action ML/T. Rowlands and Cullerne have a theory of 
'charge exclusion' which is how integral numbers enter physics. They 
apply this principle to introduce combined charge and mass. I quote from 
the first two paragraphs of P.lO of "Investigation of the Higgs 
mechanism". "The Higgs mechanism was introduced earlier to account 
for the spectrum of particle masses. We have previously shown [R&C 
200a] that the breaking of symmetry which produces mass is largely a 
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result of the production of zero states of charge, mass and charge acting 
as an invariant in the same manner as space and time. Zero charges 
represent complete coupling to the Higgs field, non-zero charges 
represent a reduction of the vacuum state to less vacuum. The complete 
coupling to a zero charge may be equivalent in energy to one unit of me/ 

a." 
Here we have a very strong tie-up with the hierarchy picture which 

may be conveyed in a few points: 
1. The electromagnetic level provides a discrete scale of magnitudes 
which has the (uncorrected) reciprocal of the fine-structure constant as its 
maximum -137. This progression should be identifiable with R&C;s 
charge exclusion. 
2. Since both e and m appear in the dimensionless form of this constant 
('m' via h) we are committed to a mutual generation of m and e. We do 
not get one without the other. This accords with the position ofR&C. 
3. The correspondence between the two theories at this point is more 
evident if we recall that in both cases the mechanism comes from the 
group transformations directly. 
4. For us, this is the first appearance of a quantized magnitude with 
physical interpretation, and everything proceeds from here. For R&C the 
situation is more complicated since they take over the concepts of mass 
and charge from continuum physics 
5. R&C would seem to have a basis for quantization itself starting here. 
Here 'quantization' means associating integers, and subsequently perhaps 
rationals with the numbers derived from the algebra of the two-group 
picture. Such a construction is already entailed when we impose some 
finite and fixed value to Planck's constant. You could say that they are 
greatly underplaying their hand. 

We need an alternative to the classical particle mechanics in which 
one presumes an understanding of the massive particle and then defines 
momentum in terms of the spatial motion of that particle. As we have the 
picture at present, one still is using an intuitive continuum idea to place 
points or values of momentum/mass on a scale. The Dedekind section 
still seems to incorporate this appeal. I am reminded of our contention 
from long ago that Brouwer's 'continuum' with the freely proceeding 
sequences is what is needed. Belatedly, we are now utilizing this in the 
sense that we must always answer the question "where do we site a new 
value" by going back along the particular history of constructions in the 
hierarchy. Thus we avoid arguing in a circle. I think this view becomes 
more natural in the light of the permutations, but I do not quite know how 
to put that. If I am right then it is a bit misleading to write as though the 
steps up to the fine-structure constant to provide mass/charge, are discrete 
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stages between which we interpolate new values. That is not to say that 
the steps do not have an essential role, but that role arises through their 
being the particular form that is needed to construct sequences. That is to 
say there has to be something: just having one step would give a trivial 
structure. 

Mass and momentum are inseparable in the sense that when we put 
in place the means of getting a variable we created the momentum 
concept (and I suppose other less primitive concepts) in the act of doing 
so. I am trying to get away from the idea that we first defined extension 
and then populated it with momentum and the rest. 

6. Pythagoras 
The origin of the squared form in the relation of mass to 

momentum in conventional theory must come down one way or another 
to Pythagoras' theorem. If we find a different origin for that squared form 
then we must be claiming to derive Pythagoras as a condition for setting 
up geometrical space. That is perhaps a bit sensational. 

The mystery is resolved a bit when we consider that, working the 
way we are, the first steps in geometry are indissolubly linked with 
special relativity. An undetermined factor enters in the connection of m 
to p and we write this c. Then we are free to follow the history books in 
reverse. Usually, we think we have Euclidean space that we tinker with to 
make Lorentz contractions appear and so get a finite signal velocity. Now 
we can take the constant c as predetermined, but regard the 
interpretation of it as a maximal velocity as the condition under which we 
can have Euclidean space as an approximation at small velocities. This 
change in viewpoint must have important consequences for cosmology -
for example over the interpretation of the red shift as a recession velocity­
but I shall not pursue this matter just now. 

Of course momentum and spatial velocity are not the same and the 
clue to the necessary separation of them lies in our having treated the 
quantity h in the fine structure constant as simply a scaling factor 
(having dealt with m and e properly) when it has actually the 
dimension of action. Perhaps we were wrong in picking on linear 
momentum when we should not have allowed the decision on that 
interpretation to go by default, but been explicit in choosing angular 
momentum. That would give angular momentum the pre-eminence it has 
in quantum physics but the connection with relativity becomes unclear. 
However the whole argument is useful in showing the basic thinking that 
is inevitable in our reconstruction of the dynamical variables. 
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INTERPRETING THE HIERARCHY: LEVEL CHANGf. MID LOU KAUFFMAN'S CONSTRUCTION 
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I describe work done in conjunction with Ted Bastin which 

shows that two algebraic notions of Lou Kauffman allow 

one to progress from the static Combinatorial Hierarchy to 

a more dynamical picture, 

This paper is about the Combinatorial Hierarchy (CH) as formulated 

originally by Frederick Parker-Rhodes and described in (1). It is not concerned 

with non-commutative discrimination, My flagging interest in that has been 

rekindled by reading Doug Matzke's thesis but that is a matter for next year 

and will be a major task. Now I seek to throw light on the dual role of 

matrix transformations, both in level change and in describing physical 

change. The paper is in two parts. The firnt part explores features of 

discrimination which should have been looked at in Combinatorial Physics 

(CP), (2). The second part tackles the maiTJ problem of level change and 

dynamics. The paper hinges on two pieces of information from Lou Kauffman. 

PART 1. DISCRIMINATION . · 

In the process view, which I have urged as the only way t:o understand 

the Cll, new entities continually come into play, Hhen a putative new entity 

comes into play it has to be "checked" to see if it js a genuinely new one 

or a repetition of an earlier one. This "checking" is done by a discrimination 

operation, D.If a, b are two. elements in qnestiOl., Dab has the value of a 

signal, Dab = 0 (in the notation which takes 0 as the only signal) when a, 

b are two occurrences of the same entity .. If Dab ~ c # 0, then c is a new 

element. This new element is the bit of information that a, b have been 

discriminated and found to be different. In CP this is expressed in terms 
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of an ordered set of symbols, L = [1, 2, 3, .•• ]and the rule ("Conway's 

rule") that Dab is to be assigned the least symbol which has not been used 

already to express Da'b or Dab' where a', b' are any symbols less than a, 

b respectively. I want to emphasise that Conway's rule is simply a state­

ment of economical organisation of symbols, not a physical input. None the 

less, it easily gives the commutative rule·Dab = Dba and the associative 

rule DDabc = DaDbc, Because of commutativity one can rewrite D as an 

addition operation Dab = a + b and then the associativity means that no 

brackets are needed in a + b + c. 

This was regarded in CP as a useful mathematical fact, which it was. 

We paid less attention to the fact that the system was showing us something. 

No meaning was given to a + b + c except in terms of successive discriminations 

of pairs of elements, e.g. as a+ (b +c). 

Now to remind you of much earlier work I did with Ted Bastin. In our 

Concept of Order papers, specifically (3), we considered a set E of elements 

and a set F of relations, some dyadic, some triadic and so on. In that paper 

all the relations of F were constructed from one basic triadic relation by 

existential substitution1 *· We called the elements simultaneous if and only 

if, whenever any subset of E with k elements satisfied a k-adic relation 

ofF, then so did any permutation of the k elements. Thus, if Rabc, then also 

Racb, Rcab etc. We also introduced a stronger restriction called similarity 

of position. The elements of E had similarity of position if, whenever a 

k-adic subset of E satisfied a k-adic relation in F, so did any other k-adic 

subset. Thus, if Rabb, then also Rbaa, Rbcc and so on. We found that , if 

E were a set of simultaneous elements, then Rabc could be written as 

ab = c and E was an abelian group in which every element (except the unit) 

was of order 2. By a well-known result, E was then a direct product of cyclic 

groups of order 2, E ~c2 x c2 x •.. x C2• The stronger condition of similarity 

of position limited E to C2 x C2 = S, the quadratic group. The isomorphism 

* Superscripts refer to notes at the end of the paper. 

.·~ 
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of these groups to the later ones of the CH was, of course, no coincidence. 

It would have been better if we had interchanged the two names and called 

the weaker similarity of position, After nearly half a century it is too 

late to change and so I remark that the elements in a + b + c have the property 

of simultaneity. That is, if we define a relation 

R3abc ~a + b + c = 0, 

then if R3abc holds, so does R3xyz where x, y, z is any permutation of a, 

b, c, Moreover, if R3abc does not hold, so that a + b + c = d, then 

a + b + c + d = 0, which we could write as 

R4abcd<H>a + b + c + d 0, 

And if R4abcd does not hold, then 

a + b + c + d + e = 0 ~ R5abcde > 

2 and so on , The process picture and the need for discrimination necessitate 

this unexpected set of relations, I want to enquire what these relations 

mean. 

The first two relations, R2 and R3 are easy, R2ab means a + b = 0, that 

is, a = b, the original discrimination in a different notation. Then R3abc 

means a + b = c (and the other five versions of this got by permuting) and 

so is simply the statement that [a, b, c) is a discriminately closed subset 

(des), But the higher order relations have not hitherto been noticed and 

so have no names. For example, one could say that R4abcd means that d is 

the operation of determining whether [a, b, c] is a des and concluding that 

it is not; but this way of putting it obscures the simultaneity of a, b, 

c, d. I need a new name. For reasons which will become clear at the end, 

I shall call [a, b, c, .•• z] a permanent set if and only if a+ b + ..• + z 0, 

i.e. Rkabc •. z. It may be necessary to refine this concept a little. Call 

a set K a primitive permanent set (pps) if it is permanent but no proper 

subset of K is permanent. Thus any des is also a permanent set but only the 

quadratic group S is a pps. Evidently there are ppss of any size, unlike 

dcss. The concept of a permanent set is related to the usual one of a linearly 
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dependent one (over ~2 ) but there are differences. I shall show later that 

the notion of permanence gives some· physical meaning to these relations. 

PART 2. LEVEL CHANGE 

I return to the process view of the CH. Parker-Rhodes chose to exhibit 

the CH in terms of bit-strings, that is, vectors over ~2 . Then discrimination 

is just addition over ~2 • In CP we showed that this is almost general; "almost" 

because Parker-Rhodes bit-strings were of definite length(dimension) whereas 

the elements thrown up by the process were not. Ted prefers to retain the 

bit-string picture, none the less; I think it emphasises the vector-space 

picture too much and prefer another picture set out here. As so often with 

my thinking, it is through care with notation that new concepts arise. The 

_u_s_e_f_u_l_n_e_s_s __ o_f __ t_h_e __ b_i_t_-_s_t_r_i_n_g __ p_i_c_t_ur_e __ l_·s_._t_h_a_t __ ,_l_'f __ a_n __ e_l_e_m_e_n_t __ i_s-,(say) [6i]' 
this can be interpreted as a physical entity for which certain 

attributes are present (viz.,the first, third and fourth). My 

preference is for the "row" notation of CP. A rm; is simply defined as a 

ordered string, pqr. . • of elements of L such that p < q < r <. . . : Then 

the vector above would be IVritten as a row 134. The concept of a row is a 

small but essential generalisation of that of a vector. If one had to, one 

could say that the row stands for the infinity of vectors 1 • where x is 
0 

a column of zeros of any length. In this way the dirnen- 1 
1 

sionality is not fixed and the vector space is not X 

suggested. 

What Parker-Rhodes emphasised Has that, given two elements, one automatic 

39 
automatically built up in succession aggregates of 3, 10, 137 and 10 . There 

is a certain static character about this. It just says: here is a hierarchy. 

It reminds me a little of the old books on electromagnetic theory IVhich 

reached Maxwell's equations in the last chapter and then just admired them. 

To progress further with the CH the concept of change has to be introduced. 

Our general idea is a continual flux of elements represented by bit-strings 

or rows, regarded as statements of the presence or absence of attributes. 

The first step to dynamics is to allow the situation in IVhich an attribute 
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ceases to be present.Thus the row 134 above might become 13. A dynamical 

operator, call it 0, is needed to describe this. This 0 must operate 

independently on each bit of the bit-string. If the bit-string bit is 0 it 

must remain so. If i·~ i,; 1, then it may remain so unless it is one of the 

bits to become zero. These conditions make it clear that one can use 

element-wise multiplication (over ~2 ) to construct 0. One can define the 

product of two bit-strings [~], [~] as the bitstring [~~. Notice that non-

' 
element-wise products like aq do not occur. This version of "multiplication 

of vectors" was suggeste:l to us in a letter from Lou Kauffman, Then the 

stated removal of one attribute would be of the form 

basis elementS 01 1 o:· 1 l'J3 1 , , , Where 

[i] [! " [~] as required. And there is an obvious set of 

ok = ok , oioj =O (i ~ j) 

so that any sum of Ok's is also idempotent. 

It was simplest to carry out that discussion in terms of bit-strings. 

I now verify that it carries over to the slightly more general rows. Recall 

that in CP addition of rows was defined in this way: 

(i) if X is any sequence of the symbols of L, then I/.( X), the "row of 

" X, is got by (a) re-arranging the symbols of X in order, (b) deleting any 

adjacent pair. 

(ii). If x, yare tows, write x·y for the sequence got by juxtaposing 

x and y, Then define 

x + y = 1/.(x·y), 

How then to define multiplication of rows? A moment's thought gives 

xy=~(x"y), 

where x n y is the ordinary intersection of the two rows considered as sets 

3 of symbols. 

It is time to confront a serious problem, We agreed that 135 (say) is 

a row which declares that certain attributes are present. It is tempting, 

but it would be wrong at this primitive stage, to try to identify these 
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attributes by, for example, comparing them with known quantum numbers in 

the standard model. The authors of (1) made this mistake. The reason that 

it is a mistake is this: all that has been generated at this stage is a 

string of descriptors. It will be some way down the line before the system 

is complex enough to generate a descriptor with enough relational properties 

to be identified, e.g. with spin, But thinking about this mistake shows something 

about the descriptors at this stage. They must be treated all on the same 

footing. This phrase is somewhat ambiguous and will need clarifying in the 

future, The point is that to distinguish one of them and say that it represents 

spin, say, would be to interfere with the system from outside, which the 

process view prohibits. So our system must treat all the 10 permutations 

of 135 indifferently. That is, as well as 135, 123, 124, 125, 134, 145, 234, 

235, 245 and 345 must all come in. The row notation is useful here; all 

permutations of a row simply means all rows of the same order (the order 

of a row being its length). This means that I must extend the notion of a 

dynamical operator. Instead of considering a row multiplying 135, I define 

the generalised dynamical operator, 0, acting on the set s5 of ten elements, 

s5 = [135, 123, .... 345]. 

Then O(s5) is also a set of ten elements: 

O(s5) = [v1(135), v2(123), ... v10(345)] 

where the ten vk are left-muJ.tipliers like 123 in the example above. It is 

now no longer true that 0' = 0, 

My next problem is to isolate states of affairs which preserve some 

permanence in the flux of change described by 0, This permanence must be 

defined by some relation R satisfied by the ten elements of O(s5). But we 

have to treat the ten elements of O(s5) on the same footing, so that if some 

relation holds between the ten, they must have simultaneity under it, in 

the sense described earlier. This is the reason for my discussion in PART 

1. One set of such relations is the set R2, R3, ... defined there. I cannot 

claim that these relations are the only possible ones with simultaneity. 

' I 
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It does seem likely that they are the only ones constructible from 

discrimination alone. But that is a very weak result. I would like to know 

a minimum set of assumptions that would finish with these relations, and 

then I would be able to judge whether these assumptions were physically 

determined. For the present I assume that the appropriate set of relations 

are these and so a condition for permanence in the flux is 

R10(s5) ~ v1(135) + v2(123) + .... + v10(345) = o. 

This leads to my using the second piece of information from Lou Kauffman. 

He puts it this way: let u be any vector of dimension n (over any field F) 

and define pA(u) , A= 1, 2, ... ,n!, as the vectors got from u by permuting 

its components. Then ~vApA(u) is just the general definition of a matrix 

operator, Vu. Taking this result with 'F = ~2 shows that the condition for 

permanenc'e in the flux is exactly that used in level change, when a des at 

one level is described at the next higher level by the matrix which annihilates 

it and nothing else. Parker-Rhodes preferred the condition Wu = u rather 

than Vu = 0 but one is transformed into the other by W = V + I, where I is 

the identity. 

To summarise where I have reached so far: firstly, at the mere technical 

level, Lou's formula gives me the corresponding small generalisation of the 

matrix operator appropriate to rows. Secondly, it appears that such operators 

have a dual role. As well as their well-known level-change role, they are 

a first step towards dynamical change, such change coming when Vu = w ~ 0 

In fact, Ted was always clear that level change operators played this dual 

role but I was not. 

NOTES 

1. That is, from (say) R3abc one constructs an R4 by 

R
4
abef ~ ( J c )R

3
abc & R3cef, 

and so on. 

2. One may note that 

R xay 4--l> [a = -.R 1xy] 
n n-

where x, y are (possibly null) sets of elements and a is a single element. 
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This way of putting it emphasises that the system is not restricted by a 

simplistic theory of types. This may be a danger signal for later on. 

3, It is tempting to say this fits in nicely with set theory; isn't x + y 

just ~(x u y)?Unfortunately not, because (123) + (134) = e_(123134) 

~(112334) = 24, whereas (123) u (134) = (1234). In fact, if one wants to 

go down that road, one could write 

X + Y = e(x V y - X n y) 
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Abstract. A series of representations of the fundamental theory that 
physics has a symmetrical or dualistic structure is used to show that both 
physical and mathematical ideas result from an attempt to maintain a zero 
total content in any fundamental conceptual scheme for explaining nature. 

INTRODUCTION 

The fundamental theory to be represented is the idea that physics has 
its origins in a symmetrical structure which preserves its conceptually 
zero content. It has become popular in recent years to suppose that the 
total energy in the universe, counting gravitational energy as negative, 
may be zero, and that the entire universe may have emerged out of pure 
nothingness through something like a quantum fluctuation. Perhaps also, 
if we include the vacuum state, there is some kind of ultimate balance 
between matter and antimatter. It is not unusual, in fact, to read 
statements like the one by the well-known chemist and science writer 
Peter Atkins [1994], who has said of physical matter that 'the seemingly 
something is elegantly reorganized nothing, and ... the net content of the 
universe is ... nothing'. However, it is not just matter and the universe 
that appear to be nothing, but the entire conceptual scheme of which these 
are merely components (nihil ex nihil fit). Mathematically, only zero is 
absolutely unique, and this leads one to suppose that an absolute or 
universal theory must in a sense be, ultimately, a theory about the 
meaning of nothingness. The idea of conceptual nothingness has been 
proposed on many occasions by the author as the basis of physics 
[Rowlands, 1983, 1991, 1999, 2001], in the sense that the perfect 
symmetry between the only truly fundamental parameters in nature is 
exactly of this sort, even in algebmic terms. In view of the intrinsically 
mathematical nature of physical quantities, and the probability that 
mathematics and physics have the same conceptual origin, it also seems 
to make sense to describe mathematics in terms of the same totally zero 
structure. The question then becomes: how do we get something from 
nothing? Such a question is unlikely to be answered on the basis of an 

1 
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appeal to pure first principles without some initial empirical investigation 
into the way that physics and mathematics appear to be structured at their 
foundations. A convenient starting-point is the evidence of duality, or, 
rather, something which leads ultimately to the creation of this concept, 
as a fundamental principle. 

DUALITY AND ITS GROUP STRUCTURE 

Duality is fundamental to physics and mathematics. All operations are 
dual operations. All objects are dual objects. All physical and 
mathematical theories are dual theories. As Nicholas Young writes in a 
well-known textbook [1988], 'the idea of duality pervades mathematics', 
while duality has, from the beginning, been the basis of the author's 
theories of mathematical physics and philosophy of science [Rowlands, 
1983, 1991, 1999, 2001]. In effect, we can't defme something without 
defining also what it is not. Alternatively, we can't characterize 'nature' 
or 'reality', even to the extent of saying whether it has an independent 
existence (is ontological) or is a product of our perception (is 
epistemological). So, the concept even has a fundamental philosophical 
manifestation. Any attempt to characterize it in one aspect will 
automatically lead to our discovery of the 'opposite' characterization in 
another. Every 'probe' will meet with an opposing 'response'. 

Why is this? It seems that physics and mathematics, as we have 
supposed, are attempts at creating something from nothing. Although we 
assert that we have given nothing a character or aspect, it is, in fact, still 
nothing, ifwe take the totality of probe and response. An obvious case is 
provided by the conservation of linear momentum in an explosion 
problem; gain of positive momentum in one direction has to be countered 
by an equal gain of negative momentum in a direction which is precisely 
opposite. The totality remains zero. The example is a very familiar one, 
and it is usually treated as an illustration of a very fundamental law of 
physics, with an independent existence. The law is, in fact, however, just 
one illustration of a very much more fundamental principle of duality in 
nature, which can be seen as the ultimate origin of both physics and 
mathematics. A 'theory of everything' needs first to be a 'theory of 
nothing'. 

How, then, does this principle of duality operate? The answer has to 
be: in the simplest way possible. It is not possible to imagine any duality 
simpler than that provided by the C2 group. We could describe it, in 
mathematical terms, by the use of the elements 1 and -1, but our starting 
concept must, in fuct, be even simpler than that, and cannot yet assume 
the discrete numbering associated with the term 'dual'. The concept of 1 
may appear to be simple, but it is in reality loaded with information about 
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the meaning of discreteness, in addition to ordinality, which doesn't 
appear at the most fundamental level. A simpler opposition is that 
between + and - applied to the unspecified entities which are generically 
described as the reals. A mathematical-computational approach to this is 
given by the author, in a paper written with Bernard Diaz [Rowlands and 
Diaz, 2002]. 

In effect, the simplest possible thing other than 0 that we can imagine 
is !Jl, or can be described as !Jl, where fJl is a totally unspecified or 
undifferentiated entity, and its automatic negation or 'conjugation' is th~ 
thing we describe as -!ll. In principle, as soon as we have fR, we have no 
option but to take -!ll as well, in order to maintain the zero totality. That 
is, defining !ll, at all, automatically creates what we will eventually call a 
'dual' system. Ultimately, we will find that this is equivalent to requiring 
1 + 1 = 2, and generating the Peano idea of 'successor', and a natural 
(binary) numbering system, which avoids the GOdel problem through a 
zero totality, but this will require the generation of a concept of 
discreteness which is not a direct feature of fJ/. We cannot, at this stage, 
even take !Jl- (-!II) to be, say, 2!Jl, until we have defined 2, and the 
concept of number generally, to exist. The existence of+ and - signs can 
thus be taken as an expression of ordinality, but not yet of a discrete 
ordinality (as with the Dedekind 'cut', which, despite its name, is a 
definition of ordinality without a prior assumption of discreteness), and 
the expression of this process as duality, or the group structure as c2, 
cannot yet be taken as explicit. 

We also have no option but to relate - fJl to !ll in some way other than 
defining their totality as 0, and the identity -!Jl x -!li = fJl x fJl then 
becomes deeply significant in establishing that the relation between these 
elements is a group relationship, and that the 'multiplication' and 
'squaring' of elements, in addition to identity and inversion, are 
operations which are fundamental to the principle that we will ultimately 
describe as 'duality', when we have introduced discreteness. Of course, 
without some concept of enumeration, and no way of identifying fJl more 
exactly, -!Jl x -!Jl= !ll x fR is describable only by the generic -(-!11) or 
fJi; there is no defmed concept of 'unit', and the x operation is not yet 
identifiable as 'multiplication'. 

But, suppose now that we require a counter concept, even for the fJl 
and -!Jl category, that is, we require a system which avoids 'privileging' 
these, and privileging one with respect to the other. We may then suppose 
that conjugate terms must exist which allow us to generate - fJl in the 
same way as we generate fJl from - fJl (in addition to its generation from 
!II). In mathematical terms, we describe these as members of the complex 
set, and each must have its own conjugate. Symbolically, we represent the 
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new terms as r/; and -4:. However, the new category r/; remains undefined 
in respect to the real category, and has no ordinal relation to it. 
Consequently, there are infinitely possible or indefinitely possible 
systems and combinations that are represented by this symbol. 

However, when we investigate the combinations of possible r/; terms, 
we fmd a distinct separation between the infmitely possible combinations 
leading to the original real category fll, and the very definite 
noncommutative ones leading to the conjugate -fll, where only 'one' 
independent C-type concept (say C') is associated with each conceivable 
C. Thus, we find that the former are infinitely extendible, while the latter 
are cyclic or enclosed. It is at this point that we can introduce 
discreteness, and the concept of 'unity', into mathematics. By choosing 
the default position of assuming indistinguishability between the Cs in 
every conceivable respect (i.e. none is 'privileged'), we can create a 
regular ordinal sequence, which, although arbitrary in principle, becomes 
a series of integral binary enumerations, which can also be applied to 
ordinality in the real categories. The consequent minimising of variation 
within the generating process additionally allows us to retain (and even 
create) the powerful notion of group structure. We can represent the 
generality of the process in the form: 

undefined 
conjugation 
complexification 
dimensionalization 

repetition 

The logical operations involved in the sequence can be expressed in a 
quasi-algebraic form though operations such as x and - are not limited to 
an algebraic interpretation until we create the concept of integral 
sequencing via the ordinal series of closed systems: 

f/l X f/l= -f/l X -f/l= fll 
fll X -fll= -fll X fll= -fll 
fllxc=cxf!l=c 
r/; X r/; = -4; X -4; = -fll 
r/; X --d; = -4; X rl; = fll 
C' X C' = -C' X -C' = - fll 
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closed ( anticommutative) 
unlimited (commutative) 

The character sets effectively represent all those, including fll, - fll 
which are generated by operating on themselves: 

(g/J X (g/J = (g/J 
( fll, - g/) X ( fll. -!If) = ( fll, - f!/) 
(f/1, -fll, d;, ~X (fll, -~ d;, -i) = (fll, -f/1, t,-¢) 
(fll, -fll, rt, --ff, r/;•, -4:_•, q;f/;', -fit•) X (fll, -fll, C, '-4;, r/;•, -1/;•, r/;r/;•,-

d;d;•) 

The closed sets are those which introduce discreteness through 
anticommutativity. 

We are now in a position to extend the argument using the integral 
sequence we have created. Beginning with the C2 group, which can now 
be represented by 1 and -1, a dual system will extend this to four 
elements, producing an equivalent to c2 X Cz, and we choose the only 
way of extending a group including 1 and -1 to encompass four elements, 
by making the unknown elements (hitherto represented by the generic d; 
and--</;) acquire the characters that we describe by the algebraic symbols i 
and -i. The group of 1, -1, i, -i is not, of course, C2 x C2, or D2, but C4. 
However, it contains the same information as C2 x Cz, for we can write 
this information in the form of the complex ordered pairs: 1, i; 1, -i; -1, i; 
-1, -i, which is Of the form C2 X C2, and is the Only domain in WhiCh± j 

can exist. 
If we are now required to dual the C4 group, the most efficient and 

ordinally-structured way of retaining elements equivalent to 1, -1, i, -i in 
an extended group of order eight, is by supposing that we can expand i, -i 
into the necessarily cyclic and noncommutative operators i, -i,j, -}, k, -k, 
which we describe as quatemions. The definition of the quatemion group 
Q8, with elements 1, -1, i, -i, }, -}, k, -k, is simply a statement of the fact 
that the complex C4 group has been dualistically extended on the basis 
that ij (= k) has the same kind ()fproperties as i and), with (i.l)(i.J) = -1. 
Again, we can represent the same information by a C2 multiplication, 
using a group of the form C2 x C2 x C2. The cyclic nature of the 
quaternions is significant here, because the eight possible ( C2 x Cz x Cz) 
combinations of ± i, ± j, ± k become sufficient to generate the entire 
information produced by the elements of Q8. In effect, describing a set of 
operators, such as i, j, k, as 'cyclic' means reducing the amount of 
independent information they contain by a factor 2, because k, for 
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example, arises purely from the product ij. It could even be argued that 
the necessity of maintaining the equivalence Of the Qs and C2 X C2 X C2 
representations is the determining factor in making the quatemion 
operators cyclic. In addition, the cyclicity prevents the definition of 
further complex terms, such as I, where (il)(il) = -1, though there are an 
unlimited number of I terms such that (if)( if)= 1. 

The process can be continued further using terms of this kind. We 
dual Q8 by complexifying it to the complex quaternion or multivariate 
'vector' group 1, -1, i, -i, i, -i,), -), k, -k, ii, -ii, ij, -ij, ik, -ik, of order 
16, which has a related Cz X Cz X Cz X c2 formulation, and which may 
also be written 1, -1, i, -i, ii, ii, ij, -ij, ik, -ik, i, -i, j, -j, k, -k, where a 
complex quatemion, such as ii becomes the equivalent of the multivariate 
vector i (see Appendix 1). (It is significant, here, that a possible 
alternative dualling of quaternions to octonions, with sixteen components, 
would fail to maintain the group structure, as octonions are 
nonassociative.) We then expand the complex terms to a three­
dimensional status, to produce a double quaternion group, say 1, -1, I, -I, 
J, -J, K, -K, ;, -i, j, -j, k, -k, of order 32, which has a related c2 X c2 X 

c2 X c2 X c2 formulation. Then we complexify again, to produce a 
multivariate vector-quaternion group 1, -1, i, -i, ii, -ii, ij, -ij, ik, -ik, i,­
i, j, -j, k, -k, i, -i, j, -j, k, -k, ii, -ii, ij, -ij, ik, -ik, and 36 real and 
complex combinations ofvectors and quatemions, forming a group of64, 
with a related Cz X c2 X Cz X c2 X c2 X c2 formulation. Because of the 
reduction of information involved in defining both multivariate vectors 
and quaternions as cyclic, and in one producing complex, and the other 
real, products, the C2 X C2 X C2 X C2 X C2 X C2 formulation Can be 
expressed by the 64 possible combinations of+ i, + j, ± k, + i, + j, ± k, the 
algebra of the Dirac gamma matrices. Further dualling is possible on the 
same basis, but it is clear that only three fundamental principles are 
required to continue the dualling to infinity - opposite signs (or 
equivalent), the distinction between real and imaginary components, and 
the introduction of cyclic dimensionality - and to establish every 
conceivable combination of these, that is to establish every type of 
dualling, requires a group of 64 elements. 

c2 c2 
c4 c2 x c2 
Qs c2 x c2 x c2 
V16 c2 x c2 x c2 x c2 
QQn c2 x c2 x c2 x c2 x c2 
VQ64 c2 x c2 x c2 x c2 x c2 x c2 

± 1 conjugate 
± 1, ± i complexity 
±1, ± i, ±j, ± k dimensionalize 
± 1, ± i, ± i, ±j, ± k complexity 
± I,± I,± J, ± K, ± i, ±j, ± k dimensionalize 
± 1, ± i, ±I,± J, ± K, ± i, ±j, ± k complexity 
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The process becomes entirely repetitive at the level of V16, while VQ64 
is what we obtain by combining C2, C4, Q8, and V16 as independent 
elements, establishing conjugation, complexification, dimensionalization 
and repetition. Beyond this stage, we can consider the sequence 
proceeding through an infinite series of quaternionic structures by 
repeated processes of complexification and dimensionalization, creating 
an infinite-dimensional Grassmann algebra, whose units are each 
quaternionic. Repetition necessarily sets in as soon as we establish the 
principle of closure, and closure, as we shall see, allows us an immediate 
procedure for returning to zero. (The process of conjugation, of course, 
can be repeated, like those of complexification and dimensionalization, 
but it is defined in such a way that repetition produces no new structure.) 

THE PARAMETER GROUP 

So far, this sounds purely mathematical. What relevance, then, does it 
have to physics? The answer is that it is, in fact, purely physical in origin. 
Duality is a physical requirement of the description of nature, and not 
necessarily a requirement of an abstract system of logical thought, though 
it may well be that such a system cannot be separated from considerations 
derived from physical requirements. In effect, when we define the dual, 
we define the physical. The words are synonymous. So, we should expect 
to see manifestations of these structures in physical 'reality', as we 
ordinarily perceive it. 

From purely empirical considerations of physics, it has been possible 
previously to suggest that it is based on the relationships between only 
four fundamental parameters: space, time, mass and charge (where charge 
is a general term for the sources of the electromagnetic, weak and strong 
interactions) (see Appendix II). Further investigation of these suggest that 
the most fundamental properties and 'antiproperties' they possess are as 
follows: 

space nonconserved 
time nonconserved 
mass conserved 
charge conserved 

real 
imaginary 
real 
imaginary 

countable 
noncountable 
noncountable 
countable 

This has the structure of a c2 X c2 or~ relationship, in which any of 
space, time, mass or charge may be the group identity element, and each 
is its own inverse (see Appendix III). It has also been shown that the 
symmetry is exact, and absolutely unbroken within physics. Especially 
significant, however, is the fact that countability or discreteness is a 
necessary requirement for cyclic multidimensionality, for 
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unidimensionality is an obviously necessary property of a continuous or 
noncountable quantity - it can't have an origin. But, multidimensionality 
is also a necessary property of discreteness (at least in a nonconserved 
parameter like space). Discreteness has to have a reference or origin; we 
can't imagine observing discreteness in space without at least another 
dimension for reference. However, when we investigate space and 
charge, we find further that the dimensionality in each case is also three­
dimensionality and cyclic, just as we require for our dual system. Space, 
being real, has the properties of a multivariate vector, with the associated 
pseudoscalar being imaginary time, in the '4-vector' combination; while 
charge, being imaginary, has the properties of a quaternion, with the 
associated real scalar being mass. In the case of the quatemions, also, it is 
significant that three-dimensionality is the only dimensionality which, 
mathematically, preserves the group structure; the mathematical 
possibility is determined at the same time as the physical. With the 
arguments already presented, we can additionally say that the origin of 
the physical concepts of continuity and discreteness lie in the duality 
which requires the creation of a cyclic three-dimensionality in our 
conceptualization of nature. This is, in fact, what we mean by continuity 
and discreteness. 

We can see now that two of the distinctions between the parameters, 
which we have derived inductively from observed physical characteristics 
(real I imaginary and noncountable I countable), are identical to the C2 
distinctions which extend the original C2 duality into complexity and 
cyclic dimensionality. However, even the original C2 duality (1 I -1) 
originated from the act of creating 'something from nothing' (1 from 0), 
the very definition of nonconservation, as is the concept of 'successor' 
which it implies. So, in principle, our group of space, time, mass and 
charge has all the elements required to extend physical duality to infinity. 
And, our choice of the distinction between conservation and 
nonconservation (in effect, incorporating 0 directly as the never-used 
'totality', and leaving -1 as implicitly understood rather than explicit) 
even allOWS US to simplifY a potentia} C2 X C2 X C2 Structure intO the 
simpler C2 X C2 We have USed above, With the added bonUS that We Can 
represent it as identity element (or single sign of scalar) plus three 
'quatemion' terms, thus creating a powerful mapping of the four 
parameters onto a quatemion space. Alternatively, we could represent 
mass and charge as 'conjugated' quantities, in the sense that creation of a 
+ value can only be accomplished at the same time as the creation of an 
equivalent - value. So the group could be written in a form, in which the 
property I antiproperty distinctions occur as examples of successive 
applications of the dualling process (nonconjugated ~ conjugated; real 
~ complex; nondimensional ~ dimensional): 
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space nonconjugated real dimensional 

time nonconjugated complex nondimensional 

mass conjugated real nondimensional 

charge conjugated complex dimensional 

Mathematically, it is possible to create a dual set or parameters, one 
form of which is seen in certain versions of the Dirac theory, in which 
certain characteristics of space and time, and mass and charge are 
reversed, for example the real I imaginary characteristics. 

space* 
time* 
mass* 
charge* 

nonconserved 
nonconserved 
conserved 
conserved 

imaginary 
real 
imaginary 
real 

countable 
noncountable 
noncountable 
countable 

The combined group is then extended to c2 X c2 X C2, with a quaternion 
representation (Q8) with both signs of scalar. This extends the 
mathematical representational space, but is not needed in the physical 
representational space, and, in the more sophisticated (quantum field) 
versions of Dirac theory becomes redundant. 

There is also a distinction between the representations of the 
distinctions between the parameter properties (e.g. real I imaginary) by 
existence I nonexistence conditions, as here; and the explicit 
representation of these properties by their explicit natures (e.g. vector I 
quaternion). The minimum representation in the latter case is of the order 
c2 X c2 X c2 X c2 X c2 X C2, or the Dirac group. In the former case, there 
are at least two striking visual representations of the group relations, 
which bring out the significance ofthe C2 distinctions and of the principle 
of cyclic dimensionality. 

COLOUR REPRESENTATION 

The four parameters, space, time, mass and charge, are represented by 
concentric circles, the parameter chosen as the identity element for the 
group occupying the centre circle. The division of the properties into 
three components is reflected by the division of the circles into three 
sectors. The properties (say, Real, Nonconserved, Discrete) are 
represented in Figure 1, by primary colours (say, Red, Green, Blue), and 
the 'antiproperties' (Imaginary, Conserved, Continuous) by the 
complementary secondary colours (Cyan, Magenta, Yellow). All of these 
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choices are individually arbitrary (as we see from Appendix III), as is the 
choice of secondary colours to represent the properties, and primary 
colours to represent the 'antiproperties' in Figure 2. The division between 
properties and antiproperties is also a completely free choice. Only the 
overall pattern is fixed. As configured, with Space selected as the identity 
element, and the colour representation for the properties selected as 
indicated, the innermost circle represents Space, the next Charge, the next 
Mass, and the outermost circle Time. But this will be changed as soon as 
we redefme any of the colour representations or exchange the status of 
any or the property-antiproperty pairs. In addition to being an alternative 
representation of the main group, Figure 2 may also be used, 
simultaneously with Figure 1, as a representation of the dual group, 
which can be obtained (for example) by exchanging the status of real and 
imaginary quantities (as in some versions of the Dirac theory). 

Figure 1 Figure2 

The nature of the fundamental parameter group is demonstrated in 
this representation by summing up the colour combinations in each of the 
circles. This results in a white inner circle for the identity element, and a 
sequence of the three primary colours (Figure 3) or secondary colours 
(Figure 4), which adds up to a white totality. 
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Figure 3 Figure 4 

Adding up the property-antiproperty combinations in the sectors also 
results in a white totality for each sector, as expected (Figure 5). 

Figure 5 

Clearly, this colour representation derives its effectiveness from the fact 
that a three-colour system is a simulation of three-dimensionality in an 
alternative vector or quatemion representation. Such representations are 
also possible in a more direct form. 

3-D (VECTOR) REPRESENTATION 

The alternative (vector or quatemion) representation (Figures, 6 and 
7) can be seen as a literal interpretation of the x, y and z, used in the tables 
in Appendix III. The x, y and z directions represent the properties, and the 
-x, -y, and -z directions the antiproperties (again, according to an 
arbitrary choice). The four Red lines, in Figure 6, drawn from the origin 
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of these 3-dimensional axes, then represent the four parameters, and the 
Cyan lines those of the dual group. Figure 7 shows the same 
representation as Figure 6, but without the axes.) The Red lines are 
reflections of each other in two planes. We can represent these as 
preserving the sign of the volume element (or identity), if the axes are 
taken in the same cyclic sense; and so they correspond to the parameter 
group The Red plus Cyan lines are the reflections of each other in a single 
plane, and do not preserve the sign of the volume element; and so form 
the parameter group taken with its dual. The reflection of a line in three 
planes produces its exact dual. 

It will be apparent that the representation of the dualities of the 
parameter group using either the three real spatial dimensions or the 
pseudo-dimensions of the three primary colours is a powerful way of 
bringing out the connections between duality and dimensionality, and the 
fact that all the individual dualities are, in effect, versions of the same 
mechanism. It is also a convenient way of showing how the parameter 
group can be used to represent a kind of 'super-duality' of all the 
elements, conveniently displayed using the particular duality of 
dimensionality. 

Figure 6 
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Figure 7 

To map between the colour and 3-D representations, we could 
represent the positive x, y, z axes in Figure 6 by the primary colours, say 
Red, Green, Blue, against a black background, and the corresponding 
negative directions by the complementary secondary colours, which, in 
this case, would be Cyan, Magenta, Yellow. The four Red vectors of 
Figure 6 would become respectively White, Blue, Red, Green, as 
determined by the colour coding in Figures l and 3, and the four Cyan 
vectors of Figure 6 would become respectively White, Yellow, Cyan, 
Magenta, as determined by the colour coding in Figures 2 and 4. 

TETRAHEDRAL REPRESENTATION 

Yet another 3-D representation (Figure 8) would place the parameters 
at the vertices of a regular tetrahedron, with the six edges coloured to 
represent the properties and antiproperties as in Figure l. 
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Figure 8 

We can consider the faces of the tetrahedron to be the members of the 
dual group, and, clearly, an alternative representation would reverse 
primary and secondary colours and I or the roles of faces and vertices. It 
might be possible to consider the tetrahedron as close-packed with 
inverted tetrahedra with complementary colour-representation in an all­
white solid-space, which can be extended to infinity. 

An interesting possibility is that a structure like the one in Figure 8, if 
flattened out in a 2-dimensional space, could be considered as a 'dart' or 
'kite' in a Penrose tiling pattern (the base line being optional to the 
connections between the vertices representing the parameters). Penrose 
tiling is, of course, a five-fold symmetry, and, typically, a group of five 
darts (or kites) will produce a star-shaped pattern with each of the darts 
joined with all the others at its apex, and with its two nearest neighbours 
along two of its edges. The star then has five inner and fiver outer 
vertices, and, surrounding a central star made of darts, we will have ten 
kites, each joined by two edges to two nearest neighbours, and by another 
edge to one of the ten outer edges of the star. If we assume that each of 
the 4 vertices of any dart (3 symmetric and 1 asymmetric) must represent 
one of space, time, mass and charge, and that joint vertices may only 
represent one parameter, then putting a 3-dimensional parameter like 
charge or space, at the centre of the star forces us to choose the inner and 
outer vertices in such a way that the other 3-dimensional parameter 
occurs three times in the five inner or outer vertices, while each of the 
other parameters occurs only once. It is interesting that another five-fold 
structure (the Dirac algebra) emerging from a combination of two types 
of 3+1-component units (space-time 4-vectors and mass-charge 
quaternions) is also forced to 'privilege' one of its two 3-dimensional 
quantities, space or charge. 

14 



32 

THE DIRAC NILPOTENT 

In the parameter group, not only are the properties dual, but so is the 
distribution between the parameters. This is why the minimum 
representation of the full duality is the Dirac algebra, of order c2 X c2 X 

C2 X C2 X C2 X C2, and produced by the 64 pOSSible COmbinations Of the 
'double vector', ± i, + j, ± k, ± i, ± j, ± k. Hidden within this 
representation, but expressive of the cyclic nature of the operators (and 
apparent in Figures 6 and 7), are the respective pseudoscalar and scalar 
terms,± i and± 1 (and we could, alternatively, use the 'double vector',± 
i, ± j, + k, ± ii, + ij, ± ik). Leaving out ± signs, the full representations 
are: space (i, j, k), time (i), mass (1), and charge (i,j, k). The fact that the 
Dirac algebra can be derived from a combination of two three­
dimensional operators now suggests a further possibility, based on our 
mathematical and visual representations of the group. This is that one of 
the two three-dimensional parameters may be mapped on to the other 
three parameters, represented as the 'dimensions', and, in fact, the 
smallest set of units from which the full algebra can be derived comes 
from exactly such a mapping. We take, for example, 

time space mass charge 

i i j k 1 i j k 

and, taking, each of the units of charge onto one of the 'dimensions' 
represented by time, mass and space, 

i . j k 1 i j k I 

k i . 
J 

create the following combinations: 

ik ii ij ik . 
J 

A set of five units of this kind, or pentad, will always generate the 
entire Dirac algebra of 32 parts (excluding signs). The 32 parts turn out to 
be 1 and i, and six Dirac pentads, three based on the quatemion operators 
(as here) and three on the vector operators. Any of these sets can be used 
as the basis for the five gamma matrices in the Dirac equation, but it is 
most convenient to use the quaternions, as here, because charge is a 
conserved quantity, and the mathematical structure then has a convenient 
physical interpretation. (In the case of vector space, the components are 
not uniquely determined, because the quantity is nonconserved, and can 
even be arbitrarily reduced to a single one. However, the conservation of 
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charge is directly related to the conservation of angular momentum, and 
so brings in the spatial rotation simultaneously, as becomes evident in the 
full explanation of symmetry-breaking.) The combined units take on the 
physical characteristics of their component quantities. The charge units 
introduce conservation and discreteness (quantization) to all the 
quantities. However, the new conserved quantities retain their respective 
pseudoscalar, vector and real scalar identities, as Dirac energy, Dirac 
momentum and Dirac rest mass: 

ik 
E 

ii ij ik 
p 

j 
m 

In a nonconserved form they produce the respective quantum operators: 

IJ/11 m 

Treating the momentum term as a single quantity, the free-fermion 
Dirac state vector now becomes a nilpotent ( + ikE ± ip + jm) e -i(Et - p.r.), 

where(± ikE± ip + jm) expresses the absolute conservation of charge and 
mass(-energy), and the exponential term, operated upon by(± iko/11 ±IV 
+ jm ), the absolute nonconservation of space and time. The identities of 
the three 'charge' operators are preserved, even in the combinations of(+ 
ikE ± ip + jm ), for they now become discriminated into ones with 
timelike (weak), spacelike (strong) and masslike (electric) properties, and 
the effects can be distinguished physically by the aspects of angular 
momentum conservation to which they relate. The Dirac algebra, which 
produces the simplest possible combination of all the dualistic properties 
required by space, time, mass and charge, generates a broken symmetry 
in the manifestations of the charges' interactions. 

Significantly, the term (± ikE ± ip + jm ), which is expressed most 
conveniently as a row or column vector with four components (yet 
another 4-vector mapping, and one which can be accomplished with the 
four quaternion components, 1, i,j, k, if required) is a nilpotent or square 
root of zero, a precise expression of the fundamentally dualistic process 
of returning 'something' back to 'nothing' through a squaring operation. 
The classic way of doing this is through the Dirac equation in which the 
nonconservation operator (± ikiJ I 11 ± IV + jm) is applied to the state 
vector(± ikE± ip + jm) e_,<Et- P.•·>, in which(± ikE± ip + jm) represents 
the conserved terms, so producing a zero result. This expresses the fact 
that our fundamental duality has been represented in terms of 
conservation and nonconservation, and that the effect of applying both is 
to maintain the zero totality. 
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The Dirac nilpotent represents the most concise packaging of the 
dualistic information contained in the parameter group, the most complete 
way of parameterizing nature; and, as we have seen, the combination of 
all the desired physical elements, with all the inherent symmetries, into a 
single, parameterization of nature, is the same as the process of 
'quantization' of energy, momentum (or angular momentum) and 'rest 
mass'. 

The interaction of a fermion with the (infinite) vacuum, or mass­
energy continuum, produces an infinite succession of products or 
superpositions of Dirac nilpotent states. This extends the dualling 
processes to infinity. Each of the 'virtual' states produced also acts in the 
same way, producing a pattern of the same form as the Conway system of 
constructed real numbers. The requirement of infinite dualling ensures the 
entanglement of all states in the universe (although, as with classical 
interference, decoherence will make this virtually unobservable except in 
special cases). 

It seems that we get something from nothing, not just in a physical 
way, by perfect symmetry between the parameters denying overall 
characterization, but also literally, by making the fundamental unit of our 
characterization a square root of zero, and that this becomes zero in the 
Dirac equation when we apply to it a differential operator, and generate 
an exact equal to it as an eigenvalue. The Dirac equation itself expresses 
the fundamental duality of our view of 'nature', for the left-hand term 
(the differential operator) specifies the nonconserved aspects, and the 
right-hand term (the wavefunction) the conserved aspects. Any individual 
nilpotent wavefunction structure (kE + iip + ijm) must then be unique 
because a superposition of identical ones would zero the wavefunction of 
the entire universe, and Pauli exclusion becomes obvious. This 
specification of uniqueness requires instant correlation, at the same time 
as the 4-vector nature of the operator requires time-delayed action 
between discrete sources. It is also a reflection of the uniqueness or local 
conservation of individual charge components. 

THEFACTOR2 

Duality has an astonishingly simple manifestation in physics through 
the appearance of the factor 2 everywhere where it becomes significant. 
This is discussed in detail in the paper 'The physical significance of the 
factor 2' [Rowlands, 2002]. The main result of this is that each process 
that doubles the options available also produces a doubling of the 
physical effect which can be reduced to simple numerical terms. At the 
same time this is often balanced by a halving of the options in another 
direction. 
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Thus, when we describe a physical process using constant, rather than 
changing, terms, we are effectiveiy using both sides of the+ I- duality at 
once. This is the case when we use potential, rather than kinetic energy 
equations, or both action and reaction sides of Newton's third law, or 
even relativistic, rather than rest, mass. Relativity itself does not 
introduce the factor 2, but relativistic equations can often be used as 
classic examples of changing conditions. The most controversial instance 
in historical terms is the double bending of light rays in a gravitational 
field, which can, in fact, be seen as an example of the use of a kinetic, 
rather than potential, energy equation. Of coursing, halving in one respect 
may lead to doubling in another. So halving the energy, by using a kinetic 
term, produces a doubling of the angular deflection; but it is also possible 
to produce the doubling directly by taking both space- and time-related 
effects into account. This could be seen as an application of the second 
route to duality: complexification, or the adding of a complex term to a 
real one. It is significant here that the group relationship between the 
physical parameters is so integrated that such apparently alternative 
explanations emerge without any fundamental contradiction. Both 
explanations are equally true, and neither has precedence over the other. 

Another significant alternative can be seen in the explanation of half­
integral fermion spin and its effects. It is possible to derive the resulting 
magnetic properties using a classical kinetic energy equation, and so 
using one side of the+ I- duality. On the other hand, both the Dirac and 
SchrOdinger equations derive the half-integer value for spin indirectly by 
using the doubling effect produced by the third process of duality: 
dimensionalization. This comes about in both cases via the 
anticommuting properties of multivariate momentum vectors, a direct 
result of 3-dimensionality. What this indicates is that the symmetrical 
structure applied to physics is organized in such a way that both these 
interpretations of the dualling process apply simultaneously. In effect, 
this hidden balancing act also operates in yet other, more subtle ways 
because the virial relation between potential and kinetic energies is 
specifically one of doubling only when the force laws which apply are 
those characteristic of 3-dimensional space; and the action and reaction 
mechanisms which produce the doubled value for potential energy rely on 
applying vectorial (or dimensional) considerations to the kinetic energy 
term. 

That the doubling mechanism also applies in purely mathematical, as 
well as in physical, contexts is evident from the topological explanation 
of the Aharanov-Bohm effect, though the physical and mathematical 
applications must ultimately have the same origin. Square-rooting and 
halving have an intimate relationship, which is manifested physically in 
the relation between vector spin terms of bosons and fermions and their 
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respective uses of double or single nilpotent operators, in addition to the 
halving approximation used· to find the kinetic energy term in the 
bionomial expansion for relativistic mass. This relationship is determined 
entirely by the fact that 3-D Pythagorean addition is a dualistic process, 
with a numerical doubling arising from noncommutativity, and this 
applies to both the vector operators used for space and momentum, and 
the quaternion operators used in the Dirac nilpotent. 

There are also other possible mathematical connections. It is 
tempting, for instance, to believe that the uniqueness of the value Y2 as the 
real part of the zero-solutions of the Riemann zeta function has a 
significance which is physical as well as mathematica~ and that, as 
Hilbert originally conjectured, the solutions represent the eigenvalues and 
energy levels of an Hermitian operator, which is the Hamiltonian of a 
quantum mechanical system. It is conceivable that the Y2 is related to the 
zero-point energy term of a series of fermionic harmonic oscillators. It is 
certainly true that, solving the Dirac nilpotent equation for any 
spherically-symmetric potential other than a linear or Coulomb one (i.e. 
under harmonic oscillator conditions) requires a Coulomb or phase term 
with numerical coefficient Yl, which is of the opposite complexity to the 
rest of the potential, and which can be associated with the zero-point 
energy or (equivalently) the random directionality of the fermion spin. 
There may also be some physical significance in the fact that integers, 
like the fundamental parameters, only add directly to produce other 
integers or in the form of squares to produce squares of integers, but do 
so in an infinite progression. Both of these mathematical results suggest 
the possibility of further fundamental significance in the factor 2. 

QUANTUM PHYSICS AND THE CLASSICAL TRANSITION 

The definition of the Dirac nilpotent suggests that this is the most 
efficient way or parameterizing nature while ensuring its total 
'nothingness'. It may be possible to relate this to the aims of topos theory, 
in using a nilpotent Pythagorean structure to create a 'parameter space' 
which contains within itself dynamical and other physical possibilities. 
The uniqueness of the individual Dirac nilpotents, together with their 
necessary entanglement with each other and their infinite interaction with 
the vacuum, suggest that this is a real number space, with the numbers 
countable in the Robinson or Lowenheim-Skolem sense (see Appendix 
Ill). Through the Dirac equation, the nilpotents are then interpreted 
simultaneously in terms of conservation (the eigenvalue) and 
nonconservation (the operator). Quantum physics thus becomes a natural 
consequence of the fundamental meaning of conservation and 
nonconservation, and its separation from the physics of measurement 
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(classical physics) becomes obvious. It is still necessary, however, to 
make sense of the classical transition, and also of the relationship 
between gravity and the other forces. Considerations of such ideas may 
also suggest the origin of the classical laws of thermodynamics. 

Measurement processes are discrete, and involve discrete sources (or 
charges). They rely on the SU(3) x SU(2) x U(l) symmetries which apply 
to these sources (and whose direct expressions are 'interactions', 
equivalent in principle to the action of classical field terms) producing 
restrictions on the freedom of the individual wavefunctions to contain 
infinitely possible variations in space and time coordinates. 

A hypothetically isolated system (e.g. a hydrogen atom not interacting 
with other hydrogen atoms) must be purely quantum. Once we have any 
classical element or interaction the system is no longer isolated. This is 
how we make a measurement. We can't make classical-type observations 
on an isolated system, otherwise it wouldn't be isolated. An isolated 
system conserves E-p-m within the system, linking it with the total k, i, j 
charge values, whether 0 or unit, positive or negative. This system must 
remain coherent - with angular momentum operators aligned, so that 
addition is effectively scalar, like that of the charge units. If the system 
interacts with an external system, then it can no longer be defined in an 
isolated way: the connection between the conservation laws for charge (k, 
i, j) and angular momentum (E-p-m) is broken. If the system is not 
isolated, then energy is not conserved within it, but some is lost to the 
'rest of the universe' with which it interacts. Hence, we need the second 
law of thermodynamics, and, in fuct, the first law (where the energy 
balance is only maintained globally by incorporating 'lost' energy into 
the equation). The connection between the second law of 
thermodynamics and the direction of time is now apparent. To make a 
measurement requires a semi-classical situation with a non-isolated 
system; as soon as we make a measurement, we lose energy from the 
system to the 'rest of the universe', so increasing the 'entropy'. The 
sequence of events behaves as an irreversible sequence because time 
itself is irreversible, because of its continuity, and a sequence of event 
'measurements' must follow the same sequence; but this for any known 
pair of events will always require an increase in entropy. 

CONCLUSION 

Physics, mathematics and philosophy emerge together out of the basic 
idea of duality, though the concept applied is more fundamental than this 
name, with its connotations of a necessary discreteness, would imply. 
Mathematics is not something 'applied' to physics for 'convenience'. It 
is, in fact, extremely inconvenient, as the mathematical laws of physics 
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are general differential equations, which have to be reinterpreted 
('solved', using different boundary conditions) every time a measurement 
is taken. Observation and theory, in physics, necessarily use incompatible 
types of mathematics because observation depends only on one member 
of the parameter group (space), while theory sets up the properties of the 
other members in opposition. So, mathematics is required only because it 
is a fundamental component of physics, and the structure of mathematics 
itself seems to suggest physical boundaries to the type of ideas which can 
be made mathematically useful (though obviously not in the form of a 
purely one-to-one correspondence). In fact, physics can become a kind of 
test of the ultimate value of mathematical structures at the fundamental 
level. 

For example, physics appears to insist on the fact that all discrete 
quantities must be dimensional. This would not be required of a 
mathematical theory based, as most are, on the primacy of the integer 
series. However, if we begin mathematics with the integer series, then we 
have major problems in accommodating the reals - there is no natural 
progression - and, if we assume, like most axiomatists, that the most 
fundamental proposition in mathematics is 1 + 1 "" 2, we will come up 
against the problems that GOdel identified with axiomatic theories or 
'rigidly logical systems' which are intrinsically incomplete. 

However, in physical terms, we may suppose that the integer series is 
not primary and that arithmetic, although the most psychologically 
familiar, is not the most fundamental branch of mathematics; and, further, 
that, the moment we assume that the number 1 (or even number at all) is 
the most basic concept in mathematics (or indeed in human thought), we 
have at the same time brought in a whole package of information that we 
will never be able to establish from first principles. Physics, in fact, tells 
us that integers and discrete numbering are not primary - they are 
associated with dimensionality - and dimensionality only has a meaning 
in the context of complexity. The integers are really a codification of a 
multiplicity of prior stages in mathematical evolution. To begin with 
them will necessarily produce an incompleteness in our logical 
procedures, with key steps appearing merely as assumptions in a circular 
argument. But, if we begin at the true primary stage, with a zero end 
product at every stage, we effectively remove the incompleteness in our 
axiomatization. We also reach a primary stage in which even the word 
'dual' loses its meaning, although its convenience for the later stages 
makes it worth retaining if separated from its numerical associations. 

The very applicability of the concept of 'duality' to the process of 
returning from 'something' to 'nothing' implies that the actual processes 
of counting and generating numbers are created, along, with 'addition', 
'squaring', and other arithmetical procedures, at the same time as the 
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categories of conjugation, complexification, and dimensionalization are 
separated from their dualistic counterparts. Defining the integers as an 
ordinal set within a much more fundamental process allows us to create 
new mathematical processes in which this ordinal set is applied in other 
ways, and so we can create types of mathematics where the relation to 
physical categories is less direct, but the ultimate 'physical' or 'dual' 
origin will remain. 

From a purely physical point of view, the Dirac nilpotent would 
appear to be the perfect way of producing something from nothing; its 
structure also effectively incorporates or generates all the discrete and 
continuous groups of interest in fundamental physics, from C2 to E8 

[Rowlands, Cullerne and Koberlein, 2001]; while the infinite imaging of 
the fermion state in the vacuum and the infinite entanglement of all 
nilpotent fermion states extends the dualling to infinity, as required. At 
the other end of the scale, the author, and collaborators, have shown, in 
many previous papers, how this concept applies to the structure of 
fundamental particles and the four fundamental physical interactions. 

Appendix I Quaternions and multivariate vectors 

Quaternions follow the multiplication rules: 

f=f=/?o:-1 
" 'i k I} 0: -} 0: 

jko=-kj=; 
k

• ... • ro:-r,.=J 
ijko=-1. 

If the quaternions are complexified we have: 

(ii)2 = (i.J)2 = (ik)2 = 1 
(if)(i.J) = -(i.J)(ii) = i(ik) 
(i})(ik) = -(ik)(!J) = i(il) 
(ik)(il) = -(il)(ik) = i(i.J) 

(i•)(i.J)(ik) = i . 

Multivariate vectors follow exactly the same multiplication rules: 

i2 =j2 = ~ = 1 
ij = -ji "' ik 
jk=-kj = ii 
ki=-ik= ij 

"k . IJ =I . 
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In effect, this means defining a 'full product' for two vectors a and b of 
the form 

ab = a.b + i a x b . 

The rules for multivariate unit vectors are also exactly identical to those 
for Pauli matrices, and, through the additional cross term, immediately 
generate the concept of fermion spin. 

Appendix II: Properties and antiproperties of space, time, mass and 
charge 

The inextricable combination of properties and antiproperties means 
that neither an epistemological conception of'reality' (we create it by our 
perception) nor an ontological one (it is 'out there' waiting for us to 
discover it) is meaningful. The division between epistemology and 
ontology can be based on the opposition of parameters susceptible or not 
susceptible to measurement (space versus the rest), or, alternatively, on 
the opposition nonconserved and conserved parameters (space and time 
versus mass and charge). In either case, the complete description requires 
both- 'nothing' is neither epistemological nor ontological. The properties 
and antiproperties also incorporate all the fundamental types of 
'mathematical' number: positive, negative, integer, rational, algebraic, 
complex, transcendental, denumerable real, nondenumerable real, fixed 
and variable. They also include a concept of absolute 'uniqueness', which 
has not yet found its way into conventional mathematics, unless in the 
properties of the Dirac nilpotent algebra. 

(a) Nonconsenred I conserved 

Physics structures itself by defining systems in which conserved 
quantities remain fixed while nonconserved quantities vary absolutely. 
Differential equations show the variation of space and time coordinates 
while retaining the fixed values of mass and charge, and the quantities 
which depend upon them: energy. momentum and angular momentum. 
Both nonconservation and conservation are absolute. The Dirac equation 
for a free fermion expresses this fact in its most convenient form. 
Quantum mechanics, in this form, is more explicable than classical 
mechanics, in that it fully expresses the nonconservation properties of 
space and time. 

Conservation applies to all three types of charge. Lepton and baryon 
conservation are obvious manifestations, respectively, of pure weak and 
strong charge conservation, as is the non-decay of the proton. 
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Conservation laws of mass and charge is also local, rather than global. 
Classically, each element of niass or charge as having a permanent 
identity. Nonconservation is exactly opposite: space and time elements 
have no identity whatsoever. Hence, space and time have translation 
symmetry, with their elements specifically stated to be indistinguishable 
in physical equations. Three-dimensional space also has rotation 
symmetry; that is no identity for spatial directions or unique set of 
dimensions. The contrasting properties of mass and charge are 
'translation asymmetry' (conservation of quantity), and 'rotation 
asymmetry' (electromagnetic, weak and strong charges independently 
conserved). Charge, unlike space, is conserved in both quantity and 
'direction' (i.e. type). Weak, strong and electric charges are not 
interconvertible. The axes are fixed, along with the units. 

The translation and rotation symmetries, of course, are identified by 
Noether's theorem with conserved quantities. Time and space translation 
symmetry are identified respectively with energy (E) and momentum (p) 
conservation, while space rotation symmetry becomes identical to the 
conservation of angular momentum (J). These three conservation laws 
can be identified further with the conservation laws of mass, value of 
charge and type of charge, and, in fact, the additional conserved 
quantities (E, p, J) can be seen as being 'created' at the same time as the 
application of the quaternion operators associated with the conserved w, 
s, e charges to the parameters time, space and mass produces the Dirac 
state. The conservation of charge type (w, s, e), alternatively rotation 
asymmetry or charge independence, manifests itself in the mutual 
independence of the three different aspects of angular momentum 
conservation (handedness, direction, and magnitude). 

Previous work by the author and colleagues has shown that 
fundamental particles may be defined in terms of their w, s, e charges and 
rest mass, with the last determined ultimately from the charge structure. 
The conventional definition of a fundamental particle assumes an 
irreducible representation of the Poincare group, or the group of space 
and time translations and rotations compatible with special relativistic 
invariance. Here, it can be seen that such translations and rotations are 
essentially identical to the conservation properties related to charge and 
rest mass which define a particle in the present theory. 

Gauge invariance is a further demonstration of the absolute 
nonconservation of space and time, and, according to the Yang-Mills 
principle, is as local as all the principles of conservation. A system which 
is conservative in relation to mass, charge, energy, momentum or angular 
momentum, will remain so under arbitrary changes of the coordinates 
representing the nonconserved quantities, space and time. 
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(b) Real/ imaginary 

Pythagorean addition, or addition through squared values, is 
important to all the fundamental physical quantities. This is a 
consequence of their origins in quaternion and 4-vector representations. 
4-vectors, with three real parts and one imaginary, are a familiar 
representation of Minkowski space-time. If the vector (or real) part is 
multivariate, then spin is automatically included. The three components 
of charge (say, ie, js, kw) can be considered as the 'dimensions' of a 
single charge parameter, with their squared values used in the calculation 
of forces added, in the same way as the three parts of space, by 
Pythagorean addition: 

space-time 
mass-charge 

ix 
ie 

jy 
js 

kz it 
kw m 

The opposing real and imaginary natures of space and time explain 
simply why identical masses attract, while identical charges (of any kind) 
repe~ the coupling strength producing respective positive and negative 
values. · 

Real numbers can be privileged according to sign; imaginary ones 
cannot, and there are always simultaneous and equal status + and -
solutions to consider. Thus, while real mass can be made unipolar (to 
ensure that it remains a continuum), imaginary charge always produces 
solutions of two signs, and 'antifermions' and 'antibosons' (with opposite 
signs of electromagnetic, strong and weak charge) have the same status as 
'fermions' and 'bosons'. For the same reason, imaginary time has two 
possible signs, of equal status, in physical equations, though, as a 
continuous quantity, it has only one physical direction, and cannot be 
reversed. 

Charges, as imaginary quantities, are only accessible through their 
squared values in interactions; mass, as a real quantity, is accessible in 
terms of its unsquared value (as inertia) as well as through its squared 
value (as gravitation). Time, as an imaginary quantity, is only accessible 
physically through its squared value (in acceleration), while space, like 
mass, is accessible through both its squared and unsquared values. Time 
'measurement' always requires acceleration (because uniform velocity is 
imaginary), while space measurement is always direct. Time also is 
always the independent variable in physical equations, because we have 
no direct control over it, while space is the dependent variable. 
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(c) Countable I noncountable 

Noncountable or continuous time and mass-energy have no origin. 
Continuous energy (vacuum) requires an infinite universe. Continuous 
time requires one without beginning or end. Continuous quantities cannot 
be reversed, because they have no origin. Mass becomes unipolar (with a 
single sign) while time is unidirectional. However, time as an imaginary 
quantities, has two mathematical solutions in equations. Hence, there are 
two directions of time symmetry, while there is only one direction of 
physical time. The unipolarity of mass is the reason why we have a CPT, 
rather than an MCPT, theorem, with C standing for charge conjugation, P 
for space reflection and T for time reversal, each of which has two 
mathematical sign options. 

Only discrete quantities can be multidimensional, because 
multidimensionality requires origins, even if they aren't frxed (as in the 
case of space). Also, the discreteness of a quantity like space, with 
unfixed origins, is only possible through dimensionality. What we call 
'measurement' in space requires discontinuity in both quantity and 
direction, and includes both reversals and changes in orientation. This is 
why what we call 'measurement' takes place only through space. 'Time'­
measuring devices all rely on some kind of repetition of a spatial interval. 
Special conditions, relying on spatial reversibility and dimensionality, 
have to be used to set up such measurements, although anything which 
can be perceived at all can be used to measure space, at any time. 

There are two definitions of real numbers in mathematics. In 
Robinson's non-standard analysis, Skolem's non-standard arithmetic, and 
non-Archimedean geometry, the reals are denumerable. The Lowenheim­
Skolem theorem is significant here, in requiring any consistent finite, 
formal theory to have a denumerable model, with the elements of its 
domain in a one-to-one correspondence with the positive integers. In the 
Cantorian definition, which is related to the standard versions of analysis 
and geometry, they are a non-denumerable continuum. Essentially, the 
first definition reflects the properties of space, while the second accords 
with the properties of time (or mass). Both systems yield identical results, 
because differentiation is a property linked to nonconservation, and not 
concerned, in principle, with the difference between absolute continuity 
and indefinite divisibility. Zeno's paradoxes are solved only by assuming 
a divisible (or digital) space and a non-divisible (or analogue) time. The 
solution by limits can only be used if we adopt the time-like, or standard, 
version of differentiability. 

Mathematicians have been unable to decide whether mathematics is 
ultimately continuous or divisible. This is because both are physical 
options. The indefinite divisibility of space, though sometimes wrongly 
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termed 'continuity', is a different attribute from the absolute continuity of 
time. Space's indefinite elasticity, its 'continual' recountability, or 
unending divisibility, are ways of expressing its nonconserved nature, the 
nonfixed nature of its units, but infinite divisibility is, mathematically, 
the very antithesis of absolute continuity, and the whole process of 
measurement would be impossible if space, unlike time, were not 
divisible in this way. Continuity, again, is not related to differentiability­
the confusion here arises from the fact that one of the differentiable 
quantities, time, is continuous, and that the continuity of time is a 
significant contributor to our psychological perception of states of 
change. Differentiability is, again, a manifestation of nonconservation, a 
wholly separate physical category, and is equally valid in both discrete 
and continuous, and in classical and quantum contexts, though it is 
obviously not valid where the discreteness is fixed (which is where much 
of our psychologically-based notion of discreteness comes from). 

Wave-particle duality and the opposing SchrOdinger and Heisenberg 
versions of quantum mechanics are the result of adopting predominantly 
continuous or discrete options for physical quantities. Neither is actually 
physically possible, and each incorporates the alternative in the process of 
'measurement'. The non-quantum-field version of the Dirac theory 
partially overcomes this by including terms equivalent to those in the dual 
group, with aspects of the real and imaginary nature of space, time, mass 
and charge reversed. The nilpotent or quantum field version of the Dirac 
theory, however, incorporates both discrete and continuous options as 
duals within its mathematical structure, and no longer requires explicit 
use of the dual group. 

Hamilton was correct, in 1843, in seeing quaternions as being 
responsible for the three-dimensionality of space, as quaternions 
introduce the concept of three-dimensionality which vectors subsequently 
adopt. They also occur one stage earlier than vectors in the evolution of 
physical concepts via duality. It is significant that the quantized 
parameters (E, p, m, and, collectively, J) emerge from the application of 
the charge quaternions to the originally non-quantized space, time and 
mass. Although quantization may thus appear to be equivalent to 
converting these three parameters into discrete forms, the discrete 
versions should be seen rather as composites, with which the discrete 
charge structures are inextricably linked. 

(d) The construction of physical laws 

The parameter group leads naturally to laws of physics, based on the 
explicit specification of what is conserved and what is nonconserved. The 
construction of these laws relies on the fact that every statement about 
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conservation is simultaneously a statement about nonconservation. To 
relate the conserved and nonconserved aspects, we use the scaling 
relations between the parameters, and their dual inverses, which are 
established at the moment that we compress the eight units of the 
independent parameters into the five of the combined Dirac algebra, and 
create composite parameters with characteristic aspects of each. The most 
significant of these are the ones which relate mass and charge, 
respectively, to time and space, and which can also be shown to be 
conserved parameters: namely, energy, linear momentum and angular 
momentum. These are quantities of the same mathematical form as time 
and space, which are conserved in exactly the same way as those 
quantities are nonconserved, and form conjugate pairs with them for 
exchanging statements about conservation into statements about 
nonconservation and vice versa. Both classical and quantum laws can 
now be constructed in terms of these conjugate pairs (e.g. via Poisson 
brackets). 

Energy is a pseudoscalar and is conserved in quantity and individual 
element (i.e. is translation asymmetric) in precisely the same way as the 
pseudoscalar parameter time is not conserved in quantity and individual 
element (i.e. is translation symmetric). It may be regarded as the link 
between time and the real scalar quantity mass (the gravitational source), 
as the conservation of energy is directly linked to the conservation of 
mass. Linear and angular momentum are, respectively, vector and 
pseudovector, and are conserved in quantity and individual element (i.e. 
are translation and rotation asymmetric) in precisely the same way that 
the vector parameter space is not conserved in quantity and individual 
element (i.e. is translation and rotation symmetric). They may be regarded 
as the respective links between space and the quantitative values and the 
quaternion operators applied to the different charge types. 

Energy and momentum are regarded as a pure 4-vector in special 
relativity, but, in a quantum system, this is not strictly true, because 
quantum (Dirac) energy and momentum terms are only fully represented 
mathematically when each has a (different) quaternion operator applied to 
its respective pseudoscalar or vector. When taking the invariant scalar 
product, of course, these operators disappear, but their significance 
becomes apparent when we introduce a third term, with yet another 
quatemion operator (rest mass) to convert them into a nilpotent. A pure 4-
vector could not be made into a nilpotent in this way. If we take the Dirac 
differential operator (if), we can see that this, also, is not a pure 4-vector, 
and the same must apply, in general, to relativistic time and space, 
whether the system is quantum or classical. The nilpotent is completed 
with a third term, which occupies the same position as rest mass does in 
completing the differential operator nilpotent. This term is a real scalar, 
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like rest mass, and its squared value must exactly cancel the scalar 
product of the time and space components. The fact that it can never be 
negative means that only retarded solutions are possible for the space­
time combination. It also means that, numerically, this new term (the 
'proper time', r) is equivalent to the time value with a zero space 
component. 'Proper time', however, is, strictly, a rest mass-related, rather 
than time-related concept. Its validity in both classical and quantum 
contexts is an indication that the link between these two domains is 
essentially through the scalar additive nature of the rest mass or 'inertia' 
of the component systems. 

Appendix m: Algebraic representations of the parameter group 

A simple algebraic representation of the parameter group can be 
accomplished by representing the properties of space (real, nonconserved, 
divisible) by, say, x, y, z, with the respective antiproperties (imaginary, 
conserved, indivisible) represented by -x, -y, -z. The group now 
becomes: 

space X y 
time -X y 
mass X -y 
charge -X -y 

With group multiplication rules of the form: 

X * X = -X * -X =X 

x * -x = -x * x = -x 
x *y=x *-y=O 

z 
-z 
-z 
z 

and similarly for y and z, we can establish the standard D2 group 
multiplication table with space as identity element, and each element its 
own inverse (the duality of space-time elements and their inverses is, 
interestingly, a feature of string theory). However, we could just as easily 
have chosen mass as the identity element by representing the properties 
and antiproperties: 

space X -y -z 
time -X -y z 
mass X y z 
charge -X y -z 
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and the same applies to time and charge. The 'multiplication' rule here 
only concerns the signs, but the creation of a Dirac nilpotent 
incorporating both the space-time 4-vector and the mass-charge 
quatemion suggests that there must also be a direct multiplication rule 
between the units of the parameters and those of their inverses, which is 
exactly what we need to require the existence of the fundamental 
constants G, hand c. 
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Quantum computing concepts are described using geometric algebra, without using complex 
numbers or matrices. This novel approach was developed in the first author's Ph.D. dissertation 
in Electrical Engineering at University of Texas at Dallas (May 2002). This research was built 
upon the mathematical and conceptual foundation of co-occurrence and co-exclusion previously 
developed by the second author. Using a topologically derived algebraic notation that relies only 
on addition and the anticommutative geometric product, a qubit is simply a en-occurrence of two 
orthonormal state vectors. With this qubit definition, this paper describes the following quantum 
computing concepts: bits, vectors, states, orthogonality, qubits, classical states, superposition 
states, spinor, reversibility, unitary operator, singular, entanglement, ebits, separability, 
information erasure, destructive interference and measurement. These central quantum concepts 
can be described simply in geometric algebra, thereby facilitating the understanding of quantum 
computing concepts by non-physicists and non-mathematicians. In fact, after exhaustively 
analyzing all the discrete qubit states using the geometric algebra notation, it appears there is no 
other meaning for a co-occurrence of two state vectors other than as a qubit. 

1. Introduction 

Quantum computing has received significant attention since the announcement of Shor's 
algorithm [1], which demonstrates that quantum computers can solve some extremely 
computationally intensive problems more efficiently than any classical algorithm. Unfortunately, 
hardware and software engineering for quantum computers requires different sets of skills from 
either research on the physics of quantum computing or hardware/software engineering for 
traditional computers. The goal of this paper is to lay a foundation for hardware/software design 
for quantum a computer tl:nt is accessible to traditional engineers and computer scientists. 
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For newcomers to quantum computing the learning curve is steep for two primary reasons. First, 
quantum computing is based on the principles of quantum physics and is typically expressed 
mathematically using complex Hilbert space, which is a high-dimensional, complete, vector 
space, using complex numbers and matrices. The matrix notation is concise and compact, but 
also opaque to non-mathematicians. Second, quantum computation has many new hformation 
concepts that do not naturally arise in classical computing and are therefore unintuitive to 
traditionally trained engineers and programmers. The difficulty of understanding these new 
concepts is compounded by the use of Dirac's "bra-ket" notation [2], since the reader must first 
comprehend the foreign-looking mathematical notation. This article takes the approach of 
focusing on quantum computing concepts while relying on the notationally simpler geometric 
algebra [3,4], which uses neither explicit complex numbers nor matrices. 

This article is targeted at engineers and programmers with a basic understanding of computer 
science and mathematics who are interested in learning about quantum computing. From this 
perspective, quantum computing is nothing more than an information system with very particular 
"bit" properties and the approach of this relatively short article is to show the design of a 
mathematically oriented process structure that naturally represents and models these properties. 
The key bit and quantum-properties and their relatively simple mathematical representation 
using geometrical algebra will be introduced when required and only as needed. Bits form the 
building blocks of the computing industry and computer professionals have very strong intuitions 
about them, so this article begins with that perspective. 

2. Bits Represented as Vectors 

A bit expresses a linary distinction, the smallest uuit of information, and is physically the space 
reserved (or bit capacity in a disk, memory, register, or communications channel) for a single 
binary state value. The typical choice is to use the implementation-specific vabes 0/1 to 
symbolically represent mutually exclusive state pairs such as False/True, dark/light, or 
male/female. Each binary-valued bit is usually given a symbolic name such as a or b to facilitate 
describing how multiple bit-states causally interact (i.e. c =NOT a, d = a AND b, using the 
Boolean algebra conventions with the standard logical operators NOT, AND, OR. etc). A 
classical bit can only have two possible complementary states and most importantly, these states 
are required to be mutually exclusive. For example, if states a =True and NOT a = False, then bit 
a cannot simultaneously be both True and False. Multiple bits can be concatenated to express N 
= 1! uuique states, where n is typically 8 (a byte), 16 or 32 bits. TheN resulting states are also 
mutually exclusive. 

The defining properties of classical bits (i.e. a, b, c) are: 1) as above, the complementary state 
pair is mutually exclusive and 2) the state of each bit can be independently changed. These 
precise properties can be mathematically represented using vectors (i.e. a, b, c - in bold font), 
where each bit is denoted by a distinct vector. This simple choice of representing bits as vectors 
has many formal mathematical consequences that will be described in footnotes so as not to 
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disrupt the flow of the article. Two· orthonormal vectors ( orthogonali and unit length) are 
graphically displayed in Figure 1 as a hori:zontal and a vertical line that defme a plane. 

+b 

1-'---,...+---++a 

-b 
Figure I. Two orthonormal vectors a and b 

A binary state is represented here using the ±orientation or direction of the bit vector and not its 
length, which is always one. Using vector a, bit state a = True can therefore be denoted as -11\ 
(orientation +1) and NOT a =False can be denoted as -a= a (orientation -1). The scalar 
orientation coefficient c preceding the vector ca can have the real values of c =+I, -1, or 0, 
which naturally leads to a ternary state system (similar to tristate logic) with symmetric binary 
states of +l =+and -1 = -, whereas Oa = 0 indicates vector a has no presence. The choice of 
mapping bits/states into vectors/orientations defines a binary representation that is a formal 
linear system and can be shown to be Boolean complete [4]. A linear representation is important 
when building such a bridge between computer science and physics [5]. 

Table 1 shows how to define the traditional "addition" operator, denoted as +, for this linear 
algebraic system. The addition of two vectors can be visualized as the address of a point in the 
plane of Figure 1, but the vector orientation coefficients follow the usual scalar addition rules in 
Table l. This algebra is limited to the set of unit scalar values {0,+ 1,-1 }, because this limited 
scalar set is sufficient to express all necessary distinctions. Table 1 represents modulo 3 addition 
because repeatedly adding +l produces the sequence of values 0 => +1 => -1 => 0. This choice 
is isomorphic to the modulo 3 set of values {0, 1, 2} but is symmetric around 0. Addition of any 
elements in the algebra always produces another element in the algebra. 

Table 1. Scalar Addition table for a + b = b + a 

a+b b-0 b-+1 b--1 
a-0 0 +1 -1 
a-+1 +l -1 0 
a--1 -1 0 +1 

Using Table I, an important property" for addition is a +a = -a= a . This codifies the existence 
of an additive inverse, complement, or negation state for each state in the algebra. Mutual 
exclusion of two complementary states can now be expressed as a +a = 0, which means the 
vector a can only point in one direction at a time because the value 0 has the special meaning of 

'With • = inner product; a • b = 0 means a and bare orthogonal and a •a == 1 means collinear 
"With mod 3 arithmetic then 2a= -a because 2a =a+ a= -a so 2 = -1 and also fJ/2 = a/-1 =-a 
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cannot !!f£1!!.. The symmetric +/- states naturally describe the destructive inteiference of bit 
vectors, which is critical for quantum computing. Ternary logic is different from traditional 
Boolean algebra (states of 0/1) because the latter has no third state, and hence confounds the 
states "the opposite of one" and "nothing". Since addition is commutative (a+ b = b + a) but 
subtraction is not (a - b * b -a), we use the convention that the sign of the coefficient must 
always be associated with the particular element, for example, a- b= a +b=b+ a =-b+a. 

The interpretation ofO to mean cannot occur [6] is subtle, yet conceptually meaningfitl, and has 
these consequences. First, since 0 means cannot occur then a scalar multiplication of state vector 
by zero, such as Oa = 0, simply means that the vector a does not occur or exist and can be 
removed without any additive effect on an expression (i.e. x + Oa = x ). Therefore, the highlighted 
cells in Table 1 focus on the addition rules to input states with only the non-zero binary values. 
These cells can be summarized as the rule: li!re states invert and differing states pair-wise cancel. 
Second, assigning a state equation to 0 and then solving for the roots determines the orientation 
values of states that cannot occur thereby representing the non-solutions of the system, which is 
the opposite of the conventional meaning. Third, in order for two vectors to exactly cancel, they 
must be simultaneous, so addition means concurrency in time. This interpretation is consistent 
with the non-causal nature of quantum computing states. Addition of states is called a co­
occurrence [ 6] because it is impossible to distinguish between (or count) two identical tokens 
unless they are presented exactly concurrently. Two such identical tokens presented together 
represent 1 bit of information because it is impossible to know how many truly exist when 
presented sequentially [6]; {q. v.} chapter 4. 

With this brief groundwork in place fur classical bits, mutually exclusive states, state inversion 
and the addition operator (with its interpretation of concurrency), the following section 
introduces how to represent a quhit (or quantum bit) plus the other properties required to change 
the qubit state. 

3. A Qubit Represented as the Sum of Two Vectors 

A qubit requires four states rather than the two states represented by a classical bit, yet still 
represents only one classical bit because the vectors are constrained to be redundantly encoded. 
Therefore, a minimum of two classical bit vectors {aO, al} must be used to represent those four 
possible states. Since the two distinct and orthonormal bit vectors must both simultaneously be 
allowed to have any binary value, the obvious proposal for a qubit uses addition with all possible 
non-zero vector orientations: 

Qubit: A = :laO ±lU ( l) 

There are four possible variations of signs for this sum and trey are assigned the state labels Ao = 
+aO -al, A1 =-aO +al, A_"' -!10 -Ill, and A+= +aO +al, whose meaning will soon be obvious. 
Similar to the process used for a single vector, we can show thatAo +At = 0 or Ao =-At because 
(aO- al) + (-aO + al) = 0, which means that states Ao and A, are mutually exclusive. Likewise, 
states A.- and A_ are mutually exclusive, because A_+ A.-= 0 or A_= -A+. As with Ao andA1, the 
states A+ and A_ are pair-wise collinear with the origin (and later these two sets themselves are 
shown to be orthogonal). Table 2 follows directly from Table l when all possible combinations 
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of non-zero orientation values are analyzed (only highlighted cells in Table 1 ). It is convenient to 
think informally of this table as the non-solutions from solving A, = 0, where the vector 
coefficients destructively cancel. 

Table 2. Valid qubit states highlighted for :laO :J:al 

ROWk aO al A1 = aO+al Ao= aO+al A+= aO+al A_= aO+al 

Ro - - 0 0 ". •+ .",.·,.· -
R1 - + '""•,·····,·•·•+•···,"·,;,,., ; ···., ":":•• . ''· 0 0 
R2 + - .. •;"",•···,". ; 1"::,,"; ±' .•• ," 0 0 
RJ + + 0 0 :.- . " ", I " + 

Binary Anti-symmetric sums Symmetric sums are 
combinations of are cliiSslcat ~ supeiposition sllJtes 

input states A1-R1-R2 Ao=R2-R1 A+-Ro-R3 A.-RJ-& 
. . 

The four main rows of Table 2 show all the non-zero binary combinations of the orientations for 
vectors {aO, al}. The four right columns show the possible expressions (of symmetric and anti­
symmetric sums) with the non-zero or valid states highlighted. The vector and state names were 
chosen to represent the particular spin properties of the qubit, which acts like a redundantly 
coded classical bit with complementary states Ao =-A J. State Ao is selected when coefficient Co 
for vector aO is co = + and state A1 when the coefficient CJ for at is CJ = +, where co = -c1 

Because of these properties Ao and A1 are called the classical states of the qubit. Similarly, state 
k is defined when vector coefficients co = c1 = + and state A_ when vector coefficients co = CJ = 
-,thereby representing the superposition states (where A_= -A+). Figure 2 graphically illustrates 
these redundantly coded vector and state relationships. 

+.d. 

-aD 

A_ 

Superposition States 
~ have same signs 

Classical States 
· A0 have opposite signs 

Figure 2. Vectors and States for qubit A = :laO :J:al 

It is evident from Figure 2 that the two pairs of states {As, A1} and {A_, A+} are compound states 
that can be represented as a vector (or line) thru fue origin, but at a 45 degree angle to eifuer axis. 
Therefore the sum of vectors also acts like a redundantly encoded vector, because it represents 
two complementary states. Because of the redundancy, fuere is more than one way to represent 
the one classical bit's worth of states in a qubit. Since the two pairs of states in Figure 2 are 90 
degrees apart (which means orthogonal), they are wiled out of phase representation choices. 
From the physics perspective, state aO is the spin up state (and -aO means NOT aO) while state 
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at is the spin down state (and -at means NOT at). The two classical states {Ao, A1} represent a 
symmetrical spinning top pointing up or down. The two superposition states {A _, At} act like a 
horizontal gyroscopic top supported on one end, so is simultaneously in both/neither of the 
up/down states. In quantum computing, each spin state is represented as a vector, whereas in 
classical computing each bit is represented as a vector. 

The next topic is the operator that switches between classical and superposition states or phases, 
which requires multiplication. Table 3 defines the conventional scalar multiplication table for the 
preceding ternary values. The terms multiplication and product are overloaded in physics and 
mathematics, because products exist not only for scalars, but also for vectors: the inner products, 
outer products, tensor products and cross products. Not to be outdone, the primary multiplication 
operator of geometric algebra is called the geometric product. The geometric product of a state 
and an operator (applied on the right) produces a new state, where both states and operators are 
geometric algebra expressions. 

Table 3. Scalar Multiplication table for a * b = b * a 

a*b b-0 b-+1 b--1 
a-0 0 0 0 

a-+1 0 +1 --:1 
a=-1 0 -1 +1 

Scalar multiplication is straightforward and the highlighted cells in Table 3 represent the non­
zero binary combinations of the vector orientations. Those cells are equivalent to the XNOR 
(exclusive NOR) logic behavior, which is summarized as: like states produce +!and differing 
states produce -1. XORIXNOR based logic is identical to the odd/even parity operators and a 
direct result of the multiplication operator being related to XOR is the unexpected multiplicative 
inverse property: 1/a = a (when a :# 0 ). This property is true for both scalars and vectors. As 
will be shown next, vector multiplication is slightly more complicated in geometric algebra but 
this complexity enables much simplicity elsewhere. 

3.1. Geometric Product and GradedN-vectors 

The geometric product can now be defined for the multiplication of vectors. AB the name 
implies, the geometric product is based on topological principles. The first simple premise is that 
multiplying two vectors (a b) produces an area-like object called a bivect01; which is a different 
mathematical object type than either a scalar or a vector. Multiplying 3 vectors together (a b c) 
produces a volume-like object called a trivector. This is easy to understand by realizing that a 

scalar is a grade-0 object (denoted as {A}0 ), a vector is a grade-1 object {A)1 , a bivector is a 

grade-2 object (A)2 , a trivector is a grade-3 object (A)3 , and in general ann-vector is a grade-n 

object (A). that defines an n-vo1ume. Adding different grade objects creates a multivector of 

i Scalar multiplication is naturally closed over the ternary values {0, -1, +1} 
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the form; A ={A)0 +{A)1 +{A)2 + ... +(A) •. A geometric algebra G. spanned by n orthononnal 
vectom contains N = Z' unique graded elements found by expanding the expression 

(l+a)(l+b) ... and defines 3N unique multivectom, (i.e. G2 => 3" = 81). In our definition, a qubit 

is a multivector: the sum ofboth gmde-1 vectom in~. 

Any bivector has an orientation coefficient just as a vector expression, but with the unusual 
geometric product identity a b = - b a This property means that the geometric product is not 
commutative (more precisely, it is anticommutative) and is simply the algebraic expression of the 
right-hand rule used in physics. The bivector orientation coefficient can be imagined as the right­
hand thumb pointing to the front (or back) of a plane defined by a piece of paper and is depicted 
in Fi~e 3. The orientation is defined as the coefficient of any n-vector product in any grade 
space , so $ equivalent to the parity of the vectom of the avector in a particular order. Thi~. 
article places the vectom in standard alphabetically sorted order. Since the geometric product" 
does not have an explicit operator, writing the product (a b) therefore rreans (a GP b), where the 
parentheses are optional. 

'--------''-,. 
a b =-b a 

Figure 3. Geometric product is anticommutative 

3.2. Geometric Product and Spinor Operator 

The following examples demonstrate the anticommutative geometric product. Assume that a 
system is defined or spanned by a set of orthononnal vectors: .~ = span{a, b}. Now multiply 
vector a times hi vector (a b) and use the topological simplifications ill a a= b b = +I. 

a(a b)= aab =b 

Similarly, multiply vector b times bivector (a ~ and then repeatedly multiply result by (a b): 

b(a b)=bab=-abb=-a 
-a(a b)=-11 a b=-b 

-b(a b)=-b a b=+a b b= a 

i Due to the outer product, and equivalent to the vector cross product only in three dimensions 

(2) 

(3) 

ii Geometric product of vectors is the sum a b= aob +a A b of inner a•b and outer a Ab products. 
iii Simplification of (a a)=l means a vector is self collinear and this represents the inner product a<ea = 1 
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As graphically depicted in Figure 4, the repeated geometric product application of the bivector 

(a b) spins any state counter-clockwise and explains why the hi vector (a b) is referred to as a 
spinor. Multiplying by the bivector 0a ~ spins the states in the clockwise direction, following 
the right-hand rule. The various qubit encodings are rotations of each other, so these states are 
rotationally invariant. You can now relax, since the spinor idea is the most difficult piece of 
physics and related mathematics in this article. 

The result of a vector multiplied twice by a bivector inverts that vector, which can be analyzed 
from only the operator perspective by squaring the operator and simplifYing. 

(a bi=(a bXa ~=a b a b=-a a b b =-I (4) 

+b -a b orientation 

+ab 
orientation -b 

Figure 4. Bivector (a b) spins the state space counter-clockwise 

Since (a bi =-I, therefore the spinorS =(a ~ = .J::;. Because the spinor operator squared is 
the inverter (or If = NOT operator) the spinor operator is referred to as the square root of not. 

S = (a b) = .J NOT . This is topologically easy to understand using Figure 4 and the 
anticommutative geometric product. Notice that even though all examples up to now are integer 
coefficients for spinors, it is possible to encode arbitrary angles using the GA rotators. This is 
important to allow arbitrary phase qubits and probability amplitudes, but will not be discussed 
virtually at all in this introductory paper. Another alternative is to use Tom Etter's link theory to 
count the multiple discrete ways of reaching the same output state. 

3.3. Reversibility, Unitary Operators, Phases and Pauli Operators 

The bivector spinor operator SA = (sO a1) fur a qubit A = (±aO±al) is simply an even grade 
operator that switches between the odd grade classical and superposition phasesil and can be 
applied to any state. Also the inversion operator (SA.f = -1 can be applied to any state. Both the 

i Due to these spinor properties, qubits are referred to as possessing spin Y,. 
il A spinor is the same as the Hadamard operator. 
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inverter -1 e (A)
0 

and the spinor SA e (A)2 are even grade operators, but they also have another 
important property, called reversibility. Classically speaking, a one-to-one mapping of states is 
often reversible but any many-to-one state mapping is irreversible. 

Just as the name suggests, reversibility refers to an operator that can be reversed or undone. 
Conventional classical computing, with traditional Boolean logic gates, is typically not reversible 
due to many-to-one state mappings (effectively, the arrival path is lost), which meaus 
information is erased and energy is consumed due to this erasure [7]. Classical computation is 
reversible by using only the 3-input and 3-output reversible Toffoli or Fredkin gates, rather than 
the conventional irreversible 2-input gates of NAND/NOR 

Reversibility [8] is easy to describe mathematically with the understanding that all operators are 
implemented as products. Let's assume a multivector system state X and a multivector operator Y 
forming some new multivector system state Z =X Y. To undo this operator meaus convert the 
state Zback into state X This is possible by simply dividing by Y(or multiplying times 1/Y=rt) 
resulting in ZIY =X YIY =X The operator Y is reversible if and only if the multiplicative inverse 
W= 1/Y= y-t exists. An operator Ywith this property (i.e. 1/Yexists) is called unitary because Y 
W = Y Y -I = + 1 and this formal definition is semantically synonymous with any reversible 
operator Y. 

The good news about reversibility is that scalars (1/a =a), vectors (1/a =a), n-vectors (liSA=­
SA) and Il,lany multivectors (l/Ao =At, l/A__ =A+) are reversible because geometric products are 
invertible• [3]. The term invertible meaus (to physicists) that expressions have a multiplicative 
inverse. This term should not be confused with the similar sounding logical inverse, which is 
implemented in geometric algebra as the additive inverse (or negation). 

A useful multivector example PA = -1 + SA, is invertible (liP A = 1 + SA) and has several other 
properties. First, PA is of even grade just like its additive operands. Second, (PA'f = SA so 

consequently .Js: "" ±P A· It is now possible to summarize the previously seen discrete phase 

relationships: +l = 360°, NOT = J;i = 180°, spinor =& = 90°, so the square root of an 
operator (if it exists) is related to dividing the spin angle in half and similarly the third root angle 
is 360°/3 = 120°, etc. Third, since the operator -1 means inversion and SA means phase spin, 
then with our interpretation of addition, PA is simultaneously an inversion and phase shift! Here 
are the results of the Pauli operator PA applied to tl1e four qubit states. 

Ao PA-=Ao(~l)+ Ao ~=At+ A+ =(-aO + al) + (110 +Ill) =-aO + aO + a1 + al = -al 
At PA == Ao +A..= -1111 

A-PA=A++Ao=-aO 
A+ PA =L +A,= -11!0 (5) 

The Pauli operator PA reversibly maps the classical states A11o to the vertical vector ::la1 and 
maps the superposition states A± to the horizontal vector :laO. As expected and as graphically 

i Neither the inner nor outer products are invertible by themselves 
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seen in Figure 5, this represents a discrete 45 degree phase encoding away from the classical and 
superposition axes. The inversion and spinor operators still function as expected for this 
representation. This vector encodingi emphasizes the classical/superposition meaning of the 
vectors rather than the spin up/down meaning, yet both interpretations are valid. 

+a1 
(:;A . f' 

I \ • 
Classical= , =Superposition 

-ao -. -~. ,-+-ll-":-- +ao 

\I'. ~\ ~· ... ! 
Vertical _;'1 Horizontal 

Puuli Spin Pauli Spin 

Figure 5. Phase Encodings of 180°, 90° and 45° for qubit A= (±aO±al) 

All three Pauli operators have now been discussed ( a,=-1, u, =SA, 0'2= PA). This is important 

to quantum computing mathematics because the Pauli operators represent the reversible even­
gmde operators that encode how noise can affect a qubit state as either a bit inversion, a phase 
shift, or both a bit & phase shift simultaneously. Likewise, the odd-gmde reversible operators 
±aO, :tal and (±aO±al) also produce alternate encodings to the even grade planeii formed by the 
axes ±l and :!SA. Quantum computation primarily involves reversibly rotating a qubit encoding 
through a phase anglem without erasing the bit of information stored in the qubit; so all single­
qubit operators are specific kinds of phase gates. · 

Of the total of:f-1 =80 possible qubit multivectors (excludes state 0), 48 are reversible because 
they are invertibleiv. The remaining 32 multivectors do not have multiplicative inverses and are 
thus irreversible. The next section describes how to identity these irreversible operators. Of the 
80 possible multivector states, 40 multi vectors are the additive inverses of the other 40, and all of 
these 40 unique states are discussed as sets in this article. 

3.4. Irreversibility, Singular Operators, Erasure and Measurement 

Irreversible operators are important in quantum mechanics because they erase the information 
encoded in a qubit. Losing information is bad, because the wrong answer will emerge when 
asking for an answer with a measurement question. This situation is problematic for qubits 
because noise is equivalent to an unwanted operator. If the system is in an "unexpected" state, 
then the basis-based question asked (see below) will ipso facto be ill-formed, resulting in a 
random binary answer from the measurement. Additionally, all measurement operators are 
irreversible and destroy the qubit state by setting the qubit to the questioned state. Extracting the 

1 "Encoding" means basis: classical=standardbasis, superposition=dualbasis, and circular basis= ±I±SA 
11 Identical to real (scalars) and imaginary axes (SA= i) as represented in complex numbers. 

m Geometric algebra rotators a'= RaR :with R m a- {Je1e2 , R =a+ (Je 1e, a= cos(O /2),/J = sin(O /2) 
tv Definition of unitary is Jdet(X)J = +I, which is true fur all non -singular multivectors X if det(X)<>O [9] 
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information stored in a qubit destroys the state, so there is only one chance. This is similar to old 
core memory systems, which required writing the data back after a destructive read. 

The simplest non-invertible multivector has the form X= (±l±x), where x .is any 1-vector. 
Simply stated, because x-t = (±I±xr1 does not exist, then X is called singular '.This fact is the 
basis for all other singular operatrn;;; of a qubit because using the product X Y = 4 if either factor 
X or Y is singular then so is Z". Alternatively, when X is unitary thenx-1 exists and the 
multivector X is non-singular. 

All of the 32 singular multi vectors of a qubit contain one of the fuctors ( ±l±x), and they are: 
(±l±aO) = 4, (±l±al) = 4, aO(±l±at) = 4, al(±l±aO) = 4, (±l±aO)(±l±al) = 8 and the opposite 
order (±l±al )(±l±aO) = 8 for a total of 4 + 4 + 4 + 4 + 8 + 8 = 32 unique singular multivectors. 
As is shown below, all of these singular operators are related to measurement and information 
erasure. Each operator X in the list above was proved to be singular by exhaustively attempting 
to solve the equality X Y= 1, for each of the possible 80 multivectors Y, and no solutions were 
found. For expressions involving multiple qubits, other singular expressions exist, however, that 
do not have (±l:t:x) as a factor. 

Knowing exactly how measurement occurs, answers are extracted, and information is erased, in a 
qubit is important for quantum computing, and singular operators are an important clue to this 
understanding. Essentially, a measurement entails asking what state orientation a particular 
vector currently possesses. In geometric algebra, a multivector of the form X= (-1)(1 ± x) can 
be used to isolate only the state cases for orientation ±x and so is equivalent to testing or 
decoding vector x for a particular orientation, denoted as X.. Each of the four output columns in 
Table 4 represents one of the singular expressions of the form (-1)(1 ± x). 

In every colunm, two rows contain the + state and two rows contain the 0 state. When this 
expression is used as an operator it effectively creates a notch filter that only passes the non-zero 
states. By combining two orientation choices using the geometric product, a particular row can 
be selected, which specifies the logicallY.. combined state AO± and AI±, so each row Rk represents 
a cell in a Boolean logic Karnaugb llllpm used by conventional logic designers. 

Table 4. SpecifYing a particular vector orientation in G2 = span{aO, a1 }. 

Rowk aO 111 1- at) 

Ro + + 
R, + + 0 + 
lb. + 0 + + 0 
RJ + + 0 + 0 + 

i X is singular if det0} = 0 because X'1 becomes infinite due to x-' being dependent on 1/det(X) 
n For X Y; Z, then det(X)det( Y) = det(Z), so if det(X) "" 0 or det( Y) = 0 then det(Z) ; 0 
iii Rk = computationalbasis: different than standard since mult=XNOR vs. AND in Hilbert spaces 
iv The vector notation is set of RJ.: denoted as vector [Ro R1 R2 R3 ••• J and is used extensively here. 
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AO.,AJ., = (-lXl ± aO)(-lXl ± at)= (l ± aOXl ± al) = (l :laO ±at ±aO at), whence 
AO_AL=(l-aO-al +aOat) 
AO_Al+ = (1 + aO- at- aO at) 
AO+AL=(1- aO +at- aO at) 
AO+Al+ = (1 +aO + al + aO at) (6) 

Table 5. SpecifYing two vector orientations in G2 

Rowk aO ill (1-aO)(l-at) (1-a0)(1+a1) (l+aO)(l-al) (l+aO)(l+at) 

Ro - - + 0 0 0 
Rt - + 0 + 0 0 
R2 + - 0 0 + 0 
RJ + + 0 0 0 + 

State logic + Ro-AO_AL Rt-AO_Al+ Rz-AO+Al- R1-AO+Al+ 
Denoted as Vector ~ Ro=L+ ooo] Rt- [0+ OOJ R2 ~LOO + 0] RJ-[000 +J 

Table 5 illustrates these singular expressions, which represent the topologically smallest features 
in a qubit representation. These row-decode operators, ~ are linearly independent and all other 
expressions can be derived by summing specific rows, so each algebraic expression has a unique, 
dual, sparse representation expressed as the sum ofRk. The inverse of~ is denoted as PJc = -R!t. 
The compact vector-like notation [Ro Rt R2 RJ] expresses these states, where the row values Rk e 
{ 0, -, +} are the values of the expressions for every non-zero combination of vector orientations. 
This vector notation can be thought of as a matrix diagonal because Ro+Rt+R2+RJ = [+ + + +] = 
+1, and P0+Pt+P2+P3 = [- - - -] = -1. The vector notations for several other familiar 
multi vectors are: aO = [- - + +], al = [- +- +], SA=[+ -- +], Ao = [0 - + 0], At = [0 + _:_ 0], 

A;.=[+ 0 0 -], A..= f- 0 0 +)and PA = [0 + + 0). Element by element vector addition is identical 
to algebraic addition, for example the sum: aO + al = [-- + +] + [- +- +] = [+ 0 0 -]=A+, 

. because the Rk are linearly independent. 

The overall qubit singular-operator relationships are now shown in Table 6, which illustrates the 
answer to measuring the four qubit states (in first column) from the perspective of each singular 
row-decode operator Rk = AO: AJ.,. This table is an example of a set of one-to-one mappings that 
is irreversible because the mapping operators are singular and so cannot be undone. Classical 
Boolean logic systems do not have the concep; of singular operators. 

Table 6. Qubit measurement results for G2 

Start States A 
Each start state A times each Rk 

A( l+aO)( l-a1) A(l-aO)(l+al) A(l+aO)( l+al) A(l-aO)(l-al) 
Ao=+ aO- al -1 + al = J+ +1 + a1= 1 -aO(+l + al) +a0(-1 +at) 
A1=- aO+ at +1-at= I -1-al=of+ -aO (-1- al) +aO(+l- at) 
A_-- aO- a1 -aO (-1 +Ill) +a0(+1 +ill) +l+at-I- -l+ato: J+ 
A+-+ aO+ al --aO (+1- al) +a0(-1 ~at) -1-at=f+ +l-al"" I-
End State+ A~>+ aO-al A->-aO +at A~>+ aO+al A~>-aO- at 
Description ~ Classical States Measurement SuperpoSition States Measurement 
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Applying the singular operators llK, Table 6 produces two kinds of singular answers, either a 
"sparse invariant" or a random value. The measurement returns the answer and the qubit changes 

to the end state after measurement. The resulting answers of the form (±l±al)"' I' act like a 
constant since the non-zero output row-states are either all + or all -, as follows. This was 

originally hinted at in Table 4, since-1+ al = [+ 0 + 0)"' r and-1- a1 = [0 + 0 +] = r are 
two out-of-phase examples of sparse invariants. This name was coined because the multivectors 

I ± act like sparse versions of the constants ±1, with the properties r =-I+ and ( r t = r. 
The sum of two out-of-phase versions of these invariants form the constants + 1 = I; + I 9:. = 
[+ + + +] and -1 = I;;. + I 

9
-
0

• = [- -- -]. Any multivector of the form (±1±X) is a sparse 

invariant, where X is any n-vector. Not all sparse invariants are singular, e.g. PA~1+SA=[O++O]. 

From a measurement perspective, the sparse invariants I• represent a Boolean answer because 

the result is I+ or I-, and the qubit is projected to the end state matching the question. This 

process is irreversible because both llK and I • are ~gular. From the sums of Rk or vector 
notation. it is easy to see how information is erased because the symmetr/ of the qubit is broken. 
The symmetry is essentially based on which rows are valid, where the rows Vlt, R2} are non­
zero only for the classical states and the rows {Ro, R3 } are non-zero only for the superposition 

states". The sparse invariants include a row state from each pair of rows I; =[+ 0 + 0] = Ro + ~ 

and I 
9
:. = [0 + 0 +] = Rt + R3, so the combined asymmetrical state is no longer linearly 

independent since it is the sum of non-orthogonal elementsili. 

The row-pair symmetry is also broken by singular operators of the form (±aO ±all at) because 
aO + all al = R1 - R3, -all- aO a1 = R3 - Rt, aO -all al = Ro - R2, and -all + aO al = R2 - Ro. 
Each of these results looks like a random value because half the states are + and other half are -, 
or statistically random, in contrast to the invariants, which are all the same value. The row­
decode operators llK = AO±Ah are also asymmetrical since they each contain only one non-zero 
row . 

. The above discussion utilizes only half of the singular states of a qubit. Exactly the same analysis 
can be performed using the ant/commutative or dual versions of the row-decode operator 
products R1.k = Ah AO± (dual of R« = AO± Ah). These expressions represent the other four 
multivectors of the form (1 ± aO ± al ± aO at), where the sign is inverted for the bivector, 
resulting in all zero-valued row-states being converted to the- state. 

Ah AO+=(l + aO + al- aO at)=[+---]= R1 where Ro = [+0 0 0] 
ALAO+""'(l +all- a1 +all al)=[-+--]= Rr, whereRt = [0 +0 0] 
AhAO_=(l- all+ a1 + aO Ill)=[--+-]= Rs whereR2 = [0 0 + 0) 
ALA0-=(1- aO-al-aOal)= [--- +)= R4 whereRJ = [0 0 0 +] (7) 

i Symmetry or coherence, whereas asymmetry means decoherence 

" Pair-wise orthogonal R,. •R, "' 0 are the standard basis and R. ·R, = 0 are the dual basis. 
ili Non-orthogonal vectors cannot be used as the matrix basis vectors for quantum systems. 
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With the inverted operators P1-k"' -R1-k also defined, then the following facts are true about /4.7: 
]4+R5+R,+R1 = +1 and P4+P5+P6+P1 = -1. The overall unitarityi property of a qubit is defmed 
as Po+Pt +P2+P3+P4+Ps+P6+P1 = +1 and Ro+Rt+R2+R3+l4+Rs+R,+R1 =-1. 

An important and interesting topological fact is that these set of eight multivectors have the 
invertiblity property X= 1/X = x-1

, and therefore are self-unitary: X X"1 =XX= X 2 = 1. The 
multi vectors in ~ with this property" have the form of Ek = ( ±aO ±al ±aO al) and represent the 
eight comers of the cube in Figure 6, formed by the axes {±aO, ±al, ±aO al }. These multivectors 
form the comers of the dual tetrahedrons formed by the sides Pk = -(1 + Ek) or Ek = Rk -1 shown 
in Figure 7, Even though the axes are drawn in a cube, they are not orthogonal. 

+al +al -------. 

000 ' 

+ao ~ ~·-· ________ Jt;?•;•o 
+aOal +aOal 

Figure 6. Eight multivectors Ek define two sets (Eo.J and £7-4) of four corners 

The results in Figures 6 and 7 are topologically interesting and very relevant to matrix 
mathematics. One of the important results of the relationships, Rk = (1 + Ek) and (Eki = I is that 
the product [1 OJ. Ek Rtc = Ek (l+Ek) = Ek + (fJ,cf = Ek + 1 = Rk, which ultimately leads to the 
important result .. that Pk 1\ = (Pd = ]\, where the Pk form the sides of the dual tetrahedrons in 
Figure 7. Table 7 summarizes these multivector relationships including the sum of all & = 0. 

+al " Eo E +a __ l ____ ..., 
6 ,~ 

+++ 

1-'-·'"'----J.---· +aO 
E, 

B, •<..' ..:...__ ___ ___v 

+aO al 8
t +aO al 

Figure 7. Sides of a tetrahedron are formed by P0•3 on left and P14 on right 

i Same as the un.itarity constraint for qubits in Hilbert Space 
li Property &E.= I means theEkare the eigenvectors and P. =-(l+Ek) are the projection operators 
iii P. are idempotent (Pki = Pk projection operators of a qubit. Pt are eigenvalues of the eigenvectors E. 
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The symmetric results in Table 7 show that our algebraic notation naturally describes a qubit and 
is formally equivalent to the matrix notation traditionally used for the same purpose. Even 
though establishing the foundational concepts of qubits relies on some fairly abstruse 
mathematics, once these are in place, one need only the relatively straightforward manipulation 
of geometric algebra to read, write, manipulate, interpret, and understand qubits. Nevertheless, 
quantum concepts themselves still constitute a relatively steep learning curve. 

Table 7. Summary of Definitions and Relationships between Rk,Pk and Ek 

Primary Tetrahedron Dual Tetrahedron 
k= Ek'=Rk-1 Pk=-Rk Rk= l+Ek k= &=Rk-1 1\--Rk Rk-1+& 
0 [0---] [- 0 0 0) [+0 0 0] 7 [0+++] [-+++] [+---] 
1 [-0--] [0- 0 0] [0+0 0] 6 [+0++] [+-++] [-+--] 
2 [--0-] [00- OJ roo +OJ 5 [++0+] [++-+] [--+-] 
3 [_:- -0] [000-] [000 +] 4 [+++ 0] [+++-] [---+] 

smn [0 0 0 0] [----] [++++] smn [0 0 0 0] (----] [++++] 

The l115t remaining set of expressions from the 80 qubit statesl is called the trine states. Trines are 
mathematically ei\Sy to identifY because they represent the eight solutions of the equality (1r)3 

= 
I. The qubit solutions all have the form Tr = (+1 ± aO ±SA) or 1r = (+1 ± al ±SA) and their 
inverses. The general form is the concurrent sum of the spinor and a singular operator of the 
form (+1 :ix). As expected and as seen in state evolution in Eq. (8), this 120° operator causes the 
state sp~ce to become asymmetrical. These operators are unitary though, because the multivector 
Tr is invertible since l/1}- = (1rf, 

Ao = [0+- 0] 
Ao (+I+ aO+ SA) = (+1 - aO +SA)= [0 +- +] 
Ao (+1 + aO+ SA)2 = (-1 + aO -SA)= [0+ --i 

Ao (+I + aO + SA)3 
= Ao = [0 +- 0] 

The next section describes combining multiple qubits to form a quantum register. 

4. Quantum Registers as Geometric Product of Qubits 

(8) 

Multiple q qubits can be combined to form a quantum register Qq =GrFlq that defines a space of 
size n = 'lq. The state space of two qubitsii with n = 4 does not have the size of 4 + 4 = 8 states, 
but rather N = t = 16 = 4 * 4 total states and 'i 6 = 43,046,721 discrete multivectors. The number 
of states grows exponentially because combining qubits entails entangling their state '!Paces. 
Geometric algebra easily expresses qubit entanglement using the geometric productm. The 
entanglement of q = 2 qubits, defined as A = (±aO±al) and B = (±bO±bl), is simply the 
geometric product A B of the qubits: 

A B=(±aO±d)(±bO±bl)=± aObO± aObl ± al bO ± al bl (9) 

i For the full table of 40/80 operators see table 7.2 in reference [4). 
li Gn=3 is a qutrit where multivector state A = (±aO±al ±a2) and describes a spin-one particle: a photon. 

m Geometric product is same as tensor product ® in Hilbert spaces and tensor power X"" is simply X" 
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This sum of four bivectors represents all the possible simultaneous combinations of the spin 
vectors. Recalling the spinor notation for each qubit (i.e. SA, Sa, etc), these bivectors are actually 
cross-qubit spinors and are denoted as Soo = aO bO, So1 = aO bl, S10 = al bO and S11 = at bl, 
with all vectors in the standard sorted order. The product of sums format on the left is 
mathematically identical to the sum of products format on the right If a sum of bivectors can be 
factored back into a product of sums format, the entangled states are called separable. 

Specific examples with each qubit in specific states produce a vector notation with 16 rows. The 
number of states grows as N = iq = 4', but the number of non-zero states only grows as 'P = 4. 
Notice that sum of products for Ao B1 is indistinguishable fromA1 Bo soA0 B1 =A1 B0• 

A0 B0 = (aO-al)(IJO-.bl) =-taO bO- aO bl- al bO + al bl 
Ao B1 = (aO-al)(bl-bO) = -aO bO + aO bl + al bO- a1 bl 
A1 Bo = (al-a0)(b0-b1) = -aO bO + aO bl + at bO- a1 b1 

A+ B+ = ( aO+al )(bO+bl) = -taO bO + 110 bl + at bO +at bl (10) 

Using the multiplication principle 0 x = 0, then the valid or non-zero states of both qubits must 
be satisfied simultaneously. As shown in Table 8, if the 16 row vectors; are determined for the 
above examples, then the valid rows are: Ao Bo = -Rs +Rs +R9 -R10 and A+ B+ = Ro -R3 -R12 +R1s 
based on the simultaneity constraint that both qubits are contributing non-zero states. 

Table 8. Valid rows for products Ao Bo and A+ B+ in Q2 

State Combinations Individual bivector products Colunm 
Rowk Vector 

aO a1 bO bl ao bO aObl at bO al bl ·A~B+ Ao.Bo. 
Ro .. - - "::. .~·~ . :+ .; . + + + + 0 

' 
.. · 

R1 - - - + + - + - 0 0 
Rz - - + - - + - + 0 0 
R3 - - + + - .. - - - - 0 
14 - + - - + + - - 0 0 ... . Rs ·.;...· t' - + + - - + 0 ; ;- ; 

'Rt; · ...• - I+ :+: ''•"':""' '· - + + - 0 '; :+ •.. 
R1 - + + + - - + + 0 0 
Rs + - - - - - + + 0 0 
R<J . .+ 

' "". 
.._.· i·:+•· - + + - 0 , .. ' .• :+· ..• 

Rio :·+ - .+ '-'' + - - + 0 i ,-. 

Ru + - + + + + - - 0 0 
' Jli2 + +•· ..--, ,_ - - - . - - 0 

Rl3 + + - + - + - + 0 0 
R14 + + + - + - + - 0 0 

•. Rts .+. + + + +, + + + . + 0 

1 For Qq the Pk = -Rk are siogular, but are idempotent only if the definition is extended to: (Pk)"'"lq = Pk 
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As expected, the valid states of the system are just the valid states for each qubit spread out 
across a larger space. The green highlighted rows {Rs, Rt;, R9 , R10} indicate the classical states Ao 
and Bo. The blue highlighted rows {Ro, R3, R12, Rts} indicate the superposed states A+ and B+. A 
very interesting intermediate result noted in the rose colored middle columns is an output state 
can only be zero if the sum of '1! bivector orientations exactly equals 0. This only occurs when 
all bivectors have exactly an equal number of both orientations!. Consequently, all non-zero 
outputs can occur only when all the bivector orientation coefficients have exactly the same sign. 
This pair-wise cancellation result is therefore independent of the mod 3 addition conventions 
established initially. For more examples, discussion and proof see [4]. 

Separable qubits each can be individually llliUlipulated using the appropriate operators, and the 
operators can be thought of as being sequentially applied, producing various intermediate states. 
Due to non-commutative products, remember that Ao Ba = -Bo Ao (except for even grade 
operators that are commutative, such as B SA =SA B). 

AoBo SA= Ao &Bo= A+Bo =+ aO bO- a0 bl + al bO-at bl 
AaBa ~= AoB+=+ aObO + aO bl- al bO-at bl 

Aa Ba SA ~ = Ao SA AI ~""A+ B+"" + aO bO + aO bl + al bO + al bl ( 11) 

Also understand that the Pauli operators applied to both qubits define the cross-qubit spinors. 

Ao Ba PAPa ""Aa PABo Pa"" al bl = ~ 1 and likewise 
A+ B+PA Pa= aO bO"" Soo 
A+ BJ PA 1\ = aO bl = Sot 
A1 B+PA Pa = al bO = S10 (12) 

This implies that the sum of spinor products is identical to representing the qubits in four distinct 
states simultaneously (i.e. superrosed) in the Pauli encoding. In fact, this is exactly the previous 
meaning of a sum of cross-qubit spinors, since addition means concurrent. 

4.1. Ebits and Bell States 

A very interesting result regarding two qubits is applying both spinors concurrently (SA + ~) 
rather than sequentially (SA ~) to produce an ebit. Half of the bivectors disappear due to 
destructive interference. As a consequence, this result is inseparable and the reason is the erasure 
of phase-states. Just as a single qubit is a computational resource due to superrosition of states, 
an ebit is also a computational resource because it encodes exactly one classical bit of 
information (one bit being erased), even if the qubits are separated by a large distance [ 11]. The 
ebit's property is that of an Einstein-Podolsky-Rosen (EPR) communications resource. 

AaBo(SA + Sa)=A+Bo+AaB+=-aObO +0 aObl +0 at bO +at b1 =-aObO+a1 bl (13) 

; The numberofspinorn s=2• contains only even factors, so s/3 =±I¢ 0, so 0 occurs only when +I -I= 0 
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This state is one of the four Bell states i B,. The concurrent spinor B = (SA + &), which turns 

out to be the Bell operator, iteratively generates all four Bell states (Bo =>B1 =>B2 =>R 
=>Bo) using the formula B;+I = B 1 B. Table 8 shows the very interesting result that the only 
valid states are where exactly one qubit occupies the superposition state at a time. The unlisted 
rows are zero, so do not occur. This property is also holds true for valid row states for any 
number of qubits as: Ao Bo Co ... (SA+ Ss + Sc + ... ). This symmetry is quite fascinating! 

The even numbered Bell states are complements of each other Bo =-.a and the same is true for 

the odd numbered states B1 = - R. This suggests something about the square of the Bell 
operator and as expected, a higher dimensional version of the sparse invariants surfaces. 

Rowk 

R, 
R2 
14 
R1 
Rs 
R" 
Rl3 
R14 

B B =(B )2 =+1 -SASs= [0- -0-00- -00- 0- -0] = I­
(B t = -1 + SASs = [0++0 +00+ +00+ 0++0] = J+ 

Table 8. Valid rows for ebit Bo in Q2 

State Combinations Individual bivectors 
Output column 

aO at bO bl -aObO at bl 
- - - + - - + 
- - + - + + -
- + - - - - + 
- + + + + + -

+ - - - + + -

+ - + + - - + 
+ + - + + + -
+ + + - - - + 

(14) 

An important question is, "Is the Bell operator singular?" The answer is yes, because (JJ r' does 
not exist [4], which means that once the Bell operator is applied, the combined states cannot be 
exited or escaped using a unitary operator. Applying the inverted operator -B evolves the states 

in the opposite direction B;-1 =B, (-B). 

How the Bell operator erases information can easily be demonstrated once the magic operator 
and magic states are defined. TI1e four magic statesii (Mo =>M =>M2 =>M3 =>Mv) are 

generated by the singular magic operator M =(SA- Ss) using the iteration Mi+l = M, M 
The magic states prodllCe 90° out-of-phase sparse invariants compared to the Bell versions. 

M M = (Mi = +1 + SASs = [-00- 0- -0 0- -0 -00-] = I -
(M)4 = -1 - SASs = [+00+ 0++0 0++0 +00+] = I+ 

i Bo =-Soo + Sll = <1>+, B 1 = So1 + S10 = 'P+, B2 = Soo- Sll = <l>-, B 3 =- So1 - Sw = 'P­

ii Mo=So,-Sw,M1=-Soo-Sn, M2=-So1 + S10, MJ =Sw + S" 

18 
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It is possible to switch reversibly between the Bell and the magic states because MJ = Bz 
(Sot+Sto). An important relation for Bell and magic states is: Bt M= Mt B= 0, which follows 
from the complete destructive interference of these state and operator spinors. Armed with this 
Imowledge, one can usefully express the original entanglement equations as the sum of Bell and 
magic states. 

A B = (±aO±at)(±bO±bt) = ± aO bO ±aO bl ± al bO ± al bl = Bi + Mt (16) 

Some particular examples are: 

Av Bo = (al)..-al)(bO--bl) = + aO bO- aO bl - al bO + al bl = B; + M 
A+ B+= (aO+al)(bO+bl)=+ aO bO + aO bl + al bO +al bl = Bz + M (17) 

Therefore, independent of the starting state, half of the states are always multiplicatively erased 

when applying either the Bell or magic operators because B 1 M = M; B = 0. These results 
show that information is erased and these operators are irreversible, since a many-to-one 

mapping occurs due to erasure, as illustrated with the examples Ao Bo MandA+ B+ M: 

AoBo B=Bo+O andAoBo M=O+ Mo 
A+~B= B2 +0andA+B+M=O+ Mo (18) 

A simple proof that Band Mare singular can also be realized using the Cancellation Principle 
of Multiplication of multivectors which states: if X Y= X Zthen Y = Z if and o11ly if IIX exists. 

The proofuses an example: ifXo: y., Band z., PA Pa(-1), it can be shown that: 

B B"" B PAPa (-1) = 1 - SASu is always True but 

Z=PAPnH)<=-1+ SA+ Sa-SASs= B-(1 +SASs) (19) 

The equality B = B- (1 + SA Sa) can be true only if(l +SASs)= 0, which is always False even 

though the product B (1 + SASu) "" 0 is always True. This contradiction therefore means B * B 
-(I+ SASB) because JIB does not exisf and Bis singular. Similarly, Mis singular. 

The Bell and magic states can also be used as singular operatorsii to orient the states, because: B; 
Bt = I-, Bt Bt+2 = I' while Bt Bt+I = Bt B~1 = ra11dom states, and likewise for M;. See 
Figure 8 for a graphical summary of the states, where PAo = PA Po. It is easy to understand that 
for three (or more) qubits, there are (q.lj = 4 equivalent Bell operators of the form (SA± Sa± 
Sc) and the same number of out-of-phase sets of Bell states with exactly the same properties 
discussed here. This concludes the discussion of ebits and the Bell and magic states. The next 
topic is the new operators that are possible for two qubits. 

1 Exhaustively searched the 43 million cases for solutions X in Q2 where (SA,tSa)(X) = 1 and found none. 
ii All B1 and M 1 are singular because they respectively contain B and M as fuctors. 
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4.2. Conditional Operators CNOT and CSPIN 

'! -ilA": . -~"A() 

The only logic-like operator for one qubit is inversion due to phase spinning. The new operators 
possible for two qubits are the so-called conditional operators (similar to the familiar if -then-else 
clauses) because one qubit acts as a control qubit forming a conditional gating state for the 
operator action on the other data qubit. Three or more qubits are required before conventional 
logic operations can be performed using fully reversible logic gates such as the Toffoli and 
Fredkin gates. 

The conditional form of inversion is called the control-not operator (CN01) and the conditional 
spinor is called the control-spin 1 operator (CSPIN). Both the CNOTand CSPIN operators are 
expressed as multivector operators that are applied using the geometric product. Conditional 
operators have the general behavior that if the state of a control qubit A is in state A1 then the 
operation is performed on data qubit B. Alternately if qubit A is in state A0 then the operation is 
not perfonned on qubit B. The CNOToperator performs a conditional inversion of the data qubit, 
while leaving the control qubit unchanged. 

Conditional operators are conceptually tricky with regard to quantum computing for the 
following reasons. First, it is easy to assume, based on classical computing ideas, that in order to 
"lmow" the state of the control qubit, it must be measured, which is problematic, if measurement 
erases information. Second, therefore the conditionality must occur by applying specific 
operators only to specific states. This is also problematic since the states are thoroughly mixed 
via entanglement, and it is hard to separate out just the ones you want. Third, geometric products 
of multivectors are unconditional since each n-vector element is jointly affected by every n­
vector in the operator. Tite results achieved so far for one qubit are due to the natural 
rmconditionalbehavior of geometric products, spinors, and destructive interference. 

An example of a conditional operator for one qubit is the reverse11 operator, denoted as A . As the 
name suggests, this operator simply reverses the order of the vectors in ann-vector A, but this is 
not related to the concept of reversibility. If the vectors are then placed back in the standard 

1 Control-spin is usually called a control-Hadamard gate in the literature. 

ii Reverse is identical to Hermitian adjoint A= Pl used in matrices. If A==A then A is self-adjoint 
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vector order, then dependent on the overall grade of the particular n-vector, the coefficient will 
conditionally either remain the same or complement its orientation due b anticommutative 
operand swaps. The reverse of a multivector is the reverse of each graded element separately, 
where scalars and vectors are unaffected. Here are some examples. 

reverse(±!)= ±1 and reverse( a)= a 
reverse( a b)= b a=-a b 

reverse(a b c)= c b a=-a b c 
reverse( abc d)= d c b a= +abc d 

reverse(abcde)= e d c b a= +a be de 
reverse( a b c d e t) = r e d c b a= -a b c d e r (20) 

Through use of the reverse operator and the operator Ao = (aO- al), a single qubit A can be 
reversibly encoded into the even-grade plane to represent a complex number (Ao Ao -=-1, At 
Ao = +1, A__ Ao =-SA. A+ Ao =SA)· The operator equivalent to the requisite complex conjugate 
can then be performed using the reverse operator to invert conditionally only the sign of the 
imaginary (or bivector) portion. This result is then converted back into the standard qubit states 
using the operator At = (-aO +al). This sequence of steps A' =reverse( A Ao) At conditionally 
inverts only the superposition states A± and topologically represents a reflection of the states off 
one of the axis, but cannot be realized by using only the unconditional geometric product. The 
main point of this disc11$Sion is that in general, writing conditional operators in a reversible linear 
representation is not straightforward and requires specialized state preparation and operators (e.g. 
co!Uugation) other than geometric products. In spite of this general restriction, it is possible to 
realize CNOT and CSPIN as multivector operators. 

The earlier point regarding knowing the state of the control qubit is the inspiration behind the 
CNOToperator. As shown above for the complex number representation of a qubit, it is possible 
to encode a qubit in the even-grade plane using the operator Ao = (aO- al). The classical states 
Aon are mapped to ±1 respectively (an invariant) and the superposed states At are mapped to :!SA 
(a random value). So the result of using any state as its own operator is like making a reversible 
encoding without breaking the symmetry of the qubil This insight is the key to understanding 
that the control-not operator for control qubit A is CN01An = Ao. Here are the results of 
entangling two qubits with the application of the CNOT operator. 

AoB CNOTAB =(+1) B= +B =>leave data qubit 
At B CNOTAB = (-1) B =-B =>invert data qubit 

A_ B CNOTAB =(+SA) B= SA(+B) =>leave data qubit 
A+ B CNOTAn =(-SA) B = SA(-B) =>invert data qubit (21) 

As expected, the CNOT operator maps the control qubit to the other encoding, but the right 
multiplication of the operator causes the sign to become inverted due to the non-commutative 
operation B Ao = .,-AoB. The overall effect is to invert B depending on the state of A. It is useful 
to think that this reversible operator reassigns the information in qubit A to the sign of qubit B 
(remember Ao B1 = At B0). So qubit A now contains the state +l, which means A was classically 
encoded and -tSA means A was encoded as a superposition. A control-not gate is intended to be 
defined only for classical control states, so the result containing the spinor SA is correct. The 
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same analysis derives the operator when the roles are swapped for the data and control qubitl'!. 
Another way to thjnk of this is that A1 and B define a simultaneous constraint. 

This result is not exactly the conventional definition of the control-not operator since the 
encoding of the control qubit is modified. This can be remedied if another q~bit A ' is initialized 
to the same state A'= A, then the result is that the new qubit B includes a duplicate of the 
entangled information from A, and the qubit A is left intact and untouched. The duplicate must be 
created in parallel since copying or cloning a qubit requires a measurement. This restriction is 
called the no-cloning theorem of quantum information. 

(22) 

Since (SAi = (spinorf= NOT the inspiration occurred to solve for (CSPIN/ = CNOT, and the 

result is CSPIN= .JCNOT = -1 + Ao (and its other root, and inverse of+1 +A1). This operator 
has the same concurrent structure as the Pauli spin operator, except with the concurrent operators 

being the inversion and reversible encoding. Since CSPIN = V-i it indicates a 45 degree 

rotation. Interestingly, the Bell operators have this exact same structure where (B i = I-, and 

.[i = (B i + B = I-+ B and this structural similarity of equations is most likely a meaningful 
coincidence. The results of the CSPIN operator in Eq. (23) and Table 9 are interesting because 
they show the need for a mixed-grade multivector to encode the phase information. 

Ao Bo CSPINAB=Bo-AoBo=(bO- bl)- aO bO + aO bl + al bO-at bl 
A_Bo CSPIN.,m= SABo + A+Bo = aO al (bO- bl)+ aO bO- aO bl +at bO-at bl (23) 

For classical states of the control qubit A, Table 9 shows that the overall multivector orientation 
inverts depending on the control qubit state. The superposition states are also encoded, yet of the 
16 possible rows only 6 rows are valid at once. The valid rows indicate what the valid states are 
and represent a simultaneous constraint system where the operators conditionally change the 
overall row states that are non-zero. This is clearly evident by the conditional validity of row· 
states Rs, &, R9 and Rw in Table 9. 

Table 9. Valid rows for A B CSPINAB 

ROV!k 
Combinations Active A B CSPINAH--A B+ Bon 

aO at bO bl States AoB Ao---1) ArB(Ao-1) AoB(Ao+l) A1B(Ao+l) 
R, - - - + L&B, + - + -
R2 - - + - A_&Bo - + - + 
11:5 + + At&Bt 0 0 =bO + 

"'bl 
& - + + - At&Bo 0 0 + -
Rg + - - + Ao&B1 - =bO + "'bl 0 0 
RIO + - + - Ao&Bo + - 0 0 
Rn + + - + At&BJ + - + -
R14 + + + - At&Bo - + - + 

This concludes the new operators for Q2. 
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5. Toffoli Operator is Concurrent CNOT 

The same process for the control-not gate can be expanded to Q3 in order to include two control 
qubits A, B and a data qubit D. The resulting control-control-not gate is called the Toffoli 
operator and only inverts qubit D when the control qubits are both active (denoted by the 
subscript l) in states A1 and Bt. The individual cases of single control-nots are first expressed to 
correctly account for the anticommutative operand swaps. The control qubits are indicated by the 
small subscript c, since it is not always the ftrst one listed in an expression. 

A BeD CNOTBD =A BeD (Bo) =A Be Bt D =±AD (one operand swap) 
Ac B D CNOTAD = Ac B D (At)= Ac At B D =± B D (two operand swaps) 

Now the Toffoli Operator is TOFABn = CNOTAD +CNOTBv=At+Bo ""(-aO +at+ bO- bl)and 
is reversible because (TOF)2 = +l. This simple grade -1 multivector operator and gradt>-2 
multivector outcome is a direct result of applying the concurrency interpretation of addition as 
discovered for the Bell operator. Here is the general Toffoli gate formula: 

AcBo D(TOFAIJD)""Ao BoD(At + Bo)=±BD ±AD (24) 

An particular case of Eq. (24) is now required in order to compute the "llllid rows in Table 10: 

AoBo Lb (TOFABD)=+ aO dO- aO dl- al dO+ al dl + bO dO- bO dl- bl dO+ bl dl 
= [00000+-0 0-+00000 0+-00-+0 00000+--0 0-+00000 0+-00-+0 00000+-0 0-+00000] (25) 

Table 10. Valid row states for Ao BoDo (TOFABv)in Q 3 

Roll!.: 
State Combinations 

Active States AoBol.b 
aO at bO bl dO dl (TOFAIJD) 

R21 - + - + - + AtBt &Dt - Inverted 
R22 - + - + + - AtBt &Do + 
~I + - + - - + AoBo &Dt + Identity 
~2 + - + - + - AoBo &Do -

Brows Aclassical BsuPCIJlme Dc~ical A, B. &De ± Mixed 
Brows A Bct.s.icat Dctasskal A.B.&D. ± states 
44 rows All conditions not listed above none 0 Invalid 

Rows 21-22 in Table 10 represent the valid states where both control lines are active high and 
the otnput orientation is inverted compared to qubit D. Rows 41-42 represent the valid states 
when no inversion occurs, so tlte output orientation matches qubit D. Since the Toffoli gate 
TOF ADD = (-aO + al + hO- bl), it is clear why three qubits in QJ are necessary to express this 
operator. There are four variants of this operator, Ao+Bo, At +Bo, At+Bo, and At+Bt, depending on 
the desired Boolean condition. 

Notice that no otlter row states are valid when both controls have classical states! This is 
important because, due to the overall syrmnetry in geometric algebra, designing arbitrary 
multiplicative operators is difficult, so in essence operators are discovered, not designed. This 
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problem is akin to building a ship in a bottle, where the quantum state is analogous to a very 
high-dimensional bottle and only tools (or operators) that fit through the neck of the bottle 
(combinations of single qubit operators) are allowed. It is possible to design an arbitrary state 
because the row states are linearly independent (given any vector notation can uniquely convert 
to the algebraic notation and vice versa). Some states can only be created via addition rather than 
with a multiplicative operator starting from a valid entangled qubit state. 

6. Conclusions 

The wealth of quantum computing concepts described here, using only addition and geometric 
products, is possible because geometric algebra naturally and implicitly captures the topological 
informational distinctions and constraints needed to represent qubits, ebits and familiar 
operators. This is the interpretation of the co-occurrence of two vectors appears to dominate. Due 
to the power of geometric algebra to represent classical mechanics, gravitational contraction and 
quantum mechanics, it is called "a unified language for physics and engineering" [5]. This work 
extends that domain to include quantum information and quantum computation with 
straightforward, well-developed ~] and - most importantly - easily interpreted mathematics. 
This work presents a qubit algebra and as well demonstrates a linearly independent, dual, vector 
notation that is useful because It combines the topologically smallest elements in the algebra. 

It is interesting to see how unfamiliar but transparently meaningful algebraic rules emerge 
directly from the choice of symmetric binary values +l and -1 and the mapping of co-occurrence 
and co-exclusion to addition and the geometric product, i.e. a b = -b a and a a = I, This 
symmetry then impacts the symmetry of the addition and multiplication operators, i.e. 1/ a= a, 2a 
= a + a =-a = w2 and enables sparse invariants. This symmetry is reinforced because qubits are 
the sum of two vectors, which results in many counts being a power of 2. As a result, the additive 
and multiplicative inverses become interchangeable as Ao=-A1= 1/A1, but also sequential and 
concurrency ideas herewith intersect, e.g. Rk Rk =-~ + ~ = 1\. One should remember that the 
mathematics describing quantum mechanics is algebraically closed, and so is equivalent to 
bouncing a light beam around inside a hollow mirrored sphere. 

Quantum computing works because it relies on the intrinsically high-dimensional infrastructure 
of the quantum universe. John Wheeler's paper "It from Bit" p 3] stipulates that everything 
classical, including energy, matter, spacetime and even empty space, emerges from this bit soup 
(also called quantum ether or quantum foam) because the universe started as a "bit bang" [6,12]. 
Our geometric algebra approach algebraically and consistently describes topological quantum 
information forms as a massless high-dimensional topology and true concurrency without 
focusing on how it is projected into any of the classical properties of space, time or energy. This 
approach is consistent with extant quantum gravity theories treating the information mechanics 
of black holes (or bit buckets) [14]. 

It is possible to make better decisions, to be smarter, with high-dimensional spaces [15] because 
more states can participate simultaneously in a decision, due to a higher locality metric and true 
concurrency. Quantum metrics and phenomena are not possible in computation restricted to 
classical spacetime. Spacetime itself limits the computational density by segregating p6] the 
required information locality and concurrency. This alone should motivate engineers and 
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programmers to want to understand quantum computing: because it allows computers to cheat by 
computing outside the limiting spacetime box that occurs when representing bits classically. 
Because of the unusual and counterintuitive nature of quantum information, encouraging 
engineers and programmers to ascend the quantum computing learning curve will lead to an 
appreciation of the fundamental role of information in the quantum computing universe and 
might lead to general purpose quantum computers. 
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1 Introduction 

This paper is an expanded version of [28) and [30) where there is presented an 
introduction to a point of view for discrete foundations of physics. In taking 
a discrete stance, we find that the initial expression of physical observation 
naturally occurs in a context of non-commutative algebra. In this way a 
formalism similar to quantum mechanics occurs first, but not necessarily with 
the usual interpretations. By following this line we show how the outlines of 
the well-known forms of physical theory arise first in non-commutative form. 
The exact relation of commutative and non-commutative theories raises a 
host of problems. 

The starting point for this investigation is the representation of calculus 
in a non-commutative framework. In such a framework derivatives are repre­
sented by commutators, or more generally by products that satisfy the Jacobi 
identity and the Leibniz rule. If we take commutators [A, B) = AB - BA 
in an abstract algebra and define DA = [A, J) for a fixed element J, then 
D acts like a derivative in the sense that D(AB) = D(A)B + AD(B) (the 
Leibniz rule). As soon as we have calculus in such a framework, concepts of 
geometry are immediately available. For example, if we have two derivatives 
\1 1A = [A, J) and V K A = [A, K], then we can consider the commutator of 
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these derivatives [V' J, V' K]A = V' JV' KA- V' K'V JA = [[J, K], A]. The non­
commutation of derivations corresponds to curvature in geometry, and indeed 
we shall see that the earliest emergence of curvature in this context is the 
formal analog of the curvature of a gauge connection! 

For multivariable calculus we need variables X1, X 2, • • ·, Xn and elements 
Pt,P2 , ... ,Pn such that 8;A = 8A/8X; = [A,f't]. For a simplest representa­
tion we shall assume the the X; commute with one another, and that the P; 
commute with one another. Since we want 8;X; = C;; (the Kronecker delta 
O;; is equal to one if i and j are equal and is zero otherwise), we must have 
the commutator equation [X;, .P;] = C;;. Thus multivariable calculus in this 
non-commutative representation demands the commutation relations 

[X;, X;]= 0 

[P;,P;] = 0 

[X;,P;] = o;; 
These equations are the "flat background" for our non-commutative calcu­
lus. The reader will note that this flat background has the same pattern of 
commutation relations as a bare form of quantum mechanics when the X 
variables are interpreted as position and the P variables are interpreted as 
momenta. In a certain sense this means that our considerations start in the 
quantum domain. Note that flat is a correct adjective, since the derivatives 
a, all commute with one another. 

Let A; be a collection of elements of this algebra. Define "covariant 
derivatives" with A; = P; - A; by the formula 

V;Z = [Z,A;] = a,z- [Z,A;]. 

Computing the curvature, one finds 

[V;, V;]Z = [[A;, A;], Z] 

and 
[A;, A;)= 8;A;- O;A; +[A;, A;]. 

The reader will recognize this last expression as the formula for the curvature 
of a gauge connection. 
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In interfacing this formalism with physics we adopt the coupling equation 

dX;/dt =A;= P; - A;. 

The reader will recognise this as the minimal coupling postulate in the con­
text of Poisson brackets. Here we take It in the context of commutators or 
Poisson brackets, or a more general product satisfying the Jacobi identity and 
the Leibniz rule as described above. One retrieves the physics of a gauge field 
in this formalism. This is the essence of the pattern behind the Feynman­
Dyson derivation of electromagnetism from commutation relations [24, 27], 
and its import is more general. Because the brackets can be interpreted 
as commutators or as Poisson brackets with special structure, the formalism 
can be seen in a multiplicity of contexts. Deeper relationships with curvature 
and metric are related to this shifting of contexts as are relationships with 
quantum mechanics where the quantum formalism is obtained by the Dirac 
prescription of replacing Poisson brackets by commutators. We will discuss 
these issues in Section 5 of this paper. The organization of the paper is as 
follows. 

Section 2 of this paper we discuss the properties of the non-commutative 
discrete calculus that underlies our work. Here we begin with the considera­
tion of a temporal operator J with the property that Y J = JY1 for a "time 
series'' X, X 1

, X 11
, .. • • Thus X J = J X 1

, X 1 J = J X 11
, .. • • This formalism 

for time series gives rise to the time derivative DA = [A, J] = AJ- J A = 
JA1

- JA = J(A1
- A), a commutator representing a discrete derivative. 

Note that DA satisfies the Leibniz rule, a privilege not shared by the usual 
commutative discrete derivative. This section discusses the discrete ordered 
calculus (DOC) that arises from this idea and applies these ideas to a num­
ber of situations. In particular, we consider the one variable case of the 
commutator equation [X, DX] = Jk and show that it leads to a Brownian 
walk, and that if we take the size of the time step into account, then the 
diffusion constant for a Brownian process arises naturally as k/2. We com­
pare this with the usual derivation of the diffusion constant and the diffusion 
differential equation. We then compare this situation with the one dimen­
sional Schrodinger equation, modeling it in relation to a diffusion process 
with complex amplitudes. In this viewpoint one sees that the step length of 
the diffusion process is the Compton wavelength associated with the mass 
for the particle, and the time is the Compton time. For the Planck mass this 
gives a step equal to the Planck length and a time interval equal to the Planck 
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time. We speculate on the relationship of this result to joint work with Pierre 
Noyes and others [37). We consider other time series that can be regarded as 
solutions to this Heisenberg relation, the problem of using more variables and 
a model that is related to a discrete version of the Feynman-Dyson derivation 
of electromagnetic formalism. 

Section 3 examines the consequences for a particle whose position - mo­
mentum commutator is equated to a metric field. Here we see how the 
Levi-Civita connection (and implicitly differential geometric structure) comes 
naturally from the non-commutative calculus. This is a very general result 
and in section 4 we discuss it in a more axiomatic context as described in this 
introduction. This section discusses the intimate relationship between that 
Levi-Civita connection and the Jacobi and Leibniz identities that is revealed 
by our non-commutative calculus. In section 5 our stance leads to an inver­
sion of the usual Dirac maxim ''replace Poisson brackets with commutators". 
If we replace commutators with Poisson brackets that obey a Leibniz rule 
satisfied by the commutators, then the dynamical variables will obey Hamil­
ton's equations. Thus we can take Hamilton's equations as a classicization of 
our theory. Among other things, this point of view explains the appearance 
of the Levi-Civita connection in the abstract formalism. Interpreting with 
Poisson brackets, we obtain a new proof (via Jacobi identity) of the classical 
result that a Newtonian particle moving in generalized coordinates according 
to Lagrange's equations describes a geodesic in the Levi-Civita connection. 
Section 6 discusses the relationship of the discrete ordered calculus with q­
deformations and quantum groups. We show that in a quantum group with 
a special grouplike element representing the square of the antipode, there is a 
representation of the discrete ordered calculus. In this calculus on a quantum 
group the square of the antipode can represent one tick of the clock. Then 
follows section 7 on networks and discrete spacetime. This section is an expo­
sition of ideas related to spin networks and topological quantum field theory. 
As an early example we discuss the discretization of the Dirac equation in 
1 + 1 dimensional spacetime. It is our speculation that the approaches to 
discrete physics inherent in discrete calculus and in topological field theory 
are deeply interrelated. At the end of this section we outline this relationship 
in the case of a model for quantum gravity due to Louis Crane. Section 8 
is an appendix on the iterant approach to matrix algebra. We include this 
appendix to show how one can conceptualize matrix algebra from point of 
view of the discrete. Section 9 is a philosophical appendix discussing the 
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nature of foundations in mathematics and in physics. 

Remark. The following references in relation to non-commutative calculus 
are useful in comparing with our approach [7, 10, 13, 35]. Much of the present 
work is the fruit of a long series of discussions with Pierre Noyes, and we will 
be preparing collaborative papers on it. The present paper is a summary 
for the proceedings of the ANPA Conference held in Cambridge, England 
in the summer of 2002. I particularly thank Eddie Oshins for pointing out 
the relevance of minimal coupling. The paper [34] also works with minimal 
coupling for the Feynman-Dyson derivation. The first remark about the 
minimal coupling occurs in the original paper by Dyson [4], in the context 
of Poisson brackets. The paper [17] is worth reading as a companion to 
Dyson. In the present paper we generalize the minimal coupling to contexts 
including both commutators and Poisson brackets. The reader can see the 
full generality of our approach by first reading this introduction and then 
going directly to sections 4 and 5. It is the purpose of this paper to indicate 
how non-commutative calculus can be used in foundations. 
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ratory, Air Force Materiel Command, USAF, under agreement F30602-0l-2-
05022. Some of this effort was also sponsored by the National Institute for 
Standards and Technology (NIST). The U.S. Government is authorized to 
reproduce and distribute reprints for Government purposes notwithstanding 
any copyright annotations thereon. The views and conclusions contained 
herein are those of the author and should not be interpreted as necessarily 
representing the official policies or endorsements, either expressed or implied, 
of the Defense Advanced Research Projects Agency, the Air Force Research 
Laboratory, or the U.S. Government. (Copyright 2003.) It gives the author 
pleasure to thank Pierre Noyes, Clive Kilmister, 'Thd Bastin, Tony Deakin, 
Eddie Oshins, Basil Hiley, Keith Bowden, Arleta Giffor, Ashok Gangadean, 
Lynnclaire Dennis, Louis Licht and Sam Lomonaco for many conversations 
during the course of this work, and the Theory Group of the Stanford Linear 
Accelerator Laboratory for hospitality during the preparation of parts of the 
present paper. 
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2 Discrete Ordered Calculus 

In this section we recall the construction of an ordered version of the calcu­
lus of finite differences DOG [24], [28]. In this calculus the Leibniz rule is 
satisfied, and so the calculus can be used in a variety of applications. 

In the abstract framework of this calculus, there are variables X, each of 
which connotes a time series 

X, X', X", .... 

Discrete unit time steps are indicated by the primes appended to the X. 
A general point in the time series at time t will be denoted by X 1• By 
convention let the time step between successive points in the series be equal 
to 1: 

f:>.t = 1. 

Then we can define the velocity at time t by the formula: 

More generally, if X denotes position at a given time, then X' - X denotes 
the velocity at that time, where the phrase "at that time" must involve the 
next time as well. In a discrete context there is no notion of instantaneous 
velocity. 

Measure position, and you find X. Then measure velocity, and you get 
X' -X. Now measure position, and you get X' because the time has shifted 
to the next time in order to allow the velocity measurement. In order to 
measure velocity the position is necessarily shifted to its value at the next 
time step. In this sense, position and velocity measurements cannot commute 
in a discrete framework. This is the key physical idea that motivates our 
constructions. It was this idea, told to the author by Pierre Noyes, that led 
to our papers and particularly to (24]. 

The simplest interpretation of the variable X is that the time series values 
are numerical values, commuting with one another and with any operators 
that might be present in the associated mathematics or physics. In fact, we 
will often deal with situations where the X and the elements of the time 
series are in fact operators, not necessarily commuting with one another. At 
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the very least we will construct an algebra that mirrors the discrete non­
commutativity of the operations of position and velocity measurement. 

Our project is to take this basic noncommutativity at face value and 
follow out its consequences. 'Ib this end we will formulate a calculus of 
finite differences that takes the order of observations into account. This 
formalization is explained below. 

To see most clearly the non-commutativity that is at the base of our 
considerations, let J denote the operation of shifting time by one increment. 
Thus we can envisage an algebra of operations that consists in commands 
like JX (measure X, then tick the clock). Note that we will agree to take 
the sequence of operotions from right to left. Let IJXI denote the "spatial 
evaluation" of this sequence of operations, obtained in general by performing 
all the instructions and then evaluating the spatial position. Thus 

IJXI=X 

while 
IXJI=X' 

since when the clock ticks, the position shifts to the position at the next 
time. We see therefore, that X J f= JX. This is the first instance of non­
commutativity in the physics of discrete space and time. From the point of 
view of spatial evaluation it is most convenient to declare the equation 

XJ= JX' 

since these two expressions have identical spatial evaluations. 

We can then define the DOC derivative by the equation 

DX = [X, J] =X J- JX = J X'- J X= J(X'- X) = JdX 

where dX denotes the classical discrete derivative with unit time step. The 
key point about the DOC derivative is that it is a commutator, and conse­
quently satisfies the Leibniz rule 

D(XY) = D(X)Y + XD(Y). 

This makes it possible to do discrete calculus in a way that is formally similar 
to classical calculus. We will repeat this structure more slowly now, first 
recalling the properties of classical discrete derivatives. 
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We begin by recalling the usual derivative in the calculus of finite differ­
ences, generalised to a (possibly) non-commutative context. 

Definition. Let 
dX =X'-X 

define the finite difference derivative of a variable X whose successive values 
in discrete time are 

X, X', X", .... 

This dX is a classical derivative in the calculus of finite differences. It is 
still defined even if the quantities elements of the time series are in a non­
commutative algebra. We shall assume that the values of the time series 
are in a possibly non-commutative ring R with unit. (Thus the values could 
be real numbers, complex numbers, matrices, linear operators on a Hilbert 
space, or elements of an appropriate abstract algebra.) This means that 
for every element A of the ring R there is a well-defined successor element 
A', the next term in the time series. It is convenient to assume that the 
ring itself has this temporal structure. In practice, one is concerned with a 
particular time series and not the structure of the entire ring. Moreover, we 
shall assume that the next-time operator distributes over both addition and 
multiplication in the sense that 

(A+ B)'= A'+ B' 

and 
(AB)' = A'B'. 

An element c of the ring R is said to be a conBtant if d = c. 

Lemma 1, 

Proof. 

d(XY) = X'd(Y) + d(X)Y. 

d(XY) = X'Y'- XY 

= X'Y'- X'Y +X'Y- XY 

= X'(Y'- Y) +(X'- X)Y 

= X'd(Y) + d(X)Y. 
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This formula is different from the usual formula in Newtonian calculus by 
the time shift of X to X' in the first term. We now correct this discrepancy in 
the calculus of finite differences by taking a new derivative D as an instruction 
to shift the time to the left of the operator D. That is, we take X D(Y) quite 
literally as an instruction to first find dY and then find the value of X. 
In order to find dY the clock must advance one notch. Therefore X has 
advanced to X' and we have that the evaluation of X D(Y) is 

X'(Y'- Y). 

In order to keep track of this non-commutative time-shifting, we will write 

DX = J(X'-X) 

where the element J is a special time-shift operator satisfying 

ZJ= JZ' 

for any Z in the ring R. The time-shifter, J, acts to automatically evaluate 
expressions In the resulting non-commutative calculus of finite differences. 
We call this calculus DOC (for discrete ordered calculus). Note that J for­
malizes the operational ordering inherent in our initial discussion of velocity 
and position measurements. An operator containing J causes a time shift in 
the variables or operators to the left of J in the sequence order. 

Formally, we extend the ring of values R (see the definition of d above) 
by adding a new symbol J with the property that AJ = J A' for every A 
in R. It is assumed that the extended ring R is associative and satisfies the 
distributive law so that J(A +B)= JA + JB and J(AB) = (JA)B for all 
A and B in the ring. We also assume that J itself is a constant in the sense 
that J' = J. 

The key result in DOC is the following adjusted difference formula: 

Lemma 2. 
D(XY) = X D(Y) + D(Y)X. 
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D(XY) 

= J(X'Y' - XY) 

= J(X'Y'- X 1Y + X 1Y- XY) 

= J(X'(Y'- Y) +(X'- X)YJ 

= JX'(Y'- Y) + J(X'- X)Y 

= XJ(Y'- Y) + J(X'- X)Y 

= XD(Y) + D(X)Y. 

The upshot is that DOC behaves formally like infinitesimal calculus and 
can be used as a calculus in this version of discrete physics. In [24] Pierre 
Noyes and the author use this foundation to build a derivation of a non­
commutative version of electromagnetism. Another version of this deriva­
tion can be found in [27]. In both cases the derivation is a translation to 
this context of the well-known Feynman-Dyson derivation of electromagnetic 
formalism from commutation relations of position and velocity. 

Note that the definition of the derivative in DOC is actually a commu­
tator: 

DX = J(X'-X) = JX'- JX =XJ- JX = [X,J]. 

The operator J can be regarded as a discretised time-evolution operator in 
the Heisenberg formulation of quantum mechanics. In fact we can write 
formally that 

X'= r 1XJ 

since JX' = X J (assuming for this interpretation that the operator J is 
invertible). Putting the time variable back into the equation, we get the 
evolution 

x~+Ll.t = 1-~x~J. 

This aspect can be compared to the formalism of Alain Connes' theory of 
non-commutative geometry [7]. 

In DOC, X and DX have no reason to commute: 

[X, DX] =X J(X'- X)- J(X'- X)X = J(X'(X1
- X)- (X'- X)X) 

10 
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Hence 
[X,DX] = J(X'X'- 2X1X +XX). 

This is non-zero even in the case where X and X' commute with one another. 
Consequently, we can consider physical laws in the form 

[X;, DX;] = g;; 

where 9;; is a function that is suitable to the given application. In [24] 
we show how the formalism of electromagnetism arises when g'i is O'i, the 
Kronecker delta. In [26] we will show how the general case corresponds to 
a "particle" moving in a non-commutative gauge field coupled with geodesic 
motion relative to the Levi-Civita connection associated with the g,3• This 
result can be used to place the work of Tanimura (42] in a discrete context. 

It should be emphasized that all physics that we derive in this way is 
formulated in a context of non-commutative operators and variables. We 
do not derive electromagnetism, but rather a non-commutative analog. It 
is not yet clear just what these non-commutative physical theories really 
mean. Our initial idealisation of measurement is not the only model for 
measurement that corresponds to actual observations. Certainly the idea 
that we can measure time in a way that has "steps between the steps of 
time" is an idealisation. It happens to be an idealisation that fits a model of 
the universe as a cellular automaton. In a cellular automaton an observation 
is what an operator of the automaton might be able to do. It is not necessarily 
what the "inhabitants" of the automaton can perform. Here is the crux of the 
matter. The inhabitants can have only limited observations of the running of 
the automaton, due to the fact that they themselves are processes running on 
the automaton. The theories we build on the basis of DOC can be theories 
about the structure of these automata. They will eventually lead to theories 
of what can be observed by the processes that run on such automata. It 
is possible that the well known phenomena of quantum mechanics will arise 
naturally in such a context. These points of view should be compared with 
[14]. 

2.1 Brownian Walks and the Diffusion Equation 

To return to basics, consider the commutator equation in one space variable 
X. 

11 



84 

[X,DX] = Jk 

for a single variable X. Written out, this equation becomes 

Jk =[X, J(X'-X)] = XJ(X'-X)-J(X'-X)X = J(X'(X'-X)-(X'-X)X). 

If k and the elements of the time series {X, X', X", ... } are all commuting 
scalars then this equation reduces to 

k =(X' -X)2
• 

Thus 
X' =X ±k112, 

a Brownian random walk, is a solution to the simplest one-dimensional com­
mutator equation. 

Now lets examine this Brownian walk more closely by quantifying the 
time step as well as the space step. We take 

so that 
DX = J(X'- X)/r 

where it is assumed that r is a scalar, commuting with all elements of the 
time series and commuting with the operator J (that is, r does not cllange 
with time). Now examine once again the equation 

[X,DX] = Jk. 

Let IX'- XI =D.. Then, repeating the calculation, we find 

k =(X'- X} 2/r = D.2fr. 

Hence 
A2/T = k. 

This tells us that if k is to be constant then there must be a constant rela­
tionship between the square of the space interval for the Brownian walk and 
the size of the time interval. The remarkable point here is that it is just thls 
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constant relationship that is required for a Brownian process to be described 
by the diffusion equation 

8P(x, t)/8t = ClPP(x, t)/8x2 

where the diffusion constant C is given by the formula 

C = 6.2 /2r = k/2. 
The diffusion constant comes directly from our consideration involving the 
DOC commutator without any of the usual conceptual apparatus about ap­
proximating a differential equation. 

To make this comparison, lets recall how the diffusion equation usually 
arises in discussing Brownian motion. We are given a Brownian process 
where 

x(t+ r) = x(t) ±A 
so that the time step is r and the space step is of absolute value tl.. We regard 
the probability of left or right steps as equal, so that if P(x, t) denotes the 
probability that the Brownian particle is at point x at time t then 

P(x, t + r) = P(x- 6., t)/2 + P(x + A)/2. ,\ >t 
From this equation for the probability we can write a £fference equation for 
the partial derivative of the probability with respect to time: 

[(P(x,t+r)-P(x,t))/r) = (h2/2r)[(P(x-A,t)-2P(x,t)+P(x+tl.~/tl.2) A ;f: 
The expression in brackets on the right hand side is a discrete approximation 
to the second partial of P(x, t) with respect to x. Thus if the ratio C = A2/2r 
remains constant as the space and time intervals approach zero, then this 
equation goes in the limit to the diffusion equation 

fJP(x, t)/8t = 082 P(x, t)/8x2
• 

It is most curious how the diffusion constant comes up in these two con­
texts. Lets try to think about the comparison between the non-commutative 
observational starting point and the more standard differential approxima­
tion. In the non-commutative context we get A2 from the appearance of the 
square of the difference of X' and X in the calculation of the commutator 
of X and DX. In the differential approximation, we get the A2 from the ap­
proximation of the second derivative of the probability P(x, t) with respect 
to x. The concept of probability does not appear in the non-commutative 
context. Clearly this subject needs more thought. 

13 
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2.2 Planck's Numbers, SchrOd.inger's Equation and the 
Diffusion Equation 

Firat recall the Planck Numbers. 1i is Planck's constant divided by 211'. cis 
the speed of light. G is Newton's gravitational constant. The Planck length 
will be denoted by L, the Planck time by T and the Planck mass by M. Their 
formulas are 

M= Jnc/G 
L = li/Mc 

T = li/Mc. 

These amounts of mass, length and time have just these dimensions and are 
constructed from the values of fundamental physical constants. They have 
roles in physics that point to deeper reasons than the formal for introducing 
them. Here we shall see how they are related to the Schrooinger equation. 

Recall that SchrOdinger's equation can be regarded as the diffusion equa­
tion with an imaginary diffusion constant. Recall how this works. The 
Schrodinger equation is 

ililJ¢ /fit = H'¢1 

where the Hamiltonian H is given by the equation H = r /2m + V where 
V(x, t) is the potential energy and p = 1i/i8/fJx is the momentum operator. 
With this we haver /2m = ( -1i2 /2m}fj2jfJ3?. Thus with V(x, t) = 0, the 
equation becomes inJJ'¢1/fit = (-1i2 /2m}fJ2¢/fJx2 which simplifies to 

8¢/fit = (ih/2m}fJ2'¢lj8x2
• 

Thus we have arrived at the form of the diffusion equation with an imagi­
nary constant, and it is possible to make the identification with the diffusion 
equation by setting 

h/m = 6.2 /r 
where I:!. denotes a space interval, and r denotes a time interval as explained 
in the last section about the Brownian walk. With this we can ask what 
space interval and time interval will satisfy this relationship with a mass and 
Planck's constant? Remarkably, the answer is that this equation is satisfied 
when m is the Planck mass, I:!. is the Planck length and r is the Planck time!! 
For note that 
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I now quote an email comment of Pierre Noyes: "With regard to your 
DOC derivation of the diffusion equation, and with an imaginary diffusion 
coefficient, the SchrOdinger equation, note that the relation nfm = L2 /T 
is satisfied for any mass m provided we take L = Compton wavelength = 
nfmc and T =Compton time= nfmc2 -which is simply the time of a step 
length of this length taken at the velocity of light. I have a vague idea that I 
heard of this relation when I was a graduate student. In any case I am sure 
Feynman had it in mind when he used a random walk on the light cone to 
derive the 1 + 1 Dirac equation, and counted steps using i! So, in a sense, your 
DOC derivation of the diffusion equation does connect the Maxwell equations 
derivation via DOC, to the Dirac equation derivation - which in a vague 
sense was what I hoped we would be able to do this spring (2002). Of course 
this general result applies in particular to the Planck mass, which was your 
first observation. It is intriguing that if the mass scale ism [the Planck mass], 
then we can use either the Compton wavelength or the Schwarzchild radius 
at that mass scale as the step length in DOC. This reinforces my conviction 
(expressed long ago) that elementary particles are small black holes." 

The last part of Noyes' remark about the Schwarzchild radius refers to· 
our work [37] explaining Ed Jones' microcosmology. Jones observed that if, 
for a particle of mass m we set the Schwarzchild radius (Rs = 2mG / c2) equal 
to the Compton radius (Ra = n/2mc), then the resulting mass m is equal to 
one half the Planck mass! 

Rs=Ra 
2mGfc2 = n/2mc 

m = (1/2)\jnc/G = M/2 
This is highly suggestive of limiting conditions on matter ( "Plancktonic mat­
ter") prior to the Big Bang and leads in this way to specific cosmological 
predictions. It also gives an intriguing physical meaning to the Planck mass. 

What does all this say about the nature of the Schrodinger equation it­
self? Interpreting it as a diffusion equation with imaginary constant suggests 
comparing with the DOC equation 

[X,DX] =JiG 

for a real constant G. This equation implicates a Brownian process where 
X'= X± Z where Z2/T = iC. We can take Z = ,f[L where Lis a real step­
length. This gives a Brownian walk in the complex plane with the correct 
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DOC diffusion constant. However, the relationship of this walk with the 
Schrodinger equation is less clear because the '1/J in that equation is not the 
probability for the Brownian process. To see a closer relationship we will 
take a different tack. 

Consider a discrete ftmction '1/J(x, t) defined (recursively) by the following 
equation 

'1/J(x, t + r) = (i/2)'1/J(x- ~. t) + (1- i)'I/J(x, t) + (i/2)'1/J(x + ~. t). 
In other words, we are thinking here of a random "quantum walk" where the 
amplitude for stepping right or stepping left is proportional to i while the 
amplitude for not moving at all is proportional to (1- i). It is then easy to 
see that '1/J is a discretization of 

Just note that '1/J satisfies the difference equation 

('1/J(x, t+ r)- '1/J(x, t))/r = (i~2/2r)('I/J(x- ~. t)- 2'1/J(x, t) + '1/J(x+ ~' t))f ~2 • 

This gives a direct interpretation of the solution to the Schrodinger equa­
tion as a limit of a sum over generalized Brownian paths with complex 
amplitudes. We can then reinterpret this in DOC terms by the equation 
[X, DX) = J(~2/r) or [X, DX) = 0, each of these conting){1eies happening ). e 
probabilistically. It remains to be seen whether there is further insight to 
be gained into the Schrodinger equation via this combination of the DOC 
approach and the stochastic approach. 

2.3 DOC Chaos 

Along with the simple Brownian motion solution to the one dimensional com­
mutator equation, there is a ~archy of time series that solve this equation, 
with periodic and chaotic behaviour. These solutions can be obtained by 
taking 

X=f'Y 

where Y is a numerical scalar, and taking the commutator equation to be 
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where k is a scalar. Expanding this equation, we find 

X J(X'- X)- J(X'- X)X = J2n+lk 

rY J(JRY'- JRY)- J(J"Y'- JRY)JRY = J2"+1k 
J2n+Iyn+l(Y' _ Y) _ J2n+l(Yn+l _ Y")Y = J2n+1k 

yn+1(Y'- Y)- (¥"+1- Y")Y = k 

yn+l(Y1 - 2Y) = k- yny 

yn+l = (k- Y"Y)/(Y'- 2Y). 

This last equation expresses the time series recursively where Y refers to the 
value of the series that is n time steps back from yn. The first case of this 
recursion is 

Y" = (k- Y'Y)/(Y'- 2Y). 

Next case is 
¥ 111 = (k- Y"Y)/(Y'- 2Y). 

These recursions depend critically on the value of the parameter k. In the first 
case one sees periodic oscillations that (for appropriate values of k) destabilize 
and blow up, alternating between an unbounded phase and a bounded semi­
periodic phase. We will investigate these time series in a separate paper. 

2.4 More Variables 
In the Feynman-Dyson derivation of electromagnetic formalism from com­
mutation relations [24) one uses the relations 

[X;,X1J = 0 

[Xt, DX3] = ko,i 

where k is a scalar. Here we shall use 

[X;,X1) = 0 

[X;, DX1J = Jk0;3 

as we did in analyzing the one-dimensional case. This allows us to have 
scalar evolution of the time series, hut changes some of the issues in the 
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Feynman-Dyson derivation. These are in fact handled by the more general 
fonnalism that we discuss in the next two sections. Thus we shall aim in this 
section to see to what extent one can make simple models for this version 
of the Feynman-Dyson relations. Models of this sort will be another level of 
approximation to discrete electromagnetism. 

Writing out the commutation relation [X, DX] = Jk, and not making 
any assumption that X' commutes with X, we find 

r 1[X,DX] = X'(X'- X)- (X'- X)X 

= X'(X'- X)- X(X'- X)+ X(X'- X)- (X'- X)X 

=(X'- X)2 +(XX'- X' X)= (X'- X)2 +[X, X']. 
Thus the commutation relation [X, DX] = Jk becomes the equation 

(X'- X)2 +[X, X']= k. 

By a similar calculation, the equation [X, DY] = 0 becomes the equation 

(X'- X)(Y'- Y) + [X, Y'J = 0. 

These equations are impossible to satisfy simultaneously for k of 0 if we 
assume that X and X' commute and that X and Y' commute and that 
[Y, DY] = Jk. For then we would need to solve: 

(X'- X)2 = k, 

(Y'- Y)2 = k, 
(X' - X)(Y' - Y) = 0! 

with the first two equations implying that (X -X') and (Y- Y') are each 
non-zero, and the third implying that their product is equal to zero. In other 
words, the equations below cannot be satisfied if the time series are composed 
of commuting scalars. 

[X,DX] = Jk 

[Y,DY] = Jk 

(X, Y) = 0 
In order to make such modem we shall have to introduce non-commutativity 
into the time series themselves. In a certain sense this is analoguous to 
the introduction of non-commutative algebra in the Dirac equation in 3 + 
1 dimensions, and to the introduction of non-commutative fields in gauge 
theory. 
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Here is an example of such a model. 
Return to the equations 

(X'- X)2 + [X, X'] = k. 

(X'- X)(Y'- Y) +[X, Y'] = 0 

expressing the behaviour for two distinct variables X andY. If (X, X']= 0, 
then we have (X'- X)2 = k so that 

X'= X± .fk. 

In order for the second equation to be satisfied, we need that 

[X,Y'] = ±k 

where the ambiguity of sign is linked with the varying signs in the temporal 
behaviour of X and Y. We will make the sign more precise in a moment, but 
the radical part of this suggestion is that for two distinct spatial variables X 
and Y, there will be a commutation relation between one and a time shift of 
the other. 

If the space variables are labeled X1, then we can write 

X!+l = X!+ E~k • • • 
where Ef is plus one or minus one. Thus each space variable performs a walk 
with the fixed step-length k. We shall write informally 

xt = x, +E;k 

where it is understood that the epsilon without the superscript connotes the 
sign change that occurs in this juncture of the process. We then demand the 
commutation relations 

[x:, X;]= [Xj, X;]= t:;E;k. 

Each X1 is a scalar in its own domain, but does not commute with the time 
shifts of the other directions. We then can have the full set of commutation 
relations: 
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[X;, X;]= 0 

[X;, DX;] = JM;J 

so that the system will satisfy the assumptions supporting the Feynman­
Dyson derivation. In this system, the elements of a given time series X;, x:, x:', · · · 
commute with one another. The basic field element in the Feynman-Dyson 
set up is the magnetic field B defined by the (non-commutative) vector cross 
product 

B = (1/k)DX x DX. 

Here we have 

Thus 
B=J2 fix€ 

where f = (tl> t 2 , t 3) (assuming three spatial coordinates) and d denotes this 
vector of signs at the next time step. In this w~ we see that we can think 
of each spatial coordinate as providing a long temporal bit string and the 
three coordinates together give the field in terms of the vector cross product 
of their temporal cross sections at neighboring instants. It is interesting to 
compare this model with the color algebra in the following paper by Wene 
[43]. 

2.5 Discrete Classical Electromagnetism 

It is of interest to compare these results with a direct discretization of classical 
electromagnetism. Suppose that X, X', X", X 111

, • • • is a time series of vectors 
in R3 (where R denotes the real numbers). Let dX =X'- X be the usual 
discrete derivative (with time step equal to one for convenience). Let A o B 
denote the usual inner product of vectors in three dimesions. Assume that 
there are fields E and B such that 

(the Lorentz force law). Assume also that E and Bare perpendicular to the 
velocity vector dX, and that E is perpendicular to B. Then we have 

dX' X dX = (dX'- dX) X dX = (d2X) X (dX) 
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=Ex dX + (dX x B) x dX 

=EX dX- dX(B edX) + (dX edX)B. 

Since E is perpendicular to dX we know there is a .X such that E x dX = .XB 
and we have B • dX = 0 since B is perpendicular to dX. Therefore 

dX' X dX = .XB + lldXII2 B 

so that 
B = dX' X dX/(.X + lldXW). 

Up to the factor in the denominator, this formula is in exactly the same 
pattern as the formula in our discrete model for DOC electromagnetism as 
described in the previous subsection. Th see this, note that the B field in 
the DOC model is proportional to DX x DX and that DX = JdX so that 
DX x DX = JdX x JdX = J2dX' x dX. Up to the time-shifting algebra and 
a proportionality constant, the expressions are the same! Clearly more work 
is needed in comparing classical discrete electromagnetism with the results 
of a discrete analysis of the Feynman-Dyson derivation. 

3 Gauge Fields and Differential Geometry 

Letting X; (i = 1, 2, ... , d) denote a set of spatial variables (non-commutative 
time series in the sense of our discrete ordered calculus), we will look at 
a collection of basic assumptions about the commutation of these variables 
and of their derivatives. It is natural from the point of view of the discrete 
ordered calculus to have 

[X;,Xj) = 0 

for all i and j. There are no other natural commutations from the point of 
view of this calculus. 

We shall define g;; by the equation 

[X;, Xj] = Yij· 

Here X1 is shorthand forDXJ and 

[A,B] =AB-BA. 
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Along with this commutator equation, we will assume that 

and 

[X;, X;]= 0, 

[X;,g;k] = 0 

IYm Y;k] = 0. 

Here it is assumed that g;; is non-degenerate in the sense that there exists 
gii so that 

and that 
'k k 

Yiirl = o,. 
Here we are using the Einstein summation convention that implicitly assumes 
that we sum over repeated indices in an expression. Symbol o} is a Kronecker 
delta, equal to 1 when i equals j and 0 otherwise. 

The first result that is a direct consequence of these assumptions is the 
symmetry of the "metric" coefficients gii. That is, we shall show that 

Lemma 3. Yii = Yii· 

Proof. 

gii = gii. 

Yii- Yii 

=[X;, Xj]- [Xj, X;] 

= (X1,Xil + [X;,XJ] 

= D(X1,XJ] 

=0. 

For the purpose of doing calculus in this situation we define X1 by the 
equation 
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X1 = yikxk. 

The operator XI is simply the index shift of the corresponding X1• We do 
not define a corresponding X 1• It is easy to check the equation 

[X1, Xi) = o{. 

Consequently, we define the derivative of an operator F with respect to X; 
by the equation 

81F = (F,X1] 

and the corresponding lowered derivative by the formula 

8;F = [F, X;). 

Note that we have 

We also define 
IJ;F = (X;, F], 

the derivative ofF with respect to the conjugate variable X1• 

With these partial derivatives in hand, we define F by the formula 

F=~FXk. 

If F commutes with g1i then it is easy to see that 

F=okFXk. 
These formulas extend (implicitly) the definition of the time series to entities 
other than the operators X; since 

F = DF = J(F'- F). 

A stream of consequences then follows by differentiating both sides of the 
equation 
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Yi; = [X,, X;]. 

Note that 

• • • 2 
g;; = [X;, X;]+ [X;, D X;] 

by the Leibniz rule 

D(A,B] = (DA,B] +(A, DB]. 

Note also that we can freely use the Jacobi identity 

[A, [B, C)]+ [G, [A, B]] + [B, [C, A]] = 0. 

In particular, the Levi-Civita connection 

r;;k = (1/2)(8;g;k + 8;g;k- 8kg;;) 

associated with the g1; comes up almost at once from the differentiation pro­
cess described above. To see how this happens, view the following calculation 
where 

We apply the operator /JJJ; to the second DOC derivative of Xk. 

' ' 2 Lemma 4. r;;k = (1/2}8;8;D X" 

Proof. 
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= 2rki;· 

It is remarkable that the form of the Levi-Civita connection comes up directly 
from this non-commutative calculus without any apriori geometric interpre­
tation. We shall discuss the context of this result in the next two sections of 
the paper. 

One finds that 

where 
r• = [Xr,x•]. 

It follows from the Jacobi identity that 

satisfies the equation 

8;F;k + 8;Fki + 8kFi; = O, 

identifying F;; as a non-commutative analog of a gauge field. G; is a non­
commutative analog of a scalar field. The details of these calculations will 
be found in [26]. 

This description of the equations for a non-commutative particle in a 
metric field illustrates the role of the background discrete time in this theory. 
In terms of the background time the metric coefficients are not constant. It 
is through this variation that the spacetime derivatives of the theory are 
articulated. The background is a process with its own form of discrete time, 
but no spacetime structure as we know and observe it. Our observation of 
spacetime structure appears as a rough (commutative) approximation to the 
processes described as consequences of the basic non-commutative equations 
of the discrete ordered calculus. 
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4 Curvature, Jacobi Identity and the Levi­
Civita Connection 

In this section, we go back to basics and examine the context of calculus 
defined via commutators. We shall use a partially index-free notation. In 
this notation, we avoid nested subscripts by using diiferent variable names 
and then using these names as subscripts to refer to the relevant variables. 
Thus we write X and Y instead of X; and X;, and we write gxy instead 
of g;;. It is assumed that the derivation DX has the form DX =[X, J] for 
some J. 

The bracket [A, B] is not assumed to be a commutator. It is assumed to 
satisfy the Jacobi identity, bilinearity in each variable, and the Leibniz rule 
for all functions of the form 8K(A) = [A, K]. That is we assume that 

Recall that in classical differential geometry one has the notion of a co­
variant de~tive, defined by taking a difference quotient using parallel trans­
lation via a connection. Covariant derivatives in diiferent directions do not 
necessarily commute. The commutator of covariant derivatives gives rise to 
the curvature tensor in the form 

If derivatives do not commute then we regard their commuta.tor as express­
ing a curvature. In our non-commuta.tive context this means that curvature 
arises prior to any notion of covariant derivatives since even the basic deriva­
tives do not commute. 

We shall consider derivatives in the form 

Vx(A) = [A,Ax]. 

Examine the following computation: 

V x\lyF = [(F, Ay],Ax] =~[[Ax, F], Ay]- [(Ay,Ax], F] 

= [[F,Ax],Ay] + [[Ax,Ay],F] 
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= \7yV'xF +[[Ax, Ay], F]. 

Thus 
[Y'x, V'y]F= RXYF 

where 
RxyF= [[Ax,Ay],F]. 

We can regard Rxy as a curvature operator. 

The analog in this context of flat space is abstract quantum mechanics! 
That is, we assume position variables (operators) X, Y, ···and momentum 
variables (operators) Px, Py, · · · satisfying the equations below. 

[X, YJ = 0 

[Px,Py] = 0 

[X, Py] = .Sxy 

where Oxy is equal to one if X equals Y and is zero otherwise. We define 

8xF= [F,Px] 

and 
8pxF =[X, F]. 

In the context of the above commutation relations, note that these derivatives 
behave correctly in that 

8x(Y) = .Sxy 

and 
8px(Py} = Oxy 

8px(Y) = 0 = 8x(Py) 

with the last equations valid even if X = Y. Note also that iterated par­
tial derivatives such as 8x8v commute. Hence the curvature Rxy is equal 
to zero. We shall regard these position and momentum operators and the 
corresponding partial derivatives as an abstract algebraic substitute for flat 
space. 
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With this reference point of {algebraic, quantum) flat space we can define 

Px=Px-Ax 

for an arbitrary algebra-valued function of the variable X. In indices this 
would read 

F; = P;- A;, 

and with respect to this deformed momentum we have the covariant deriva­
tive 

'ilxF = [F,Pv] = [F,Py +Av] =/JyF+ [F,Av]. 

The curvature for this covariant derivative is given by the formula 

RxyF = ['il x, 'ilv]F =[[Ax, Ay], F) 

where Ax= Px- Ax. Hence 

Rxv = [Px- Ax,Pv- Av] = -[Px,Av]- [Ax,Pv] + [Ax,Av] 

= 8xAv- /JyAx + [Ax, Av]. 

With indices this reads 

R;i = o;A; - 8JA; + [A, Ail· 

and the reader will note that this has the abstract form of the curvature of a 
Yang-Mills gauge field, and specifically the form of the electromagnetic field 
when the potentials A; and Ai commute with one another. 

Continuing with this example, we compute 

[X,Pv] = [X,Py- Av] = oxv- [X,Ay]. 

Let 
uxv = oxv- [X,Av] 

so that 
[X, Pv) = 9XY· 

We will shortly consider the form of this general case, but first it is useful to 
restrict to the case where [X, Av] = 0 so that gxy = Oxy. This is the domain 
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to which the original Feynman-Dyson derivation applies. In order to enter 
this domain, we set 

We then have 

and 

X= DX = Px = Px- Ax. 

[X;, X;]= 0 

(X;, X;]= 81; 

R;; = [X1, X;] = 81A; - a1A, + [A;, A;]. 

Note that even under these restrictions we are still looking at the possibility 
of a non-abelian gauge field. The pure electromagnetic case is when the 
commutator of A; and A; vanishes. But why do we set X = Px? The 
answer to this is the key to the gauge interpretation of electromagnetism, 
for with this interpretation we find that X satisfies the Lorentz force law 
X = E + X x B where B represents the magnetic field and E the electric 
field (in the case of three space variables X; with i = 1, 2, 3.) To see how this 
works, suppose that X; = E; + F;;X; and suppose that E; and F';; commute 
with Xk. Then we can compute 

This implies that 

[X,, X;] = [X;, E; + F;kXk] 

= F;k[X,,Xk] = Fj"o'" = F;;. 

F';; = [X;, X;] = R;; = a,A1 - a1A; + [A1, A;] 

since [X;, X;] + [X;, X;] = D[X;, X;] = 0. It is then easy to verify that the 
Lorentz force equation is satisfied with Bk = t:;;~cR;; and that in the case of 
(A;, A;] = 0 this leads directly to standard electromagnetic theory when the 
bracket is a Poisson bracket (see the next section for a discussion of Poisson 
brackets). When this bracket is not zero but the potentials A; are functions 
only of the X; we can look at a generalization of gauge theory where the non­
commutativity comes from internal Lie algebra parameters. This shows that 
the Feynman-Dyson derivation supports certain generalizations of classical 
electromagnetism, and this will be the subject of a more expanded version 
of this paper. 
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In regard to this li:ISt remark, the reader should note that in our [28, 
27] algebraic and discrete version of the Feynman-Dyson derivation it was 
actually an additionali:IBsumption that B x B = 0 where B x B denotes the 
(non-commutative) vector cross product of B with itself. (Note that B = 
(1/2)XxX.) In the original Dyson paper this cross product vanished because 
of 1:\Ssumptions about the operators and their Hilbert space representations. 
With B x B 1:\S an extra term, the Feynman-Dyson derivation is indeed a 
non-commutative generalization of electromagnetism and includes forms of 
gauge theories among its models. 

Generalizing, we wish to examine the structure of the following special 
axioms for a bracket. 

Note that 

[X,DY] = YXY 

[X,Y] = 0 

(Z,gxv] = 0 

[gxy,gzw] = 0 

Dgyz = D[Y,DZ] = [DY,DZJ + [Y,D2Z]. 

and that D[X,gxv] = 0 implies that 

[gxv,DZ] = [Z,Dgxv]. 

Define two types of derivations 1:\S follows 

'Vx(F) = [F,DX] 

and 
\1 vx(F) = [X, F]. 

These are dual with respect to gxv and will act like partials with respect to 
these variables in the special ci:\Se when gxy is a Kronecker delta, oxy. If the 
form Yxv is invertible, then we can rewrite these derivations by contracting 
the inverse of g to obtain standard formal partials. 
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'ilvx'ilvvD2 Z =[X, [Y,D2Z)) 

= [X,Dgyz- [DY,DZ)) = [X,Dgyz)- [X,[DY,DZ)) 

= [gyz, DX]- [X, [DY,DZ]) 

= 'il x(UYz)- [X, [DY, DZ]]. 

Now use the Jacobi identity on the second term and obtain 

'ilvx'ilvvD2Z = 'ilx(gyz) + [DZ, [X,DY)J + (DY, [DZ,X)) 

= 'ilx(gyz)- 'ilz(gxy) + \i'y(gxz). 

This is the formal Levi-Civita connection. 

At this stage we face once again the mystery of the appearance of the 
Levi-Civita connection. There is a way to see that the appearance of this 
connection is not an accident, but rather quite natural. We shall explain 
this point of view in the next section where we discuss Poisson brackets 
and the connection of this formalism with classical physics. On the other 
hand, we have seen in this section that it is quite natural for curvature in 
the form of the non-commutativity of derivations to appear at the outset 
in a non-commutative formalism. We have also see that this curvature and 
connection can be understood as a measurement of the deviation of the the­
ory from the ''flat" commutation relations of ordinary quantum mechanics. 
Electromagnetism and Yang-Mills theory can be seen as the theory of the 
curvature introduced by such a deviation. On the other hand, from the 
point of view of metric differential geometry, the Levi-Civita connection is 
the unique connection that preserves the inner product defined by the metric 
under the parallel translation defined by the connection. We would like to 
see that the formal Levi-Civita connection produced here has this property 
as well. 

To this end lets recall the formalism of parallel translation. The infinites­
imal parallel translate of A is denoted by A' = A+ oA where 

OAk= -r~.A'dxj ,, 
where here we are writing in the usual language of vectors and differentials 
with the Einstein summation convention for repeated indices. We assume 
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that the Christoffel symbols satisfy the symmetry condition r~i = f11• The 
inner product is given by the formula 

< A, B >= g1;A1 Bi 

Note that here the bare symbols denote vectors whose coordinates may be 
indicated by indices. The requirement that this inner product be invariant 
under parallel displacement is the requirement that 8(g;iA1Ai) = 0. Calcu­
lating, one finds 

. . . . k . . • . 
8(g;;A'A1 ) = (8.~:g;i)A' A'dX + g;;8(A')A1 + g;iA'o(A1 ) 

= (8.~:g .. )A1 AidX"'- g .. f 1 Ar dx• Ai- g .. A1fi A' dx• 13 •1 rs •1 rs 

= (8Lg .. )A1 AidX"'- g .. f 1 A' AidX•- g;·fi A1A'dX• ,..- 13 '3 rs 1 ra 

Hence 

From this it follows that 

r.; ... = g,.q ... = (l/2)(8kuu- 8;g;k + a1(g,k)). 

Certainly these notions of variation can be imported into our abstract con­
text. The question remains how to interpret the new connection that arises. 
We now have a new covariant derivative in the form 

ft • • • k 
\11X 1 = 81X 1 + r{1X . 

The question is how the curvature of this connection interfaces with the 
gauge potentials that gave rise to the metric in the first place. The theme 
of this investigation has the flavor of gravity theories with a gauge theoretic 
backgrotmd. We will investigate these relationships in detail in a sequel to 
this paper. 
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5 Poisson Brackets and Commutator Brack­
ets 

Dirac [11] introduced a fundamental relationship between quantum mechan­
ics and classical mechanics that is summarized by the maxim replace Poisson 
bmckets by commutator bmckets. Recall that the Poisson bracket {A, B} is 
defined by the formula 

{A,B} = (8Af8q)(8Bf8p)- (8Af8p)(8Bf8q), 

where q and p denote classical position and momentum variables respectively. 

In our version of discrete physics the noncommuting variables are fl.mc­
tions of discrete time, with a DOG derivative D as described in the first 
section. Since DX = XJ- JX = [X,J] is itself a commutator, it follows 
that 

D([A, B]) = [DA, B] + (A, DB] 

for any expressions A, B in our ring R. A corresponding Leibniz rule for 
Poisson brackets would read 

(d/dt){A,B} = {dA/dt,B} + {A,dBfdt}. 

However, here there is an easily verified exact formula: 

(d/dt){A, B} = {dA/dt,B} + {A,dB/dt}- {A, B}(8qj8q+ 8pf8p). 

This means that the Leibniz formula will hold for the Poisson bracket exactly 
when 

(8q.f8q + 8pf&p) = 0. 

This is an integrability condition that will be satisfied if p and q satisfy 
Hamilton's equations 

q = 8Hf&p, 

p= -8Hf8q. 
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This, of course, means that q and p are following a principle of least ac­
tion with respect to the Hamiltonian H. Thus we can interpret the fact 
D([A, B]) = (DA, B] +(A, DB] in the discrete (commutator) context as an 
analog of the principle of least action. Taking the discrete context as funda­
mental, we say that Hamilton's equations are motivated by the presence of 
the Leibniz rule for the discrete derivative of a commutator. The classical 
laws are obtained by following Dirac's maxim in the opposite direction! Clas­
sical physics is produced by following the correspondence principle upwards 
from the discrete. 

Taking the last paragraph seriously, we must reevaluate the meaning of 
Dirac's maxim. The meaning of quantization has long been a basic mystery 
of quantum mechanics. By traversing this territory in reverse, starting from 
the non-commutative world, we begin these questions anew. 

In making this backwards journey to classical physics we see how our ear­
lier assertion that bare quantum mechanics of commutators can be regarded 
as the background for the coupling with other fields (as in the description of 
formal gauge theory in the last section), fits with Poisson brackets. The bare 
Poisson brackets satisfy 

{q;, Q;} = 0 

{p;,p;} = 0 

{q;,p;} = 0;;. 

In our previous formalism, we would identify X; as the correspondent with q; 
and P; as the correspondent of Pi· And, given a classical vector potential A, 
we could write the coupling dql/ dt = p; - A, to describe the motion of a par­
ticle in the presence of an electromagnetic field. The analog of the Feynman 
Dyson derivation is then expressed classically in terms of the Poisson brack­
ets. Similar remarks apply to the analogs for gauge theory and curvature. 
In particular it is of interest to see that our derivation of the Levi-Civita 
connection corresponds to the motion of a particle in generalized coordinates 
that satisfies Hamilton's equations. The fact that such a particle moves in a 
geodesic according to the Levi-Civita connection is a classical fact that was 
surely one of the motivations for the development of differential geometry. 
Our derivation of the Levi-Civita connection, interpreted in Poisson brackets, 
reproduces this result. 
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To see how this works, let ds2 = g'idx;dx; denote the metric in the 
generalized coordinates Xk· Then the velocity of the particle has square v2 = 
(ds/dt)2 = g1i:V1i 1. The Lagrangian for the system is the kinetic energy 
L = mv2/2 = mg1i:V;i;/2. Then the canonical momentum is Pi= 8L/8i;, 
and with q; = x; we have the Poisson brakets 

51;= {q;,p;} = {x1,8L/8i;} = {x1,mgi~<xk}. 

Taking m = 1 for simplicity, we can rewrite this bracket as 

{x;,i;} = 9ii· 

This, in Poisson brackets, is our generalized equation of motion. 

The classical derivation applies Lagrange's equation of motion to the sys­
tem. Lagrange's equation reads 

dfdt(8L/8i1) = 8L/8x1• 

Since this equation is equivalent to Hamilton's equation of motion, it follows 
that the Poisson brackets satisfy the Leibniz rule. With this, we can proceed 
with our derivation of the Levi-Civita connection in relation to the accelera­
tion of the particle. In the classical derivation, one writes out the Lagrange 
equation and solves for the acceleration. The advantage of using only the 
Poisson brackets is that it shows the relationship of the connection with the 
Jacobi identity and the Leibniz rule. 

This discussion raises further questions about the nature of the general­
ization that we have made. Originally Hermann Weyl [44] generalized classi­
cal differential geometry and discovered gauge theory by allowing changes of 
length as well as changes of angle to appear in the holonomy. Here we arrive 
at a very similar situation via the properties of a non-commutative discrete 
calculus of observations. A closer comparison with the geometry of gauge 
theories is called for. 

6 Discussion on q-Deformation 

The direct relation between the content of local physical descriptions based on 
the DOG calculus and more global considerations are a matter of speculation. 
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One strong hint is contained in the properties of the discrete derivative that 
has the form 

Dqf(x) = (f(qx)- f(x))f(qx- x). 

The classical derivative occurs in the limit as q approaches one. 

In the setting of q not equal to one, the derivative Dq is directly related 
to fundamental noncommutativity. Consider variables x and y such that 
yx = qxy where q is a commuting scalar. Then the expansion of (x + y)n 
generates a q-binomial theorem with q-choice coefficients composed in q­
factorials of q-integers [n]q where 

[n]q = 1 + q + q2 + ... + q<n-1). 

The derivative Dq is directly related to the q-integers via the formula 

In the context of this paper, we have considered discrete detivatives in 
the form 

dAf(x) = (f(x + M- f(x))f D.. 

This will convert to the q-derivative if x + A = qx. Thus we need 

q = (x+ D.)fx. 

This means that a direct translation from DOG to q-derivations could be 
effected if we allowed q to vary as a function of x and introduced the temporal 
operator J into the calculus of q-derivatives. 

In general, many q-deformed structures such as the quantum groups as­
sociated with the classical Lie algebras appear to be entwined with the dis­
cretization inherent in Dq. The quantum groups have turned out to be deeply 
connected with topological amplitudes for networks describing knots and 
three dimensional spaces. (See the next section of this paper.) The ana­
log for the quantum groups in dimension four is being sought. If there is 
a connection between the local and the global parts of our essay it may lie 
in hidden connections between discretization and quantum groups. Clearly 
there is much work to be done in this field. 
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There is a clue about the meaning of the operator J (DF = [F, J] in 
the discrete ordered calculus) in the context of quantum groups. Quantum 
groups are Hop£ algebras. A quantum group such as G = Uq(SU(2)) is 
actually an algebra over a field k with an antipode 

S:G---+G 

and a coproduct 
D.: G---+ G ® G, 

a unit 1 and a couinit 
e: G---+ k. 

The coproduct is a map of algebras. The antipode is an antimorphism, 
S(xy) = S(y)S(x), and generalizes the inverse in a group in the sense that 
:ES(xt)X2 = t:(x)l and :ExtS(x2) = e(x)l where D.(x) =Ext® x2. 

An element g in a quantum group G is said to be a grouplike element 
if D.(g) = g ® g and S(g) = g-1. In many quantum groups (such as G = 
Uq(SU(2))) the square of the antipode is represented via conjugation by a 
special grouplike element that we shall denote by J. Thus 

82(x) = r 1xJ 

for all x in G. This means that it is possible to define the discrete ordered 
calculus in the context of a quantum group G (as above) by taking J to be 
the special grouplike element. Then we have 

DX =[X, J] =X J- JX = J(J-1X J- X)= J(S2(X)- X). 

Conjugation by the special grouplike element in the quantum group consti­
tutes the time evolution operator in this algebra. 

There are a number of curious aspects to this use of the discrete ordered 
calculus in a quantum group. First of all, it is the case that in some quantum 
groups (for example with undefonned classical Lie algebras) the square of the 
antipode is equal to the identity mapping. From the point of view of DOG, 
time does not exist in these algebras. But in the q-deformations such as 
Uq(SU(2)), the square of the antipode is quite non-trivial and can serve well 
as the tick of the clock. In this way, q-deformations do provide a context for 
time. In particular, this suggests that the q-deformations of classical spin 
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networks [38] should be able to accommodate time. A suggestion directly 
related to this remark occurs in [9], and we shall take this up at the end of 
the next section of this paper. 

7 Networks, Discrete Spacetime and the Dirac 
Equation 

One can consider replacing continuous space (such as Euclidean space with 
the usual topology) by a discrete structure of relationships. The geometry of 
the Greeks held a discrete web of relationships in the context of continuous 
space. That space was not coordinatized in our way, nor was it held as an 
infinite aggregate of points. In general topology there is a wide choice for 
possible spatial structures {where we mean by a space a topology on some 
set). 

Discretization of space and time implicates the replacement of spacetime 
by a network, graph or complex that has nodes for the points and edges to 
indicate significant relationships among the points. 

Euler's work in the eighteenth century brought forth the use of abstract 
graphs as holders of spatial structure. After Euler it was possible to find the 
classification of the Greek regular solids in the the (wider) classification of 
the regular graphs on the surface of the sphere. Metric can disappear into 
relationship under the topological constraint of Euler's formula V- E+ F = 2, 
where V denotes the number of vertices, E the number of edges and F the 
number of faces for the connected graph G on the sphere. 

A network itself can represent an abstract space. Embeddings of that 
network into a given space (such as graphs on the two dimensional sphere) 
correspond to global constraints on the structure of the abstract graph. 

Now a new theme arises, motivated by a conjunction of combinatorics and 
physics. Imagine labelling the edges of the network from some set of "colors". 
These colors can represent the basic states of a physical system, or they can 
be an abstract set of distinct markers for purely mathematical purposes. 
Once the network is labelled, each vertex is an entity with a collection of 
labels incident to it. Let there be given a function that associates a number 
(or algebra element) to each such labelled vertex. Call this number the vertex 
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weight at that vertex. Let G denote a specific coloring of the network N and 
consider the product, over all the vertices of N of the values of the vertex 
weights. Finally let Z(N) , the amplitude of the network, be defined as the 
summation of the product of the vertex weights over all colorings of the net. 
Z(N) is also called the partition function of the network. 

Amplitudes of this sort are exactly what one computes in finding the par­
tition timction of a physical system or the quantum mechanical amplitude 
for a discrete process. In all these cases the network is interwoven with the 
algebraic structure of the vertex weights. It is only recently that topological 
properties of networks in three dimensional space have come to be under­
stood in this way [22], [1],[45]. This has led to new information about the 
topology of low dimensional spaces, and new relationships between physics 
and topology. 

A classical example of such an amplitude was discovered by Roger Penrose 
[5] in elucidating special colorings of 3-regular graphs in the plane. A 3-
regular graph G has three edges incident to each vertex. When embedded in 
the plane, these edges acquire a specific cyclic order. Three colors are used. 
One associates to each vertex the weight 

H fabc 

where a,b,c denote the edges meeting the vertex in this cyclic order, and 
the epsilon is equal to 1, -1 according as the edges have distinct labels in 
the given or reverse cyclic order, or 0 if there is a repetition of labels. The 
resulting amplitude counts the number of ways to color the network with 
three colors so that three distinct colors are incident to each vertex. This 
result is a perspicuous generalization of the classical four color problem of 
coloring maps in the plane with four colors so that adjacent regions receive 
different colors. 

The Penrose example generalizes to networks whose amplitudes embody 
geometrical properties of Euclidean three dimensional space (angles and their 
dependence). Geometry begins to emerge in terms of the averages of prop­
erties of an abstract and discrete network of relationships. Topological prop­
erties emerge in the same way. The idea of space may change to the idea of 
a network with global states and a timctor that associates this network and 
its states to the more familiar properties that a classical observer might ·see. 
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7.1 Remarks on Quantum Mechanics 
We should remark on the bllllic formalism for amplitudes in quantum me­
chanics. The Dirac notation (AlB) [11] denotes the probability amplitude 
for a transition from A to B. Here A and B could be points in space (for 
the path of a particle), fields (for quantum field theory), or geometries on 
spacetime (for quantum gravity). The probability amplitude is a complex 
number. The actual probability of an event is the absolute square of the 
amplitude. If a complete set of intermediate states 0 1, 02, ... On is known, 
then the amplitude can be expanded to a summation 

(AlB)= :E;'=1 (AIO;)(O;IB). 

This formula follows the formalism of the usual rules for probability, and it 
allows for the constructive and destructive interference of the amplitudes. It 
is the simplest cll.'le of a quantum network of the form 

where the colors at A and B are fixed and we run through all choices of 
colors for for the middle edge. The vertex weights at the vertices labelled 
* are (AIO) and (OIB) respectively. A measurement at the 0 edge reduces 
the big summation to a single value. 

Consider the generalization of the previous example to the graph 

A---*---01-- -*---02---*-- - ... - --*-- -0"'-- -B 

With A and B fixed the amplitude for the net is 

<AlB>= Et:s;it::; ... :s;i,..:Sn < Ai0f1 >< Ol2 IO! > ... <c.':,'. IE> 

One can think of this as the sum over all the possible paths from A to 
B. In fact in the case of a "particle" travelling between two points in space, 
this is exactly what must be done to compute an amplitude - integrate over 
all the paths between the two points with appropriate weightings. In the 
discrete case this sort of summation makes perfect sense. In the case of 
a continuum there is no known way to make rigorous mathematical sense 
out of all cases of such integrals. Nevertheless, the principles of quantum 
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mechanics must be held foremost for physical purposes and so such ''path 
integrals" and their generalizations to quantum fields are in constant use by 
theoretical physicists [16] who take the point of view that the proof of a 
technique is in the consistency of the results with the experiments. When 
the observations themselves are mathematical (such as finding invariants of 
knots and links), the issue acquires a new texture. 

Now consider the summation discussed above in the case where n = 2. 
That is, we shall assume that each C"can take two values, call these values 
L and R. FUrthermore let us suppose that < LIR >=< RIL >= yCI while 
< LIL >=< RIR >= 1. The amplitudes that one computes in this case 
correspond to solutions to the Dirac equation [11] in one space variable and 
one time variable. This example is related to an observation of Richard 
Feynman [16]. In [25] we give a very elementary derivation of this result 
and we show how these amplitudes give solutions to the discretized Dirac 
equation, so everything is really quite exact and one can understand just what 
happens in taking the limit to the continuum. In this example a state of the 
network consists in a sequence of choices of L or R. These can be interpreted 
as choices to move left or right along the light-cone in a Minkowski plane. 
It is in summing over such paths in spacetime that the solution to the Dirac 
equation appears. In this case, time has been introduced into the net by 
interpreting the sequence of nodes in the network as a temporal direction. 

More specifically, let (a, b) denote a point in discrete Minkowski spacetime 
in lightcone coordinates. This means that a denotes the number of steps 
taken to the left and b denotes the number of steps taken to the right. We 
let '1/JL(a, b) denote the sum over the paths that enter the point (a, b) from 
the left and '1/Jn(a, b) the sum over the paths that enter (a, b) from the right. 
Each path P contributes ic(Plwhere c(P) denotes the number of corners in 
the path. View the diagram below. 

(a, b+1) 

/ 
(a,b/~ 
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It is clear from the diagram that 

'1/JL(a, b + 1) = '1/JL(a, b)+ i'I/Jn(a, b). 

Thus we have that 
&/JL/8R = i'I/Jn 

and similarly 
8'1/Jnf8L = i'I/JL· 

This pair of equations is the Dirac equation in light cone coordinates. 

This discrete derivation of the Dirac equation is simpler than the method 
used in [25]. I am indebted to Charles Bloom [3] for pointing this out to 
me. In fact, this form of the discretization is essentially Feynman's original 
method as is evident from the reproduction of Feynman's handwritten notes 
in Figure 8 of the review paper [39] by Schweber. For one approach, very 
close in spirit, that generalizes this exercise of Feynman to four dimensional 
discrete spacetime see [40]. 

As in the Dirac equation example, one way to incorporate spacetime is 
to introduce a temporal direction into the net. At a vertex, one must specify 
labels of before and after to each edge of the net that is incident to that 
vertex. If there is a sufficiently coherent assignment of such local times, then 
a global time direction can emerge for the entire network. Networks endowed 
with temporal directions have the structure of morphisms in a category where 
each morphism points from past to future. A category of quantum networks 
emerges equipped with a functor (via the algebra of the vertex weights) 
to morphisms of vector spaces and representations of generalized symmetry 
groups. Appropriate traces of these morphisms produce the amplitudes. 

Quantum non-locality is built into the network picture. Any observer 
taking a measurement in the net has an effect on the global set of states 
available for summation and hence affects the possibilities of observations at 
all other nodes in the network. By replacing space with a network we obtain 
a precursor to spacetime in which quantum mechanics is built into the initial 
structure. 

Remark. A striking parallel to the views expressed in this section can be 
found in [12]. Concepts of time and category are discussed by Louis Crane 
[8], [9] in relation to topological quantum field theory. In the case of Crane's 
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work there is a deeper connection with the methods of this paper, as I shall 
explain below. 

7.2 Temporality and the Crane Model for Quantum 
Gravity 

Crane uses a partition function defined for a triangulated four-manifold. Let 
us denote the partition function by Z(M4 , A, B) =< AlB > M where M4 

is a four-manifold and A and B are (colored - see the next sentence) three 
dimensional submanifolds in the boundary of M. The partition function is 
constructed by summing over all colorings of the edges of a dual complex 
to this triangulation from a finite set of colors that correspond to certain 
representations of the the quantum group U9 (SU(2)) where q is a root of 
unity. The sum is over products of 15Jq symbols (natural generalizations of 
the 6J symbols in angular momentum theory) evaluated with respect to the 
colorings. The specific form of the partition function (here written in the 
case where A and Bare empty) is 

Here ,\ denotes the labelling function, assigning colors to the faces and 
tetrahedra of M 4 and v - e is the difference of the number of vertices and 
the number of edges in M4 . Faces are denoted by G', tetrahedra by r and 
4-simplices by(. We refer the reader to [6] for further details. 

In computing Z(M4,A, B)=< AlB >M one fixes the choice of coloration 
on the boundary parts A and B. The analog with quantum gravity is that a 
colored three manifold A can be regarded as a three manifold with a choice 
of (combinatorial) metric. The coloring is the combinatorial substitute for 
the metric. In the three manifold case this is quite specifically so, since the 
colors can be regarded as affixed to the edges of the simplices. The color on 
a given edge is interpreted as the generalized distance between the endpoints 
of the edge. Thus < AlB >M is a summation over "all possible metrics" 
on M4 that can extend the given metrics on A and B. < AlB >M is an 
amplitude for the metric (coloring) on A to evolve in the spacetime M4 to 
the metric (coloring) on B. 
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The partition function Z(M\A,B) =< AlB >M is a topological in­
variant of the four manifold M 4 • In particular1 if A and B are empty (a 
vacuum-vacuum amplitude), then the Crane-Yetter invariant, Z(M4

), is a 
function of the signature and Euler characteristic of the four-manifold [6). 
On the mathematical side of the picture this is already significant since it 
provides a new way to express the signature of a four-manifold in terms of 
local combinatorial data. 

From the point of view of a theory of quantum gravity, Z(M\ A, B) =< 
AlB >M, as we have described it so far, is lacking in a notion of time and 
dynamical evolution on the four manifold M 4• One can think of A and B 
as manifolds at the initial and final times, but we have not yet described a 
notion of time within M 4 itself. 

Crane proposes to introduce time into M 4 and into the partition function 
< AlB > M by labelling certain three dimensional submanifolds of M4 with 
special grouplike elements from the quantum group U9(SU(2)) and extending 
the partition function to include this labelling. Movement across such a la­
belled hypersurface is regarded as one tick of the clock. The special grouplike 
elements act on the representations in such a way that the partition func­
tion can be extended to include the extra labels. Then one has the project 
to understand the new partition function and its relationship with discrete 
dynamics for this model of quantum gravity. 

Lets denote the special grouplike element in the Hopf algebra G = Uq(SU(2)) 
by the symbol J. Then, as discussed at the end of the previous section, one 
has that the square of the antipode 8 : G ----> G is given by the formula 
8 2 (x) = J-1xJ. This is the tick of the clock. The DOC derivative in the 
quantum group is given by the formula DX = [X, J] = J(S2(X)- X). I pro­
pose to generalize the discrete ordered calculus on the quantum group to a 
discrete ordered calculus on the four manifold M4 with its hyperthreespaces 
labelled with special grouplikes. This generalised calculus will be a useful 
tool in elucidating the dynamics of Crane's model. Much more work needs 
to be done in this domain. 
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8 Appendix on Iterants 

The primitive idea behind an iterant is a periodic time series or "waveform" 

· · · abababababab · · · . 

The elements of the waveform can be any mathematically or empirically 
well-defined objects. We can regard the ordered pairs [a, b] and [b, a] as ab­
breviations for the waveform or as two points of view about the waveform (a 
first orb first). Call [a, b] an iterant. One has the collection of transformations 
of the form T[a, b] = [ka, k-1b]leaving the product ab invariant. This tiny 
model contains the seeds of special relativity, and the iterants contain the 
seeds of general matrix algebra! Since this paper has been a combination of 
discussions of non-commutativity and time series, we include this appendix 
on iterants. A more complete discussion will appear elsewhere. For related 
discussion see [18, 19, 20, 21, 23, 31, 32, 41]. 

Define products and sums of iterants as follows 

[a, b][c, d] = [ac, bd] 

and 
[a, b] + (c, d] = [a + c, b + d]. 

The operation of juxtapostion is multiplication while + denotes ordinary 
addition in a category appropriate to these entities. These operations are 
natural with respect to the structural juxtaposition of iterants: 

.. . abababababab ... 

. . . cdcdcdcdcdcd ... 

Structures combine at the points where they correspond. Waveforms combine 
at the times where they correspond. Iterants copmbine in juxtaposition. 

If • denotes any form of binary compositon for the ingredients (a,b, ... ) of 
iterants, then we can extend • to the iterants themselves by the definition 
[a, b] • [c, d] = [a • c, b • d]. In this section we shall first apply this idea to 
Lorentz transformations, and then generalize it to other contexts. 

So, to work: We have 

[t- x, t + x] = [t, t] + [-x, x] = t[1, 1] + x[-1, 1]. 
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Since [1, 1)[a, b] = [1a, 1b] = [a, b] and [0, O][a, b] = [0, 0], we shall write 

1=[1,1] 

and 
0 = [0, 0]. 

Let 
a= [-1, 1]. 

a is a significant iterant that we shall refer to as a polarity. Note that 

aa= 1. 

Note also that 
[t - x, t + x] = t + xa. 

Thus the points of spacetime form an algebra analogous to the complex 
numbers whose elements are of the form t + xa with aa = 1 so that 

(t+xa)(t' +x'a) =tt' +xx' + (tx' +xt')a. 

In the case of the Lorentz transformation it is easy to see the elements of the 
form [k, k-1] translate into elements of the form 

T(v) = ((1 + v)/V(1- v2), (1- v)/V(1- v2)] = [k,k-1]. 

Further analysis shows that v is the relative velocity of the two reference 
frames in the physical context. Multiplication now yields the usual form of 
the Lorentz transform 

Tk(t + xa) = T(v)(t + xa) 

= (1/V(l- v2)- va/J(l- v2))(t + xa) 

= (t- xv)/V(l- v2) + (x- vt)u/J(l- v2) 

= t' + x'u. 

The algebra that underlies this iterant presentation of special relativity 
is a relative of the complex numbers with a special element a of square one 
rather than minus one ( i 2 = -1 in the complex numbers). 
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The appearance of a square root of minus one unfolds naturally from 
iterant considerations. Define the "shift" operator D on iterants by the 
equation 

D[a, b] = (b, a]. 

Sometimes it is convenient to think of D as a delay opeator, since it shifts 
the waveform ... ababab ... by one internal time step. Now define 

i[a,b] = uD(a,b] = (-1,1](b,a] = (-b,a]. 

We see at once that 

ii(a,b] = (-a,-b] = (-1,-1](a,b] = (-1)[a,b]. 

Thus 
ii = -1. 

This is the traditional construction of the square root of minus one in terms 
of operations on ordered pairs. Here we have described i(a, b] in a new way 
as the superposition of the waveforms u = (-1, 1] and D[a,b] where D(a,b] 
is the delay shift of the waveform [a, b]. 

8.1 MATRIX ALGEBRA VIA ITERANTS 

Matrix algebra has some strange wisdom built into its very bones. Consider 
a two dimensional periodic pattern or "waveform." 

... abababababababab .. . 

. . . cdcdcdcdcdcdcdcd .. . 

... abababababababab .. . 

... cdcdcdcdcdcdcdcd .. . 

. . . abababababababab .. . 
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Above are some of the matrices apparent in this array. Compare the matrix 
with the "two dimensional waveform" shown above. A given matrix freezes 
out a way to view the infinite waveform. In order to keep track of this 
patterning, lets write 

where 

and 

[a, d] + [b, c)71 = ( ~ : ) . 

[z, y] = ( ~ ~ ) . 

7j=(~ ~)· 
The four matrices that can be framed in the two-dimensional wave form are 
all obtained from the two iterants [a, d] and [b, c) via the delay shift operation 
D[z,y] = [y,z) which we shall denote by an overbar as shown below 

D[z, y] = [z, y] = [y, z]. 

Letting A = [a, d] and B = [b, c), we see that the four matrices seen in the 
grid are 

A+ B71,B + A71, B + A71,A + B71. 

The operator 11 has the effect of rotating an iterant by ninety degrees in the 
formal plane. Ordinary matrix multiplication can be written in a concise 
form using the following rules: 

1111 = 1 

1/Q = Q1j 

where Q is any two element iterant. 
For example, let € = [-1, 1] so that 'E = -E and ff = [1, 1] = 1. Let 

i = f7j. 

Then 
ii = E1jE1j = fE711I = t( -E) = -ff = -1. 

We have reconstructed the square root of minus one in the form of the matrix 
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i = ff/ = (-1, 1]f/ = ( ~ ~1 
) . 

More generally, we see that 

(A+ B11)(C + D11) = (AC + BD) +(AD+ BC)11 

writing the 2 x 2 matrix algebra as a system of hypercomplex numbers. Note 
that 

(A+ B11)(A- B11) = AA- BB 

The formula on the right corresponds to the determinant of the matrix. Thus 
we define the conjugate of A + Bf/ by the formula 

A+ B11 =A- Bf/. 

These patterns generalize to higher dimensional matrix algebra. 

It is worth pointing out the first precursor to the quaternions: This pre­
cursor is the system 

{±1, ±t:, ±1/, ±i}. 

Here t:t: = 1 = TIT/ while i = t:T/ so that ii = -1. The basic operations in 
this algebra are those of epsilon and eta. Eta is the delay shift operator 
that reverses the components of the iterant. Epsilon negates one of the 
components, and leaves the order unchanged. The quaternions arise directly 
from these two operations once we construct an extra square root of minus 
one that commutes with them. Call this extra root of minus one J=I. Then 
the quaternions are generated by 

{i = t:f/,i = Rl, k = R11} 

with 
i 2 

= l = k2 
= ijk = -1. 

The "right" way to generate the quaternions is to start at the bottom iterant 
level with boolean values of 0 and 1 and the operation EXOR (exclusive or). 
Build iterants on this, and matrix algebra from these iterants. This gives the 
square root of negation. Now take pairs of values from this new algebra and 
build 2 x 2 matrices again. The coefficients include square roots of negation 
that commute with constructions at the next level and so quaternions appear 
in the third level of this hierarchy. 
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8.2 Matrix Algebra in General 
Construction of matrix algebra in general proceeds as follows. Let M be an 
n x n matrix over a ring R. Let M = ( m;;) denote the matrix entries. Let 1f be 
an element of the symmetric group Sn so that 1f1, 71'2, • • ·, 11'n is a perm~tion ~t 
of 1, 2, · · · , n. Let v = ( Vt, Va, • • · , Vn) denote a vector with these components. 
Let .6.(v) denote the diagonal matrix whose i- th diagonal entry is v;. Let 
v" = (v,.-" · · ·, v,.-J. Let ~"(v) = ~(v"). Let ~ denote any diagonal matrix 
and .6." denote the corresponding permuted diagonal matrix as just described. 
Let [1r] denote the permutation matrix obtained by taking the i - th row of 
[1r] to be the 71';- throw of the identity matrix. Note that [7r]~ = .6.*[11']. For 
each element 1r of Bn define the vector v( M, 'II') = ( m11r1 , • • • , mmrn) and the 
diagonal matrix .6.[M]" = .6.(v(M, 1r)). 

Theorem. M = (1/(n- 1)!)~,es.~[M],[7r]. 

The proof of this theorem is omitted here. Note that the theorem expresses 
any square matrix as a sum of products of diagonal matrices and permu­
tation matrices. Diagonal matrices add and multiply by adding and multi­
plying their corresponding entries. They are acted upon by permutations as 
described above. This means that any matrix algebra can be embedded in 
an algebra that has the structure of a group ring of the permutation group 
with coefficients .6. in an algebra (here the diagonal matrices) that are acted 
upon by the permutation group, and following the rule (1r]~ = ~"['11']. This 
is a full generalization of the case n = 2 described in the last section. 

It is amusing to note that this theorem tells us that up to the factor of 
1/(n- 1)1 a unitary matrix that has unit complex numbers as its entries is 
a sum of simpler unitary transformations factored into diagonal and permu­
tation matrices. In quantum computing parlance, such a unitary matrix is 
a sum of products of phase gates and products of swap gates (forming the 
permutations). 

A reason for discussing these formulations of matrix algebra in the present 
context is that one sees that matrix algebra is generated by the simple op­
erations of juxtaposed addition and multiplication, and by the use of per­
mutations as operators. These are unavoidable discrete elements, and so the 
operations of matrix algebra can be motivated on the basis of discrete phys­
ical ideas and non-commutativity. The richness of continuum formulations, 
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infinite matrix algebra, and symmetry grows naturally out of finite matrix 
algebra and hence out of the discrete. 

9 Philosophical Appendix 

The purpose of this appendix is to point to a way of thinking about the 
relationship of mathematics, physics, persons, and observations that under­
lies the approach taken in this paper. We began constructions motivating 
non-commutativity by considering sequences of actions · · · DC BA written 
from right to left so that they could be applied to an actant X in the order 
· · · DCBAX = · · · (D(G(B(AX))))· ··.The sequence of events A, B,C, D,- · · 
was conceptualized as a temporal order, with the events themselves happen­
ing at levels or frames of successive "space". There is no ambient coordi­
nate space, nor is there any continuum of time. All that is given is the 
possibility of structure at any given moment, and the possibility of distin­
guishing structures from one moment to the next. In this light the formula 
DX =[X, J] =X J- JX = J(X'- X} connotes a symbolic representation 
of the measu~ent of a difference across one time interval, nothing more. 
In other words DX represents a difference taken across a background differ­
ence (the time step). Once the pandora's box of measuring such differences 
has been opened, we are subject to the multiplicities of forms of difference 
\1 K X = [X, K], their non-commutativity among themselves, the notion of a 
flat background that has the formal appearance of quantum mechanics, the 
emergence of abstract curvature and formal gauge fields. All this occurs in 
these calculi of differences prior to the emergence of differential geometry or 
topology or even the notion of linear superposition of states (so important 
to quantum mechanics). Note that in this algebraic patterning each algebra 
element X is an actant (can be acted upon} and an actor (via the operator 
\1 x). In Lie algebras, this is the relationship between the algebra and its 
adjoint representation that makes each element of the algebra into a repre­
sentor for that algebra by exactly the formula aqjA(X) = [A, X] = - 'V A(X) 
that we have identified as a formal difference or derivative, a generator for a 
calculus of differences. 

The precursor and conceptual background of our particular formalism 
is therefore the concept of discrimination, the idea of a distinction. A key 
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work in relation to that concept is the book "Laws of Form" by G. Spencer­
Brown [41) in which is set out a calculus of distinction of maximal simplicity 
and generality. fu that calculus a mark (denoted here by a bracket < >) 
represents a distinction and is seen to be a distinction between inside and 
outside. In this elemental mathematics there is no distinction except the 
one that we draw between the mathematician and the operator in the for­
mal system as sign/symbolfinterpretant. This gives full responsibility to the 
mathematician to draw the boundaries between the formal system as phys­
ical interaction and the formal system as symbolic entity and the formal 
system as Platonic conceptual form. In making a mathematics of distinc­
tion, the mathematician tells a story to himself/herself about the creation 
of a world. Spencer-Brown's iconic mathematics can be extended to contact 
any mathematics, and when this happens that mathematics is transformed 
into a personal creation of the mathematician who uses it. In a similar (but 
to a mathematician) darker way, the physicist is intimately bound to the 
physical reality that he studies. 

We could have begun this paper with the the Spencer-Brown mark as 
bracket: < > . This empty bracket is seen to make a distinction between 
inside and outside. In order for that to occur the bracket has to become 
a process in the perception of someone. It has to leave whatever objective 
existence or potentiality it has alone (all one) and become the locus or nexus 
of an idea in a perceiving mind. As such it is stabilized by that percep­
tion/creation and becomes really a solution to { < >} =< > where the 
curly bracket (the form of perception) is in the first place identical to the 
mark< >,and then distinguished from it by the act of distinguishing world 
and perceiver. It is within this cleft of the infinite recursive and the finite 

< >= { < >} = {{ < >}} = { {{ < >}}} = " . = { {{ {{ { ... } }} } }} 

that the objectivity of mathematics/physics (they are not different in the 
cleft) arises. All the rest of mathematics or calculus of brackets needs come 
forth for the observer in the same way. Through that interaction there is 
the possibility of a deep dialogue of many levels, a dialogue where it is seen 
that mathematics and physics develop in parallel, each describing the same 
boundary from opposite sides. That boundary is the imaginary boundary 
between the inner and outer worlds of an individual. 
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Abstract 

By taking seriously the limits on observability which come from combining rel­

ativistic quantum mechanics with general relativity, Ed Jones has shown that the 

current measurements of the cosmological constant density !1A "'0.7 imply that the 

temperature scale at which it becomes possible to discuss cosmological models is 

"' 5 Tev (5.8 x 1016 
o K). This is self-consistent with the assumption that the num­

ber of Planck masses which make some sort of "phase transition" to this state is 

NPk "' 4 x 1061 . We review Jones' argument and the bit-string physics calculation 

which gives the baryon-photon ratio at nucleosynthesis as"' 2/2564, the dark matter­

baryon ratio as"' 12.7, and hence !1m"' 0.3, in agreement with current observations. 

Accepting these values for the two energy densities nA +!1m rv 1 in accord with recent 

analyses of fluctuations in the CMB showing that space is flat to about 6%. We con­

clude that experiments with particle accelerators in the 5-10 Tev range must either 

show that current theory can adequately describe the currently observed structure of 

our universe or force us to revise our ideas about physics at a very fundamental level. 

•work supported by Department of Energy contract DE-AC03-76SF00515. 
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I. INTRODUCTION 

It has been known for some time that standard general relativistic cosmology can 

describe current astronomical observations in remarkable detail.[25, 26] Retrodicting 

from these results to earlier times, one finds extremely hot and dense radiation and 

matter rv 13 Gyr ago. Conditions were such that no current experimental or astro­

nomical systems are available to test what the "laws of physics" were then, or even 

whether such laws "existed". As E.D.Jones realized some time ago, one way to make 

progress in gaining a limited understanding of this ''pre-physics" era is to take seri­

ously the limitations that the shortest measurable length and time, and the largest 

measurable elementary mass and temperature place on physical cosmology. In this 

paper we review and discuss the remarkable discoveries that he made. We emphasize 

their fundamental character and independence of special assumptions. 

E.D.Jones[lO] discovered that a neo-operotional [19] approach imposes fundamen­

tal limits on the measurement of short distances in such a way that we can predict 

that there must be a positive cosmological constant. Further, his preliminary calcula­

tion gave the cosmological constant energy density, relative to the critical density, of 

!1A = 0.6±0.1. The basic idea is that we must find some way to connect the inchoate, 

pre-geometrical, pre-physical state of the universe by a "phase transition" to a state 

in which contemporary physics - explicitly, relativistic quantum mechanics and gen­

eral relativity - can be consistently employed. The connection will be made by using 

one scaling parameter. This scaling parameter is fixed by requiring energy density 

equilibrium between the virtual energy density which thermalizes at some mass scale 

m and the virtual energy density p, = 4!;~ which is "left behind" when the (extremely 

rapid) transition to ordinary space, time and particles is complete. Here r, = hc/t. 

Since this residual virtual energy E necessarily decouples from other contributions to 

the FRW equations for the evolution of the universe, Jones' interpretative postulate 

is to identify it with the cosmological constant density, i.e. p, = PA· 

The limiting concepts we apply to obtain limits on observability are the uncer­

tainty principle, the black hole surface area, and the cosmological event horizon. 

We make contact with experimental practice by assuming that we know four basic 
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universal constants in standard units. These are: 

(1) Newton's gravitational constant GN, which can be fixed if we know the escape 

velocity of a particle from a system of radius R, and mass m, i.e. 

GNm 1 2 
R = 2Vescape (1) 

(2) Holtzman's constant k from the basic law of statistical mechanics connecting 

entropy, S, to the number of degrees of freedom W, i.e. 

S=k ln W (2) 

(3) Planck's constant h (or 1i = h/27r), as in 

E=hv {3) 

(4) Einstein's limiting velocity c, as in the mass-energy relation 

(4) 

II. Shortest length; largest density; highest temperature 

If there is a largest elementary fermion mass mx, the shortest geometrical length 

in (special) relativistic quantum mechanics to which we can examine its (or any) 

structure is the Compton radius 

1i 
Rq(mx) =-

2
-

mxc 
(5) 

Wick pointed out long ago[27] that if we try to measure the structure of a system 

which couples to some mass f-L, combining special relativity with the quantum energy­

time uncertainty principle tells us that at distances less than 1i/ ftC, which requires us 

to use available energies greater than~, such a particle can be produced with a finite 

probability. For particles of mass mx that satisfy the CPT theorem- no exceptions 

are known - and have a conserved quantum number which allows anti-particles to 

be defined (which includes all known fermions), examining the structure of mx with 

any probe of energy greater than 2mxc2 will necessarily produce a pair consisting of 

mx and its anti-particle with some finite probability. But the mx produced will be 
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indistinguishable from the mx probed, and can appear anywhere within a distance 

1i/2mxc of the target particle. Thus, in relativistic quantum mechanics (in contrast 

to non-relativistic quantum mechanics which in principle allows any short distance to 

be examined by using probes of high enough momenta) there is an absolute shortest 

distance, set by the largest elementary mass. Below this limit the concepts of point 

geometry simply dissolve. 

In contrast, general relativity starts with geometrical concepts and would seem 

to be able (until we come to cosmology) to describe systems with arbitrarily large 

masses. However, if the mass is concentrated within a volume whose surface area is 

(for spherical symmetry) 47r.Ra(m)2, we must use more care. "Inside" the black hole 

defined by this area and calculable from the Schwarzschild radius 

Ra(m)= 2mGN 
c2 

(6) 

where GN is Newton's gravitational constant, there is no known way to measure 

geometrical structure. Only the mass, and (if it has them) charge and magnetic 

moment can be measured by means of exterior observations. Consequently, in regions 

where the mass concentrations are small enough, we can use (if available) systems 

with small enough mass-energies to probe geometrical structure down to arbitrarily 

short lengths. Thus, by itself, general relativity seems to be able to use geometrical 

concepts consistently in any regions outside of black holes. 

But any theory of quantum gravity must, at least in a limiting sense, combine 

both relativistic quantum mechanics and general relativity in a single theory. Since 

the shortest length observable in the first theory is inversely proportional to the mass 

considered, while the shortest length observable in the second theory is proportional 

to the mass considered, this requirement tells us (in the absence of new concepts) 

that there must be a finite limiting length for any theory of quantum gravity. We 

define this by setting the Schwarzschild radius equal to the Compton radius, i.e. 

R~f, = Ra(m) = Rq(m) (7) 

This leads immediately, to the requirement that 4m2 = nc/GN = M'j,. 
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The limiting mass Mp calculated in this way was first arrived at by Planck (using 

h), and is now (using h) called the Planck mass. Planck's original argwnent was 

simply that GN, k, c, and h were clearly universal constants. Since their dimensions 

in terms of (sometimes fractional) powers of mass, length, time, and temperature 

are independent, these constants collectively define what are certainly universal, and 

perhaps fundamental dimensional units for physics. But the numerical values so pre­

dicted were discouraging. The Planck mass in SI units is approximately 2.18 x w-s 
kilograms. Even today there is no known elementary particle with this mass. The 

corresponding Planck length Lp = h/Mpc = 1.62 x 10-35 m, Planck time Tp = 
njMpc = 5.39 X 10-44 sec and Planck temperature 8p = Mpt? /k = 1.42 X 1032 ° K. 

These sounded ridiculous if one wished to relate them to available methods of measur­

ing masses, lengths, times and temperatures. But as limiting quantities, they make 

sense. To our knowledge, Jones' simple calculation, which at least for us makes this 

interpretation compelling, originated with him. 

That it makes no sense using current theory to talk of lengths less than the Planck 

length (or times less than the Planck time, or elementary masses greater than the 

Planck mass, or temperatures higher than the Planck temperature) is hardly a novel 

conclusion. But Ed Jones' demonstration of the fact, which we have just summarized, 

is so straightforward that we think it deserves wide circulation. 

What is, perhaps, less familiar is that the same physical principles prohibit mean­

ingful discussion of physical matter at any density greater than the Planck density, 

i.e. a Planck mass in a Planck volwne which must exist for at least a Planck time, 

that is for at least [li~Nj!, We define this limiting density scale by 

- Mp 3 [I 3 4 PP = 41f£3 = -4 c n] Mp 
3 p 1f 

(8) 

From now on we will use units in which 1i = 1 = c = 1 = k = 1, so that any mass f1 

can stand (ambiguously) for either a mass or an energy or a temperature; any inverse 

mass fl-1 can stand (ambiguously) for a length or a time. We see that in these units 

4~114 is the energy density of mass-energy ~ in a spherical volume whose radius is 

its Compton wavelength. 

We now show that in these units 4~Mt is, indeed, the litniting energy density. 
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Consider first masses less than a Planck mass inside a Planck volume. For such 

systems, the Compton wavelength exceeds the Planck length, and the limiting density 

is achieved only when the contained mass is equal to the Planck mass. Consider next 

systems with a mass greater than the Planck mass which we try to confine within a 

Planck volume. For such systems, the Schwarzschild radial coordinate defined by the 

horizon area exceeds the size of the system we are attempting to construct, and to 

assume that it is confined within a smaller radial coordinate is, again, meaningless. 

Although the radial coordinate does not measure proper distance, it nonetheless sets 

the radial scale of the geometry relative to the horizon. So only the limiting case 

of systems at the Planck density (or less) whose volume just exceeds the volume 

measured by the Schwarzschild radius (or is greater) have any hope of being given 

observational meaning. Since these two cases exhaust the possibilities, no system 

with greater than the Planck density can be given operational meaning. Q.E.D. 

For completeness, we also note that the same considerations we used to establish 

limits on elementary masses, lengths and times also limit the maximum temperature 

to the Planck temperature. At first sight, this is not completely obvious. We are 

allowed massless radiation, and hence could define temperature by the Planck distri­

bution in, for example, an Einstein-De Sitter universe that contains only gravitation 

and electromagnetic radiation. However radiation, by itself, cannot come to equi­

librium even when the individual frequency modes are quantized using the E = hv 

prescription for each degree of freedom. These modes could be initially set to any 

arbitrary distribution. Without some interaction between the modes this arbitrary 

initial distribution will never come to the Planck distribution. Hence, there is no way 

to define "temperature" . 

To obtain insight on how relativistic quantum mechanical temperature measure­

ment necessarily gets connected to a mass scale it is useful to go back to the classic 

paper by Bohr and Rosenfeld(4] which provided the initial operational justification for 

"second quantization" of the electromagnetic field. They derived the commutation 

relations between electric and magnetic field strengths by applying the uncertainty 

principle to the material apparatus which measures them. This derivation can avoid 

any discussion of the particulate structure of matter because the only universal con-
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stants they invoke are 1i and c. Thus the theory they discuss is scale invariant and 

their analysis need only use wavelengths so long that the classical description of mat­

ter can be invoked consistently. However, as they point put, when wavelengths of the 

order of nfmc are required, which is true at mass scale m, their derivation breaks 

down. We then need to use the coupling between the matter field and the electromag­

netic field in order to study the meaning of measurement. This, in turn, brings in the 

scattering of light by light due to the creation (real or virtual) of particle-antiparticle 

pairs. This coupling then provides transitions between electromagnetic modes and in 

the black body situation leads, sooner or later, to the Planck distribution. Clearly 

this same mechanism can achieve thermalization in the cosmological context. Once 

more this ties us to some finite mass scale, and the arguments already given limit us 

to temperatures below the Planck temperature. 

Since any system we consider, including our observed universe, cannot be de­

scribed using current physics if it exceeds the Planck density, we next ask whether 

assigning the Planck density to our universe at some stage in its history makes sense. 

Consider first the case when the universe that starts at this density has one Planck 

mass. But then its event horizon, or radial scale factor in the FRW metric, coincides 

with the Schwarzschild radius for that mass. There is no space "outside" this radius 

which can allow us to define the volume which this mass occupies, so the concept 

of density remains vacuous. However, if this universe has a larger radial parame­

ter (and hence a lower density) allowing it to become a "black hole" surrounded by 

an "ergo-sphere" made up of particles and anti-particles and radiation at some mass­

energy-temperature scale m < Mp, it becomes a possible starting point for a universe 

which becomes describable at an event horizon parameterized by RH "' 1/m. Jones 

realized that these arguments are closely related to the Dyson-Noyes argument[18, 20), 

as we now show. 

Dyson[6] pointed out that if there are z •• = a;;} -:::= 137 electromagnetic inter­

actions within the Compton wavelength of a single charged particle-antiparticle pair 

(i.e. 1i/2mc), there is enough energy to create another pair. Whether these interac­

tions are virtual, or real ( eg in a system with enough energy and appropriate internal 

momenta to concentrate 2me z •• of that energy within this Compton wavelength), in 
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a theory for which like charges attract rather than repel each other still more energy 

can then be gained by creating another pair; the system collapses to negatively infi­

nite energy. Dyson concluded that the renormalized perturbation theory for QED is 

not uniformly convergent beyond 137 terms. Note that this bound can be written as 

z.2a.,2 = 1. Noyes[18, 20] noted that for electron-positron pairs, this critical energy 

corresponds approximately to the threshold for producing a pion. This fact provides 

a physical interpretation of the reason for the failure of QED: QED ignores strong 

interactions mediated by pions, or more generally by quarks and anti-quarks which 

bind to yield pions. 

For gravitation the corresponding coupling constant am= GNm2 = m2/M~ and 

the critical condition becomes 

(9) 

where Zm represents the number of gravitational interactions within 1i/mc defining 

this critical condition. That is, for quantum gravitational perturbation theory, the 

cutoff mass-energy corresponds to the Planck mass rather than the pion mass, which 

makes sense. 

III. Plancktons: The Pre-physics - Physics Transition 

To see how a dense system like that discussed at the end of the last section might 

make sense in a cosmological context, consider first a system which starts from a 

Planck's mass worth of quantized mass-energy (at some mass scale m where we have 

confidence that currently accepted physics is applicable) distributed in a radial shell 

with radially inward-directed momentum. Such a system, assuming no changes in the 

physics along the way, would have a finite chance of making it down to the Planck 

density scale before rebounding (or whatever). This suggests that we might, in some 

sense, be able to to describe a universe which "starts" with one Planck"lon (which 

we define as a Planck mass in a Planck volume and hence necessarily at the Planck 

temperature). If our current physics is not capable of describing a single Planckton, 

it is still possible to envisage some non-adiabatic expansion process which would 

allow the virtual energy "contained" in this Planckton to be distributed throughout 
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a large volume at some small enough mass scale and event horizon large enough so 

that after this expansion this universe will be describable using currently understood 

physics. This assumes, of course, that the mass scale m is low enough that we 

have confidence that current theory can describe Zm gravitational interactions within 

volumes contained within the event horizon whose linear measure is "" 1/m, and that 

the Dyson-Noyes analysis applies. 

Of course the universe described in the last paragraph is not our universe, which 

is known to contain (and have contained for twelve thousand million years or more) 

a lot more than one Planckton's worth of mass. However, since we are postulating 

a non-adiabatic transition from the Planck density to situations we can describe, it 

makes just as much sense to start from Npk Plancktons as to start from one. Of 

course this whole assemblage would have to be at the Planck density or just below 

it; on another occasion we hope to be able to discuss whether such an assemlage can 

be consistently described as a state of Plancktonic matter. This idea allows us to 

think of the initial expansion as starting from a virtual energy state and making a 

transition to a real energy state at some mass scale m, leaving some of that virtual 

energy behind. 

Assume that the event horizon at which this residual virtual energy € has ob­

servable consequences can be characterized by a radial parameter which we call 

RH(E) "" 1/£. FUrther assume that the transition point corresponds to some ex­

pansion factor z. from the Planck length, i.e. 

( ) z. 1 
RH € =Z.Lp= M N­

p € 
(10) 

Here E is the energy per Planckton. One might note that this defines the expansion 

factor in terms of Rn, which will give a measure of the square root of the area of the 

horizon, NOT a radial distance. This is a key feature of holographic interpretations 

of the physical properties of horizons[3]. This relationship also associates the energy 

per Planckton with the expansion scale of this horizon from the Planck length. 

The corresponding energy density scale which this residual virtual energy has at 

the moment when the phase transition is complete is p. = Npk 4~£4 . Since this came 

from N Pk Plancktons, each confined within a volume scale given by a single Planckton, 
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we can also write down the event horizon (scale factor, "Schwarzschild radius of the 

universe") R8 (t:) defined by this mass scale as 

Npkr? NpkMi 2 R 8 (t:) = GNNPkE =? 1"' M 2 = M 2 Z 2 =? Npk = Z, (11) 
p p E 

Jones now assumes that the bulk of the energy which started out as N Pk Planck­

tons thermalizes at mass scale m and that the corresponding energy density Pm = 

4~ m4 is in energy equilibrium with the residual energy p, at the moment of completion 

of the phase transition. Hence 

4 4 NPk m4 1 2 2 
N PkE = m =} Z4 = M4 = Z2 =} zm = z. 

< P m 
(12) 

Thus the Dyson-Noyes factor Zm (which allows for operationally definable coordinates 

in the quantum domain) coincides with the residual virtual energy expansion scale 

factor Z,. This is true only at the completion of the non-adiabatic phase transition 

(at which point there are also operationally definable coordinates in the gravita­

tional/geometrical domain). Hence we conclude that 

l 2 
Z,=Zm=Z=Nj,k and m =EMp (13) 

Jones also points out that this fact is over-constrained because Z, and Zm each 

corresponds to the entropy (number of degrees of freedom) of each of the systems, 

which must also be equal at equilibrium. We also note that the mass scale at which 

the transition becomes complete is the geometric mean between the residual virtual 

energy and the Planck mass. Since the system starts in the pre-physics regime in 

which geometric structure cannot be specified, in the resulting thermalized state, 

prior to further evolution, "where" in the earlier state any Planckton's worth of 

energy "came from" also cannot be specified. Hence the virtual energy which is 

momentarily in density equilibrium with the mass-energy at mass scale m is uniformly 

distributed. Consequently the universe describable using current physics starts out 

with no structure even though it is much too large for the regions to be causally 

connected. Thus, Jones' use of fundamental physical principles solves the "horizon 

problem" without having to postulate the unknown "physics" implicit in the currently 

popular "inflationary" scenarios. 
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We now complete the Jones argument. Note that since the residual energy den­

sity must be positive, and since the transition - whatever the details - must be 

extremely rapid, it can be seen that p, corresponds to the cosmological constant den­

sity "boundary condition" PA in the FRW equations. That it is positive is required 

for logical consistency, because this corresponds to a "negative pressure" (expansive 

force) [8] which makes the transition irreversible. 

We can now check this conclusion by comparison with cosmological observations. 

Putting together the algebraic results already established and the definition of the 

cosmological constant energy density in terms of the critical density (PA = QAPc = 

!1Ap,), we have that the basic scale parameter 

Z = (~)~ = ( 0' 7 )~( 0 ' 71 )~ X 6.564 X 1030 

!]APe !1A htJ 
(14) 

For the Planck density we use Eq. 8, which works out to be pp = 6.906 x 10117 a;::{a"'. 
For the critical energy density we use[25] Pc = 1.054 x 10-5h5 Gev/c cm-3 • Finally 

we accept !1A = 0. 7 for the normalized cosmological constant density and ho = 0. 71 

for the normalized Hubble constant, as is indicated in Eq. 14. It is then easy to 

calculate the thermalization mass scale from the Dyson-Noyes relation (Eq. 9) as 

I !)A I htJ I _2 
m = z-2Mp = (-)ii(-)< x 4.766 Tevjc- (15) 

0.7 0.71 

The positive cosmological constant, let alone its value, was still a matter of debate 

two or three years ago, resting as it did solely on the measured luminosity and red 

shifts of a number of distant type Ia supernovae (IaSne). These results have recently 

been improved[26]. As was pointed out this spring by Frieman[9], lingering doubts 

can be set to rest by the fact that a completely different type of evidence now shows 

that !1A = 0. 7, consistent with the Type Ia supernova data. The new evidence is 

simply that fluctuations in the cosmic microwave background radiation show that our 

universe is fiat to about 6%, i.e. that !1m + !1A = 1 where !1m is the normalized 

mass-energy density. Since it is known from a number of different types of data that 

!1m = 0.3, the value !1A = 0.7 follows immediately. 

We now assert that Jones has proved his contention that !1A = 0. 7 implies a mass 

scale of "' 5 Tev / c2 ( (5.8 x 1016 ° K) or visa versa. To our knowledge, this is the 
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first time that the Planck mass has been directly and quantitatively connected to any 

observable phenomenon. We emphasize that although the Jones argument connects 

a conventional FRW universe to a denser situation where conventional concepts loose 

operational meaning, all that he requires is that normal scaling holds across the phase 

transition, and depends on only one scale factor. That there is only one independent 

scale factor is the conclusion acceptance of Occam's razor would establish directly. 

We also wish to emphasize that our reproduction of E.D.Jones calculation here 

makes no claim to novelty, and is presented prior to the posting of his own paper 

because of an unexpected delay in the presentation of his own way of looking at the 

problem. We stress that his thinking contains novel elements not discussed here and 

that our cruder discussion should not be used as a substitute for his work as soon as 

that becomes available. 

IV. Relation to Bit-String Physics 

We have seen that Jones' calculation depends on one fundamental dimensionless 

scaling parameter, the number of Plancktons (NPk = z2 "'4.3 x 1061
) which ther­

malize at mass scale m "' 5 Tev leaving behind energy density € per Planckton. Since 

m2 = EMp (Eq. 12), any fundamental, dimensionless theory which allows us to (a) 

identify within its structure the Planck mass and three other dimensionless structural 

constants which bear a known, and mutually independent, connection to, e.g. c, n 
and k and (b) calculate Z (or m or €) would allow us to say we have a first order, 

fundamental understanding of physical cosmology. Where could we find or how could 

we construct such a theory? 

The candidate theory we examine here is bit-string physics[23). We choose this 

construction both because Jones' theory is historically connected to the research 

program that led to bit-string physics (specifically, by his use of the Dyson-Noyes 

argument), and because the only places where his prediction that !1A "' 0.6 appear 

are in papers stimulated by his private communication of that result to HPN[21, 22). 

Bit-string physics in turn arose out of the combinatorial hierarchy of Amson, Bastin, 

Kilmister and Parker-Rhodes[24), which in turn came out Bastin and Kilmister's[2) 

interest in Eddington's search for a fundamental theory[ll]. One reason this research 
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program looks promising is, among other things, because of Eddington's contention 

that dimensionless numbers like ae> = lie/ e2 ~ 137 get into physics only when we start 

from a logical or mathematical "pre-physics" and/or "pre-geometry'' construction. 

Then such dimensionless numbers could arise prior to development of procedures 

we can relate to conventional measurement and which give quantitative meaning to 

dimensional symbols like li, c and e2 in any consistent system of physical units. To 

one of us (HPN), the program universe construction which was created as part of 

the research program on the combinatorial hierarchy sounds suspiciously like Jones' 

postulated "non-adiabatic process" which takes the universe from the Planck scale 

up to a scale where current physics clearly applies. 

Unfortunately, none of this fundamental work on the combinatorial hierarchy or 

bit-string physics has as yet led to a reliable, quantitative connection to mainstream 

physics. Critically viewed, one might say that this work consists of a few numerical 

coincidences which are still in search of what might deserve to be called a speculative 

physical theory. We contrast this with Jones' theory, which we hope the first three 

sections have shown does constitute a theory based on a few fundamental and generally 

accepted principles in mainstream physics. Despite these critical remarks, we include 

a brief discussion of the connection to bit-string physics here in the hope that this 

discussion may help in planning future research. 

We start with the best succinct, accurate and published statement of what the 

combinatorial hierarchy is. This is due to McGoveran[13): 

The Combinatorial Hierarchy is generated from two recursively generated 

sequences. The first is governed by the recursion formula ni+l = 2n• - 1 

(a formula familiar to those who have studied the Mersenne primes), and 

begins with the term n=2 leading to the sequence 3, 7, 127, 2127 - 1, .... 

The cumulative cardinals of this series (ignoring the initial term) also 

form a series which has interpretive significance, namely 2, 3, 10, 137, ~ 

1. 7016 ... X 1038 + 137, ... 

The second recursively generated sequence is governed by the formula 

mi+1 = m;. These two sequences have various justifications. Perhaps the 
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clearest presentation has been given by Clive Kilmister (correspondence 

to H.P.Noyes date Oct. 16, 1978), paraphrased here as follows: 

Definition: 

By a combinatorial hierarchy is meant a collection of levels selected as 

follows: 

a) the elements of level L are a basis of a vector space V/Z2 

b) the elements at Level L+1 are non-singular (i.e. invertible) linear 

operators mapping v 1 z2 into v 1 z2 
c) each element A at level L+ 1 are mapped to a subset S of the elements 

at LevelL by the correspondence: the proper eigenvalues of A [i.e, Av = 

v] are exactly the linear subspace generated by S. 

d) each element at level L+l is chosen independent, allowing the process 

to be repeated for level L+2, L+3, L+4, ... 

Theorem 1: 

There is a unique hierarchy (up to isomorphism) with more than 3-levels 

and it has the following successive numbers of elements: 2, 3, 7, 127,2127-1 

and terminates at level 4 due to the fact that the operators have m2 

elements if the vectors are m-fold and 2n (required for VjZ2 ) increases too 

fast. 

What strikes some of us when we encounter the cumulative sequence is that the 

third term 137 R:J lie/ e2 = ae• is the inverse fine structure while the number of 

elements in the terminating level 2127 + 136 R:J 1.7016 X 1038 
R:J nc/GNm;roton -

M~/m!,.oton is the square of the ratio of the Planck mass to the proton mass. Note 

that one is the Dyson-Noyes number characterizing electromagnetic interactions, and 

the other the corresponding Dyson-Noyes number for the gravitating particles which 

constitute most of the known paticulate mass of the universe (if the "dark matter" 

can be shown not to be particulate, or about 10% of the total mass of the universe if 

the "dark matter" i.s particulate). This looks promising for a cosmology based on this 
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construction. But progress toward a physical theory has been distressingly slow. A 

historical summary has been published[20]. Perhaps the most encouraging results are 

the derivation of the Sommerfeld formula and calculation of the next four significant 

figures (beyond 137) in the inverse fine structure constant by McGoveran[15, 17] and 

his various combinatorial corrections to other results, reprinted and discussed in[16]. 

All of these corrections improve the fit to experiment. 

Despite the vagueness of the contact between bit-string physics and relativistic 

quantum particle dynamics, the structure already discussed suggests a way to cal­

culate two cosmological parameters[21]. The first is the dark matter to ordinary 

matter ratio. In the hierarchy construction, we do not encounter the connection 

to electromagnetism until we have constructed level 3 (i.e. the level characterized 

by 137 = 127 + 10 cumulative elements). However, one string in level 4 interacts 

gravitationally with everything. This strongly suggests that that the first two lev­

els 10 = 3 + 7 do not interact electromagnetically but do interact gravitationally, 

and could therefore be used to represent dark matter, whether it is particulate or 

non-particulate. Then, if we use a constructive algorithm with an arbitrary, stochas­

tic element (as is done, for example, in progmm universe- see[20] for details), the 

usual assumption that in the absence of further information all elements receive equal 

weight immediately predicts that the dark matter to electromagnetically interacting 

matter ratio is 127/10 = 12. 7. At the time of nucleosynthesis, it is also plausible to 

assume that the the dark matter to electromagnetically interacting (at the fundamen­

tal level) matter, can be approximated by the dark matter to baryonic matter ratio, 

so we make that further assumption. The final step needed to connect to cosmological 

observation (see, e.g.[25, 26]) is the photon number to baryon number ratio at the 

time of nucleosynthesis. 

To get the photon/baryon ratio, we need only slightly more detail about our con­

structive algorithm than has already been invoked. As is discussed in more detail 

in the paper already cited[21], the most likely bit-strings a stochastic construction 

yields, i.e. those (when of even length 2N) with the number of zeros (No) equal to 

the number of ones (N1)- hence N0 = N1 , N0 + N1 = 2N, are also the prime candi­

dates for representing photon labels (quantum numbers). The next most likely strings 
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have N0 = N1 ± 1 or, with equal probability N0 = N1 =f 1. Note that these strings 

with an odd number of ones, conserve this characteristic when "interacting" with the 

photon (even number of ones) strings as modeled by our basic operation of addition in 

Z2 • This in turn suggests a conserved quantum number such as baryon number. Fur­

ther, the more detailed interpretation of the basic progam universe algorithm in the 

reference already cited[20] seems to yield the type of driving terms (two-body scatter­

ings) needed for a finite particle number relativistic quantum mechanical scattering 

theory[ I]. 

The basic processes needed to estimate the photon baryon ratio in the cosmological 

context of nucleosysnthesis we are discussing are then the probability of a photon­

photon scattering process with a similar process as "spectator" (in the few body 

sense) compared to a photon-baryon scattering process with the same spectator. In 

the first case there are four photons in the initial (and final) state, and in the second 

there is one baryon and three photons in the initial (and final) state. At this stage in 

the construction (level 4 completed) the labels are strings of length 256. To change 

the photon label to a baryon label in one of the four photon labels, obtaining the next 

most probable process, can only happen in one out of 2564 ways, giving a baryon­

photon ratio of 1/2564 "' 2.3 x w-to. When first presented(21], this result was in 

comfortable agreement with what was then known about this number from cosmic 

abundances of the primordial nuclei, and predicted a value of Om which was, perhaps, 

a little low, but amazingly good for such a speculative calculation. 

Recent observations, particulary of the primordial deuterium to hydrogen ratio as 

inferred from the absorption spectra when the interstellar and intergalactic deuterium 

is illuminated by very early quasars, have tightened the allowed values of the baryon­

photon ratio and moved the median up nearly a factor of two, as estimated by Fields 

and Sarkar(7]. Their recommended limits now just exclude HPN's value and suggest 

that there may have been an error in his reasoning. The error was that the 1/2564 

value ignored the fact that both the case when N 1 exceeds N0 by one and the case 

when it is one less should have been counted, providing the "missing" factor of two. 

If accepted, this correction has the added advantage of moving the prediction of Om 

closer to the median of the observed value. See[21] for the details of the original 
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calculation. We conclude here that HPN's calculation does provide a weak indication 

that bit-strig physics predicts Om "" 0.3, but that more work is badly needed before 

much confidence can be placed in it. 

If one accepts the bit-string prediction that Om ""0.3 and the empirical fact[9] that 

space is flat to about 6%, we can then use the constraint for flat space nA +Om= 1 to 

say that bit string physics predicts nA "" 0. 7. Then, as we have seen in our discussion 

in the first three sessions Jones' MICROCOSMOLOGY shows that the dark energy 

density at the current time can be understood, that thermalization/baryon number 

conservation/physical space-time all became meaningful at a mass scale m"" 5Tev, 

and all started from a pre-physics, pre-geometry universe characterized by a virtual 

energy of NPk ""4 x 1061 Planck masses. 

Clearly this puts a high premium on tightening up the connection between bit­

string physics and mainstream physics to the point where it can enter the field as a 

respectable contender for the research interest of the physics and astrophysics com­

munity. Where to begin is a matter of taste. One possibility, which HPN favors, is 

to try to show that dark matter is particulate with a unique mass of mv ""5 Tev/c? 

and only gravitational interactions. Searches for dark matter in this range are already 

under way; having a prediction to confirm or refute might help the experimenters. 

On the theoretical side, we note that bit-string physics can already claim to have pro­

vided a kind of strong-electromagnetic unification by arguing that the pion mass can 

be approxinlately calculated as twice the inverse fine structure constant in units of the 

electron mass. To get weak-gravitational unification, we might argue by analogy with 

the weak-electromagnetic unification {including the Coulomb force) which gives the 

heavy vector mesons {W,Z) and one or more massive Higgses, that electromagnetic­

gravitation unification {including Newton's gravitational force) might give a massive 

scalar at"" 5 Tevfc2• This is, admitttedly, a long shot, but might provide amusement 

for those with appropriate skills. 

V. Conclusions 

Accepting the growing consensus that current observations inescapably require 

that nA = 0.7 to 20% or better, Jones' reasoning allows him to use this value to state 
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that the mass-energy-temperature scale at which "pre-physics" makes a transition to 

observable space, time and particles is ~ 5 Tevl In other words, the next generation 

of particle accelerators will either substantiate the view that we already have in hand 

enough physics to understand the basic structure parameters of the currently observed 

universe quantitatively, or the next generation of high energy particle physics machines 

(if constructed) will necessarily provide graphic evidence that fundamental revision of 

our basic concepts is needed. We trust we have made it clear that bit-string physics 

has the basic logical structure needed to provide the one theoretical scaling factor on 

which Jones' theory rests. Optimists will go further and think that it already provides 

weak support for MICROCOSMOLOGY. 
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Abstract. 

The orthogonal Clifford algebra and the generalised Clifford algebra, C", 

(discrete Weyl algebra) is re-examined and it is shown that the quantum 

mechanical wave function (element of left ideal), density operator (element 

of a two sided ideal) and mean values (algebraic trace) can be constructed 

from entirely within the algebra. No appeal to Hilbert space is necessary. 

We show how the GNS construction can be obtained from within both 
algebras. The limit of C" as 11~ oo is shown to be the extended Heisenberg 

algebra. Finally the relationship to the usual Hilbert space approach is 
discussed. 

1. Introduction. 

In my study of the structure of Clifford algebras particularly in regard to the role they 

play in quantum mechanics through Pauli spinors, the Dirac spinors and Penrose's 

twistors, I was struck by how all the relevant results could be accounted for from within 
the algebra. There was no need to leave the algebra and to construct an external Hilbert 

space upon which the elements of the algebra were deemed to act when they play the role 
of observables. Of course all of these algebras are finite and non-nilpotent so that they 

are easily treated by standard algebraic analysis. My original thoughts on these topics 

can be found in Frescura and Hiley (1980, 1984 and 1987). 

However when it comes to the Heisenberg algebra these techniques appear not to be 

applicable because this algebra is nilpotent. However the earlier work of Schonberg 

(1957) and the later ideas ofFrescura and Hiley (1989) and Hiley (1991) suggested there 

\ JS such a possibility provided one extended the algebra (Hiley 200 I). Considerable 
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clarification of the meaning of this specific extension has been achieved by exploring the 

finite discrete Weyl algebra1 C". (Morris 1967 and Hiley and Monk 1993). The 

importance of these algebras for topic of discussion in this paper is that in the limit as n 

-7 oo the algebra contains the Heisenberg algebra. These algebras are finite so that the 

& .ne techniques used in Clifford algebras can be directly applied. Thus we have a 

unified way of dealing with the basic algebras that lie at the heart of quantum mechanics. 

These results have only intensified my curiosity as to why most if not all of the results 

can be obtained without seemingly the need to resort to Hilbert space. This goes against 

the prevailing orthodoxy that appears to insist that quantum mechanics cannot be done 

except in the context of a Hilbert space. Yet there have been other voices raised against 
the necessity of Hilbert space. Von Neumann himselfwrote to Birkoff(l966) writing "I 

would like to make a confession which may seem immoral: I do not believe absolutely in 

Hilbert space any more." (A detailed discussion of why von Neumann made this 
comment can be found in Redei 1996). 

But there are more important reasons why an algebraic approach has advantages. As 

Dirac ( 1965) has stressed, when algebraic methods are used for systems with an infinite 

number of degrees of freedom (e.g., field theory), we can obtain solutions to some 
physical problems that give no solution in the usual Schrodinger picture. This possibility 

arises because in these systems the equivalence between the Schrodinger representation 

u .d the Heisenberg representation no longer holds. Indeed in field theory there is no 
longer one unique representation. There exist many inequivalent representations and 

these give rise to more general structures as has been pointed out by Emch (1972) and 
more recently in Haag (1992). 

These works are of a more mathematical nature but from the point of view of physics 

what emerges is that the density operator, p, rather than the wave function, plays a 

fundamental role. This means we have a natural way of describing more general 

quantum processes that involve, for example, thermal systems. Systems described by 
wave functions then correspond to the special case when p' = p which means the system 

is effectively at zero temperature. But it is not merely a question of the appearance of 
non-zero temperatures. As Prigogine (1994) has already pointed out, nonintegrable 

systems give rise to diffusive terms that con·espond to the symmetry breaking in time. 

Such systems cannot be described in terms of wave functions. The only possible way of 
describing such systems is through the density operator. 

1 
, hese algebras are called generalised Clifford algebras by Manis (1967) 

2 
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While all the important new features that arise in the algebraic approach involve an 

infinite number of degrees of freedom even in the case of systems with a finite number of 

degrees of freedom we find new features that are rarely discussed in the physics 

literature. One such example, which we shall discuss later, is the appearance of algebraic 

spinors. We show that these spinors are a generalisation of the ordinary spinor, which 

have new mathematical implications that are ignored in the usual approach. 

This generalisation is not only an enrichment of the mathematics. Following on from the 

work of Frescura and Hiley (1980a, 1980b ), Monk and Hiley ( 1998) have pointed out that 

the algebra provides a very different perspective on the nature of quantum processes. In 

fact by emphasising the purely algebraic aspect of the approach we remove the 

distinction between operator and operand and this allows us to provide an interpretation 
in terms of the notion of process rather than in tem1s of particles and/or fields in 

i 'eraction. These ideas were developed to explore connections with non-commutative 

geometry but we will not develop these ideas here (See Hiley 1991). 

Indeed it is not the purpose of this paper to attempt to justify this more general and 
speculative position here. Rather we want to explore the mathematical consequences of 

adopting this more general position by bringing out its relationship to the usual approach, 

a feature that is generally lost in the many details provided, for example, in excellent two 

volume treatise by Bratteli and Robinson ( 1979). In particular we want to present a 

simpler approach through which we can see what results depend only on the structure of 

the abstract algebra, what features depend on a specific representation, usually a matrix 

representation, and what features require the constrnction of a Hilbert space. 

To maintain generality we start by recalling the main properties of an abstract * algebra. 
We then show a how a measure, ro, called a weight is introduced, which plays the role of 

the state. ro is a functional, mapping elements of the algebra onto the real field. It is not 

difficult to show that this is equivalent to introducing the density operator in the usual 
approach 

To motivate the approach we first explore the otihogonal Clifford algebra by showing 

how primitive idempotents play a crucial role in this approach. We use these 

idempotents can be used to construct minimal left and right ideals. These ideals are 

spanned by algebraic spinors and these elements play the role of 'wave functions' in the 

Hilbert space formalism. But it must be emphasised these elements are contained entirely 

within the algebra and no external vector space is needed. We have already stressed this 

point in Frescura and Hiley (1980a). In this paper we show how these same ideals are 
generated in the standard algebraic approaches described in Haag (1992), and in Emch 

3 



152 

(1972). As the aim of this paper is mainly pedagogic, we rely heavily on the theorems 

proved in those volumes, particularly the latter and will not reproduce them here. We 

then go on to illustrate how these methods can be to specific example that use two of the 

simplest Clifford algebra R1,1 and H. R1,1 is the Clifford algebra of a relativistic space­

time with one space dimension while H is the quatemion algebra. We choose these not 

for physical reasons but because they are the simplest examples in which to demonstrate 

the principles involved. We also show how the density operator is constructed and the 

role it plays in the whole structure. 

We then widen the discussion to the discrete Weyl algebra C" (Weyl1931 and Monk and 

Hiley 1993) ultimately generalising to the symplectic Clifford algebra (Crumeyrolle 

1 <l90). This enables us to extend the discussion to include the Heisenberg algebra. 

We bring out clearly what is involved in this structure by first exploring C3
• In the 

mathematics literature this gives the structure of the nonions first introduced as a 

generalisation of the quaternion many years ago by Sylvester ( 1884 ). As the 

generalisation to higher n is straight forward but tedious we finally discuss the limit as 11 

~oo to include the Heisenberg algebra to make contact with standard quantum 

mechanics. In doing this we show how the algebraic approach is related to the Hilbert 

space approach. 

Finally we show how the density matrix can be written as a vector in a higher 

dimensional space, which can be mapped into a Hilbert space. This is the so-called GNS 

constmction, which arises in a very straightforward manner in the algebraic approach. 

We are then immediately able to connect up with the thern1al field themy approach of 

Umezawa (1993) that exploits the rich properties of bialgebras. Physically this approach 

allows a description of the thermal properties of quantum processes. 

7 The Algebra. 

Since our main intention of the paper is pedagogical we begin by outlining the properties 

of the general algebra within which we will work. Recall that a linear algebra, A, is a 

vector space with (i) addition A + B E A, (ii) multiplication by a scalar, M E A, /.. is an 

element of the real or complex field, (iii) together with a product AB E A. We will 

assume the product to be associative. Furthermore we will initially consider the algebra to 

be of finite rank, 11, with a finite basis { e;}. 

4 
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Since we require the analogue of a Hermitian conjugate we assume the algebra, A, is 

equipped with an involutive anti-automorphism defined by *: A -7 A with the following 

properties : 

For VA, Be A 

(A*)*= A, (M)* = A.*A* A E c 

(A+ B)*= A*+ B* (AB)*=B*A* 

We will further assume the following two requirements are satisfied, 

(1) ForeachAE A, 3BinAsuchthatA*A=B 

(2) A*A=O=?A=O. 

So as not worry too much about the abstract nature of this algebra, it is useful to keep in 

mind a matrix algebra with Hermitian conjugation defined. 

3. The Density Operator. 

3.1 The Algebraic preliminaries. 

We need some way of obtaining numbers from this algebra that will allow us to identify 

with expectation values used in quantum mechanics. We use a analogous method to that 

used in set theory by introducing a functional ro such that 

w: A -7 9t or C such that ro(A) =a, a E 9t or C 

w is a positive linear functional (called the expectation or state functional) satisfying, 

ro(aA +fiB)= aw(A) + flw(B); w(M) = A.ro(A) and w(A *A) ~ 0 

If the algebra has a unit, 1, then we choose w(J) = I. This means that the state is 

normalsed. The collection of all linear functionals over A forms the dual space A* of the 

algebra. 

Now for VA e A, we have a real or complex number ro(A) depending linearly on A 

with ro(A* A) 2 0. This enables us to define a Hermitian scalar product through 

5 
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(AIB)=ro(A'B) A, BE A. (I) 

The collection of all positive linear functionals over A is the positive cone A *<+l of the 

dual space A* of the algebra. 

In A* ro is called 'extremal' if it cannot be decomposed into a linear combination of two 

others. These extremal functionals are called 'pure states'. Thus in general we can form 

' 
ro(A) = I,A.,ro,(A) with 

1=1 

\', nere ro, are a set of extremal states. 

As the algebras we consider in this paper are non-nilpotent, they have a set of 

idempotents. We can relate the extremal states to the primitive idempotents of the algebra 
' 

in the following way. If {e,} are a set of primitive idempotents2
, we can write I= I,e, 

1=1 

This defines the condition ro,(ej) = llii so that the condition I, A.,= I is satisfied. In this 
I 

way we establish a one-to-one cotTespondence between extremal states and primitive 

idempotents in the algebra. 

We emphasise that through out this discussion we remain entirely within the algebra A 

t . en though the precise choice of the functional ro is left open at this stage. However if 

we are thinking in terms of a matrix algebra, then we can think of the linear functional as 
defining the trace. However it is not necessary to find a matrix representation of an 

algebra to define the invariant concept of a trace. For a finite algebra the trace can be 
evaluated by examining the coefficients of the characteristic polynomial of the algebra. 

A detailed discussion of this technique as applied to the algebras treated in this paper will 

be found in Frescura and Hiley (1981 ). 

2 An idempotent e is primitive iff there does not exist two idempotents e,, e2 such that e = e1 + e2• An 
idempotent is primitive iff eAe = :M. where A E A and 1-. E Z the centre of A. 
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3.2 The Physics. 

In quantum mechanics we are interested in expectation values. If the system is described 
by a pure state with wave function 'ljl(r, t) then the expectation value is defined through 

the inner product 

where the assumption of the continuity of the wave function 'ljl(r,l) forces us into an 

?hstract Hilbert space. In what fottows we wilt not make this assumption and wilt work 

completely in the algebra. Thus Hilbert space in not essential to deal with spin systems 

such as the Pauli spinor, the Dirac spinor and the twistor. 

In the usual approach a system in a mixed state requires a density matrix. In this case the 
r 

expectation value (A}= 'L,A-1('1)1 11A!'l' 1) can be written as 
1=1 

(A}= Tr(pA) (2) 

where p is the density operator with the properties that pt 

Tr(p )=I. 

p, Tr(pA' A)~ 0 and 

Now in the usual approach using Hilbert space we always have to make a separation 
between the algebra of observables and the vector space on which the observables 

operate, but when the system is described by a finite algebra A, there is no need to 

introduce this extra external space. Everything can be done within the algebra as there is 

<. >uitable vector space already contained completely within the algebra. Indeed there are 
a set of subspace of this vector space and these correspond to the minimal left ideals of 

the algebra. There is also a corresponding dual vector subspace, namely, the minimal 

right ideals. It is through these ideals that one can describe the physical properties of the 

physical system without leaving the algebra. (See Frescura and Hiley 1980a, 1980b, Benn 

and Tucker 1983 and Monk and Hiley 1998) 

Let us recall how this can be done. Recall that a left ideal, IL consists of a set of elements 

K such that 

(3) 
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These are just the algebraic spinors discussed in Frescura and Hiley (1980a). They are 

generated by the primitive idempotents introduced above. For example, if e1 is a 

primitive idempotent, then a minimal left idea!IL is generated as follows; 

'<:/ A E A and K e IL 

Now a right idea!IR is defined through 

~ :, that a right idealiR can also be generated by e1 giving 

'<:/A E A and K'e I R 

(4) 

Since (e1)* = E1 we can generate a right ideal that is dual to the left ideal and is defined 

through 

'<:/A* E A 

Thus if A e IL and B* e IR then equation (I) becomes 

(5) 

where (BIA) E C. 

In order to make contact with the expectation values used in physics, the pure state 'wave 

function' is thus replaced by an element of the minimal left ideal and its Hermitian 

cnnjugate is replaced by an appropriate element of the right ideal. Then if B.p E IL and 

B"'* E 'R• 

(6) 

where pojl is the density operator for the pme state. We can now construct a density 

operator as a element in the algebra as follows: 

Here the density operator is 

8 
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(7) 

so that the density operator can be written as an element of the algebra, A. We can also 

regard Bas the 'square root' of the density operator, B = JP. 

Let us make explicit the role of the primitive idempotent by writing 

'VA E A 

Thus we see that the density operator is an element of a two-sided ideal subject to the 

conditions that Pi is a positive and ro(pi) = I. This puts a normalisation constraint on A. 

We can check that this density operator actually does correspond to a pure state by 

showing directly that p; itself is idempotent. In fact 

where A. E 9t or C. Pi can always be re-defined to absorb A.. 

In the case of the mixed state we have 

r r 

(A)= '}) .. ,ro,(B/ AB;) = ~).,n{p,A)"" Tr(pA) (8) 
i=l 

where the density operator takes the form 

(9) 

If we are able to write the density operator in the form p = DD' and we will show how 

this can be done later, then we can write 

(A)= ro(ADD') = ro( D'AD) =('PIA!'¥) (10) 

Thus even in a mixed state we can describe the system by a single vector D. This is 
equivalent to replacing the density matrix as a single 'wave function' I'¥) in the usual 

Hilbert space formalism. Thus we have the possibility of describing a thermal system by 
a wave function implying that this wave function is a function of temperature. In other 

9 



158 

words the wave function becomes a function of temperature. This is what is called the 

GNS construction (see for example Emch 1972). 

From these results we see that the algebraic approach gives primary significance to the 

density operator and that this operator lies entirely within the algebraic structure itself. 

The 'wave function' is replaced by an element of the left ideal, which, as we have seen, is 

an element of the algebra. Thus at least for finite algebras the Hilbert space is an external 

auxiliary feature that is not essential to describe quantum systems. Thus we can regard 

the wave function simply as a device to enabling us to calculate expectation values using 
familiar mathematics and not as some feature describing the state of the system. 

This whole approach allows us to start from the more general mixed state, seeing the pure 

state as a particular rather simple state. Methodologically this is much more satisfactory 

than the usual approach because we are not faced with the need to generalise the 
formalism when we find we have to deal with more general systems that require 'outside' 

factors to somehow destroy coherence and form mixed states. Indeed the physicist's 

emphasis on the wave function as being a description of the state of a quantum system 

and therefore a primitive element of the description may be too restrictive (See Prigogine 

1994). 

A more general approach based on the algebra as suggested by Monk and Hiley (1998) 

has the possibility of avoiding some of the interpretation problems in quantum 

mechanics. However this comment should not be taken to imply that this new approach 

will enable us to solve all the problems of interpretation. It does not. What it does is to 
open up another way of looking at quantum phenomena in which the algebra itself is 

playing a primary role. In other words singling out the density operator as the primary 

feature of the mathematics opens up the possibility of giving a different meaning to the 

futmalism (See Fernandes and Hiley 1997 and Brown and Hiley 2000). 

As l have argued elsewhere, this approach suggests that a notion of process rather than 

particles/fields-in-interaction should be taken as basic (Hiley 1995). In a process based 

philosophy there are no separately existing objects. They are invariants of the total 
unfolding process. Here the wave function is regarded as a transition probability 

amplitude rather than a function of state of some system. As Bohr insisted, there is no 

sharp separation between subject and object so we should have no sharp separation 

between operator and operand. The mathematics of the algebraic approach reflects these 

notions and makes no such distinction. Thus we do not have 'operators' playing the role 
of 'observables' which are to 'act' on vectors in a different abstract space. All aspects of 

the process are united in the same structure described by elements of the same algebraic 

10 
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structure, elements that only have meaning in the context of the total algebra. This 

approach has some interesting consequences that have already been discussed in some 

detail by Hiley and Monk ( 1993) and will not be discussed further here. The emphasis in 
this paper will be on those aspects of the algebraic structure that are relevant to this 

general discussion. 

4. Minimal Left Ideals, Algebraic Spinors. 

4.1 Pure States. 

Let us now illustrate how these ideas work by considering a finite, linear *algebra on 
which a state ro is defined. We require to find a set of minimal left ideals. We will not 

follow the techniques based on the characteristic polynomial which have already been 

outlined in Frescura and Hiley (1978). Rather we follow the method that used by Emch 
(1972) and is essentially based on the fact that ro,(Ei) = llii as discussed earlier. They 

produce exactly the same results but this method is the one conventionally used m 

algebraic quantum mechanics. (See, for example, Haag 1992) 

We can construct left ideals by solving the equation ro(B*K) = 0 forK and for all B* E 

A. Here we are using the definition 

(II) 

to construct the left ideals. To show this definition does in fact produce a left ideal take 

any A and B in A and any K E IL., and use associativity to establish 

(12) 

showing that IL., is a left ideal in A. The left ideal generated in this way is sometimes 

called the Gel'fand ideal. 

Similarly a right ideal can be generated by the sub-set 

4.2. A Simple Example to illustrate these Ideas. 

II 
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As the main purpose of this paper is pedagogic, I will now demonstrate how these ideas 

work in a simple real Clifford algebra R,,,. This example is not without physical meaning 

as it forms the basis of relativity in one spatial dimension, and one time dimension. It is 

the background structure to spin networks and relativity discussed by Kauffman ( 1991 ). 

The algebra is characterised by the multiplication table below 

e, e2 e,2 

e, e,2 e2 

e2 -el2 -1 e, 

e" -e2 -e, 

with e *-e ·e*- e ·e *-e I - I ' 2 - - 2 , 12 - 12• 

Define the state ro, by 

(13) 

It is easy to show using ro 1(B* A)= 0, that 

confirming that ro, produces an element in a left ideal WL, defined by 

(14) 

The element in the corresponding right ideal can be shown to be 

(15) 

Then we can form 

12 
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which is unity for a normalised state. 

We now construct a density operator from elements in these ideals. Recalling the 

definition of the density operator defined in section 4.0, we find that this density operator 

is 

(16) 

We can generate a second set if elements in second left ideal by using the state 

(17) 

so that 

producing the element of the left ideal, '¥ Lz defined by 

(18) 

cl .le corresponding element in the right ideal is 

( 19) 

Then we find 

while the density operator is 

13 
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(20) 

We see immediately that the two left ideals are generated by the idempotent.~ 

and 

so that Eu + E22 = 1 and Eu. E22 = 0. 

Since these idempotents are primitive we have generated two minimal left ideals. These 

are the results presented in Frescura and Hiley (1980a). A more lengthy discussion of the 

Pauli Clifford will be found in Frescura and Hiley (1978). 

4.3 A Matrix Representation. 

These results can be made clearer if we consider the following matrix representation 

although these matrix representations are not necessary in general; 

(0 -1) n(eJ= I 0 ; (21) 

In terms of matrices, the elements of the minimal left ideals become 

and (22) 

The appearance of two minimal left ideals may at first sight seems surprising since in 

physics there is only one column vector for spin'. In section 8 we will show exactly how 

these two spinors are merged into one. At this stage we merely remark that the two 

spinors are equivalent under the inner automorphsim defined by 

3 It should be noted that minimal left ideals are not always represented as single column matrices. For 

example n2 ('I'Ll) = t is a minimal left ideal. (
a-b a-b) 
a+ b a+b 

14 
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The corresponding elements of the minimal right ideals become 

la' b') n('I'R,) = 
0 0 

and (23) 

Finally let us return to the definition of the state ro 1 and see how it fits in with the matrix 

r ... Jlresentation. In this case the density operator takes the special form p1 shown above so 

that 

whereas for ro2 the density operator takes the fonn p2 so that 

Thus we find consistency since equations (24) and (25) are identical to equations (13) and 

(I 7). This means that the state defined by ro 1 generates the left ideal generated by e1, and 

vice versa. The reason for this is as follows. Since ro1(B* K) = 0 for V B e A, we must 

have ro 1(K*K) = 0 for V K e lu. Since ro1(e 1*e1) * 0, £ 1 ~ ILl. Thus the left ideal 

generated by ro1(B*K) = 0 is always the complement of the ideal generated by e1• We will 

discuss this point again in section 8.1. 

!. 1 Mean Values. 

As we have seen above we can write 

Now if we write 

Then using the above expressions for WL1 and WR1 above we find 

15 
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while 

(A)= roJ'¥R1A'¥u) = [(laf + lbf}a0 +(a' b + b' a)a, + (b 'a- a 'b )a, + (li -lbf}a12 ] (26) 

We can also write 

Indeed one can evaluate ro 1(Ap1) and show it is equal to the result calculated in the last 

equation. 

5. Mixed States and the GNS Construction. 

In order to illustrate how to deal with mixed states for the algebra R1," we start with the 

matrix representation defined in section 4.3 and choose the specific density matrix 

(
A., 0) 

:n:(p) = 0 A., 

It can quickly be checked that p in fact corresponds to mixed state by showing p2 '* p. 

Remembering that ro is equivalent to taking the trace, it is straight forward to show that 

Let us now try to find the Gel'fand ideal using the technique outlined in section 4.1 and 

4.2. We start by writing this ideal in the general form 

Then we need to solve the equation 

with 

We can then show that the equation we have to solve is 

16 
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a,[(A1 +A,)z+(~ -A2 )z12 ]+a,[(~ +A2 )z1 +(A, -)..2 }z,]+ 

a2[(A1 + A,)z2 +(A1 - A,)z,] + a12 [().. 1 + A2)z12 + ()..,- A2 )z] = 0 

This equation has no non-trivial solution except for )..1 = I, A, = 0; and )..1 = 0, A, = I 

which are the results we obtained in section 4.2. Hence we cannot extend these methods 

to general values of).. and therefore we have to use an alternative method, which we will 

discuss below. However before going on to explore a more general method let us first 

<'"<plore how the mixed state can be handles within R1,1• 

In section 3.2 equation (9), we showed that the density matrix could be written in the 

form 

p=LJ'i\B,J):;B/ 
f.::: I 

which in this example can be written as 

where 

and 

so that 

(28) 

Then 

gives 

(29) 

17 
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This then agrees with the result calculated using the matrix representation above. Thus 

we see that we use both minimal ideals in constructing the density operator. This result 

has already been used for the Dirac Clifford algebra by Frescura and Hiley (1987) 

5.1 GNS Construction. 

As we indicated in section 3.2 we would like to construct aD so that we can write the 

density operator as p = DD' which in turn allows us to write 

(A)= ro( D'AD) = ro( DD' A)= ro(pA) = ('I'IAI'P) 

so that D is the algebraic equivalent of I 'I'). This would enables to find the algebraic 

background to the GNS construction. 

From equation (28) together with the fact that £ 11 , £22 are the orthogonal primitive 

idempotents satisfying EiiEii = ll;jEji• we can immediately write 

(30) 

so that 

which is the result produced in equation (29). Thus we have obtained exactly the same 

r,.~:ult as that obtained by matrix representation used in section 4.2. It is now obvious 

how to generalise this. We simply write 

D= IJi:/£1/ (31) 
i::=J 

which immediately gives 

(A)= ro(D' AD)= ro(pA) = ('I'IAI'P) 

5.2 The Matrix Representation 

18 
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TheGNS construction is usually presented as a matrix representation (See Emch 1972). 

We can immediately construct a matrix representation if we first notice that any matrix 

transfonnation of the fonn CpD can be written in the fonn ( C ® D)p where p is the 11 x 

11 density matrix written as a column with n' entries. But we are interested in fonning 

(A)= Tr(pA)= Tl{DD'A) = T1{D'AD) = Tr(n(D')n(A ® l)n(D)) (32) 

where n(D) is a column with n2 entries. This can be written as 

(33) 

In the matrix representation we can write 

0 

0 

That is where n(BJ is the 1 x n' column matrix with J}:; appearing in the 

s = [i(n + 1 )+ 1] element. Here t..J is the J'h eigenvalue of the density matrix in the 

representation used in section 5. This enables us to introduce the column matrix n(D) 
v :th F,a 1, in the sth element satisfying s = [i(n + I)+ I] as j runs from I to r. Then we 

can write 

(A)= rop(A) = Tr(pA) = ro(n(D' )(rc(A) ®n(l))n:( D)) (34) 

5.3 Specific example 

Let us illustrate the above discussion by returning to the example in section 5.1. Here we 

find that rc(D) becomes 

19 
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A 
1t(D) = 

0 

0 
(35) 

A 

s,, that 

A 
0 

0 
(A)= ('I'IAI '1') =(A 0 0 A 

A 

which is identical to equation (27) showing that we can get exactly the same result as the 

standard method using the density matrix. The advantage of this method lies in the fact 

that when generalised to a Hilbert space construction, which we will discuss later, we 

have 'wave functions' depending upon temperature. This leads us to a more generalised 

quantum mechanics discussed by Umezawa (1993), 

I! 4 A more Physical Example. 

To this point we have been considering mathematical structures per se. Let us now turn 

to see how these techniques in a physical problem. Consider a thermal spin system in an 

external magnetic field. A typical density operator can be written in the form 

p 
exp[-~H] 

Tr exp[ -~H) 
(36) 

where ~ = 1/kT and H is the Hamiltonian H = -Bo,. Since we are using Pauli spin 

matrices we must use the standard multiplication rules for Pauli spin matrices, i.e. the 

quaternion Clifford algebra, H and not R1,1 as used above. Using the standard 

representation for the Pauli spin matrices 

20 
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we find 

[

I+ tanhy 

p = 2 
0 

(37) 

then it is straightforward to show 

roP(al +bo, +co,,+ daJ= a +dtanhy (38) 

Let us now try to find the Gel'fand ideal using the technique outlined above. We start by 

writing this ideal in the general form 

Then we need to solve the equation 

with 

ro(al)=a; ro{bo,)=O; ro{co2 )=0; ro{do 3)=dtanhy 

It is straightforward to show that the equation we eventually have to solve is 

(a-a3 tanhy )z+(a, +a, tanhy)z, +(a, -a, tanhy )z2 +(atanhy +a,)z3 = 0. 

Once again this equation has no non-trivial solution so we cannot used the methods 
outlined above in section 4 and we are forced to use the GNS construction. To do this we 

need a pair of primitive idempotents from the algebra H. These are 

E11 =-Hl+oJ and E22 =-l{l-o,) (39) 

so that 

(40) 
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If we write A= al +bo 1 +co, +do, then 

(A}= ro(Ap) = ro (v' AD)= a+ dtanhy 

which is the value found in equation (38). In the matrix representation discussed in 5.2 

v.e find 

n(D) =I'¥)= 

t +t~nhy 
0 

0 p -t~hy 
Again it is straight forward to check that 

with n(o)=(~ :) 

rop(n{A)) = ('fln;{A)'¥) =a+ d tanhy 

6. Umezawa's Approach. 

(41) 

I the above generalisation to mixed states we need to consider a product representation 

A ® 1. It is of interest to compare the above approach with that introduced by Umezawa 

(1993). 

Suppose we start with a general thermodynamic system with the partition function given 

by 

Z(~) = Tr( exp[ -~H]) 

where ~ = 1/kT and H = H0 -!JN. Here H0 is the particle Hamiltonian and ft is the 

chemical potential. The ensemble average is given by 

1 A} = Tr( exp[ -~H]A) 
' Z(~) 

We want to find a state If.!(~)) such that 

22 
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(A'= Tr(exp[-flH]A) =(O(fl)in(A)jO(fl)) 
I Z(fl) 

Suppose Hln) =E., In), then 

" 

Can we find jO(tl ))? To this effect let us write jO(tl )) = I,ln).f.(tl) so that 

" 

(O(tl)ln(A) jO(tl )) = I,J,:(tl).f,(fl){m I A In)= T 1 (tl) I,(nl A In) exp[-tl£,] 
n.m n 

which will be satisfied only if 

However it is impossible to satisfY this relation if.f.(tl) are simply complex numbers. 

Umezawa suggests we write 

f,,(tl) = z-Y,( tl )exp[ -tl E,/2]ln) 

Here In) is a copy of the original set ofkets. Then 

This means we can write 

ln(tl )) = z-" L exp[- flEJ2Jin) ®In). (42) 
n 

We can show this is exactly the same vector as is obtained from the GNS construction. 

We will simply illustrate the similarity using the example of section 5.4. 

It is straightforward to show that 

z-Y, exp[flEJ2Jil) ®It)= l + t;nhy It) ®It) 

~ .d 

23 



172 

Since 

1 
11)®11) -7 ( ~ }~( ~ )= 0 

0 

0 

and 

0 

12)®12)-7(~)®(~)= 0 

0 

We find 

J1 +t~nhy 
IO(fl )) = 

0 

0 

p-t~nhy 

which is identical to equation ( 41 ), the result we obtained from the GNS construction. 

What we see from this approach to the GNS consttuction is that we need to "double up" 

the algebra since we need two copies of the vector space. To put it more formally we 

need to form the bialgebra A ® A. Indeed this is exactly what Umezawa (1993) 

proposed in his approach to thermal field theory. Starting from the boson algebra 

generated by the set { 1, a, a 1) where a is the boson destruction operator and a1 the 

corresponding creation operator, he introduced an additional pair of annihilation and 

creation operators a and ii1which he attributes to a "ghost" field (Umezawa 1993a). Of 

course the idea of a ghost field is not very appealing from the physics point of view, 

however this approach opens up the possibility of using this doubling to account for 

quantum dissipation (Celeghini, Rasetti, and Vitiello 1992). Hiley and Fernandes (1997), 

following from Bohm and Hiley ( 1981 ), have shown this doubling of the number of 

degrees of freedom is also required in going from two point functions in configuration 
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space description to an algebraic phase space description. This gives an alternative view 

on dissipation. These ideas will be developed further in a forthcoming paper. 

7. Extension to the Heisenberg Algebra. 

All of the previous examples have used the orthogonal Clifford algebra in some form or 

other. What we would like to do now is to show how the whole procedure can be 

extended to the Heisenberg algebra. As pointed out in a previous paper (Hiley 200 I), the 

main problem in following the above approach arises from the fact that the Heisenberg 

algebra is a nilpotent algebra of degree three under the product [A, B]. As a consequence 

of a well-known theorem, nilpotent algebras do not contain any non-trivial idempotents 

so it is not possible to construct any non-trivial left ideals. 

We want to approach Heisenberg algebra in two steps. Rather than go to the full algebra 

immediately, we will start by considering the finite algebra introduced by Weyl (I 930) 

which contains the Heisenberg algebra in the continuum limit. The Weyl algebra has an 

extremely simple structure. It is a finite polynomial algebra C2
• generated by the set of 

elements {1, e1, e2} subject to 

e," = 1, with oo = exp[2rci/11] (43) 

r h.ere n is an integer. This algebra has a long history being first explored by Sylvester in 

1884 as an example of a generalisation of the quatemions. He called the elements 

nonions for 11 = 3 and n-ions more generally. What Weyl shows is that we can write e1 = 

exp[i!;P] and e2 = exp[irtXJ where!;= 2rrJfJpn and TJ = 2rclfJxn so that we begin to see the 

beginnings of the Heisenberg algebra. Indeed in the limit as 11 ~oo this algebra does 

approaches the Heisenberg algebra with X and P representing the position and 

momentum operators .. 

The importance of the algebra from our point of view is that it is not nilpotent. In order 

to find the idempotents using the method described in the section 4, equation (11) we 

need to generate the sub-set satisfying 

In order to see how this works in this example we again illustrate the procedure with an 

example. 
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7.1 The nonlons. 

We now take the simplest example of the structure described in the last sub-section, 

P'lmely, n = 3, the nonions, and write down the explicit multiplication table explicitly. 

e, e, ell el2 e" ell2 et22 e,,,, 
e, e,, e,, ell2 e,22 e, ell22 e12 

e, 2 
oo en en roe,'' 

2 
oo el22 roe,''' oo 'e, ooe1 1 

e,, 1 e,J2 e, e, e11n t;, e22 el22 
' ' ' ool e,, ro"'"ell2 em we2 row ell22 e, we,2 w-e, 1 

en 00e122 
2 

(0 fi 122 roe1 e, 2 we,, we12 
2 w ell2 

ell2 oo' e 2 11m roe12 
2 w en e,, we122 w 'I we1 

el22 roe1 122 e, 2 ro e,, rot;, e,, ro 21 roell 2 ro2ez. 

ell, roe,2 ell 
2 

ro em ool ell2 ro2 e I roe, ' oo-e12 

with e *- e · I - II' e * -e · 2 - _u, e *- ro2e · 12 - 1122, eu2* = roett2) 

and (e.*)*= e.· ' ,, ro* = ro-'. 

We define the state by 

ro1 ( al) = a; ro 1(be2)= b; ro 1(ce22 ) = c; Rest= 0. 

Now we need to solve the equation ro 1(B* K) = 0, where 

B' =at+ (3e; +ye22 ' +lit;' +Ee12 ' +r]e122' + 6t; 1' + & 112 ' + Uo-1122 ' 

=a!+ (3e22 +ye2 +l>e11 + Ero'e1122 +r]roe112 +6e1 + ~e122 + lli2e12 

and 

It is tedious but straight forward to show that the solution of the equation w1(B*K) = 0 is 

which gives solution (A) as 

z = 1; z22 = 00
2 
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z1 =I; 
z 11 = 1; 

s., that the left ideal is 

Solution (B) is 

z =I; 
z1 =I; 

z 11 =1; 

z12 = ro; 

Zn2 = w; 

z2 = ol; 
- w'· Z12- ' 

Z - w'· 112- , 
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' z 122 =or 

z"'' = w' 

Z22 = Ol 

zl22 =(I) 

Z1122 = W 

We see from these two solutions we have two idempotents 

Ell=~(! +we, +ro 2e22 ) 
from 

and 

So that e00 =~(1 +e2 +e,,) from which we can generate the third left ideal by 

multiplying this idempotent from the left by each element of the algebra. For 

completeness we find this third ideal is explicitly 

(46) 

It is now straight forward to use these three left ideals to construct density operators and 
mean values for both pure and mixed states as described in section 4 and 5. It is also 

possible to construct the GNS representation in a straight forward manner. We will not 

go into the details here. 

7.2 Generalisation to arbitrary 11. 

The generalisation to arbitrary n is also very straight forward. It is easy to obtain a 

1:; ,neral expression for the family of idempotents defined in the previous section. They 

are 
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I n-1 
~ -Ji( )j 

£;; =- ~ro e2 
11;:0 

i,j= O,l, ...... !l-1. (47) 

Each one of these idempotents can be used to generate a set of n left ideals so that the 

techniques discussed in section 4 and 5 can also easily be generalised to arbitrary n. 

8. Hilbert Space and theGNS Construction. 

Now we want compare our approach with the approach through Hilbert space. This 

means showing how the minimal left ideals are related to vectors in a Hilbert space. In 

order to begin we must first introduce the notion of ro-equivalence classes of elements of 

the algebra, A. To do this consider two elements A and B of A. Whenever A - B e L,, 
we say A and B are ro-equivalent. Since L"' is a linear sub-space of A it is clearly an 

equivalence relation. For every A E A we denote its equivalent class by !l(A). 

We now equip the set of equivalent classes with a vector space structure /,by defining 

A.!l(A) + !-lfl(B) = n(M + JAB) '</ A, B E A, 'A, fl E \R or C 

\ r:- can equip 1.,, with a pre-Hilbert space structure by defming 

(!2(A),!2(B)) = a_A'A) 

With this we can define a norm I!2(A)i
2 =~A' A). If necessary we can use this norm to 

complete (,thus forming a Hilbert space. 

8.1. Examples. 

To illustrate the implications of this structure we again examine the example Ru given 

above. We take the algebraic spinor defined above in equation (18), namely, 

We then see clearly that 1 and e 11 E !2(1), while e1 and e2 E fl(e 1). The Hilbert space is 

thus two-dimensional so we can write 

(48) 
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Where Q(l) and Q( e1) are orthogonal, providing a basis for the two-dimensional Hilbert 

Notice that when we pass to the equivalence class we lose some of the mathematical 

structure in that both 'I'm and 111,, form equivalent Hilbert spaces. In standard quantum 

mechanics it does not seem necessary to distinguish between these two spaces. 

In the case of the nonions we can show that the three ideals lu. lu and IL3 belong to a 
single equivalence class. Thus with the obvious generalisation of equation ( 48) we can 

construct a Hilbert space by writing 

(49) 

This gives a three-dimensional Hilbert space as expected. Notice that in this case we are 

dealing with a pure state so that the GNS construction gives us an irreducible 
representation. 

\''e could generalise to the mixed state by choosing a different state ro'. For example we 

could start with the density matrix given in equation (36) but choosing for the 

Hamiltonian H = -Bn(eJ TheGNS construction will go through exactly as explained 

in section 5. As the example chosen is not motivated by any relevant physical system we 

will not discuss it further here but leave it as an exercise for the interested reader. 

It should also be stressed that these are not the only left ideals in the algebra. Indeed 

there are an infinite number of them obtained from inner automorphism. Thus we can 

always find another left ideal by first finding a new set of idempotents using 

SEA (50) 

It might be of some interest to note that a sub-set of these S generate a set of discrete 
Fourier transformations. 

8.2 Hilbert Space continued. 

We now define for all A E A 
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1t.,(A) : Hro ---7 H., so that n,,,(A)O.(B) = Q(AB). (51) 

\o, e must ensure that this definition implies that i:l(AB') is independent of B' in i:l(B) so 

that it does not matter which 12-equivalent element B is used to label the equivalence 

class Q(B). To this effect 

!Q(AB)- i::(AB't =in(A(B-B'))i
2 

= «(A(B-B'))'(A(B-B'))) 

= n((B- B')' A'A(B- B'))~ IJAf.ln(B- B'f =0 

This is zero because B-B' E 1~... Thus it does not matter which element in the 

equivalence class is used to label the class, 

Now we need to verify that lt00(A) is, indeed, a representation. 

n,.(M + fAS)O.(C) = n{(M +JAB) C)= l.n(AC)+ j.tQ(BC) 

= (M&.,(A)+!-llt.,(B))O.(C) 

n., (AB)O.( C)= 0:(AB)C) = n(A(BC)) =lt., (A)n., (B)Q( C) 

(n,. (A)' O.(C),i:l(D)) = (n(C),n.,(A)Q(D)) = w( c'AD) 

= w ((A c)' D)= (n(A 'c),n(D)) = (n., (A*)i:l(C),O.(D)) 

Thus n,. is a homorphism of the involutive algebra A to the set of operators acting on the 

pre-Hilbert space lew It is not difficult to show that, if necessary, we can extend n.,(A) to 

a bounded operator on H"' in a unique manner. Furthermore since n,(A*) = n,.(A)*, n"'(A) 

is self-adjoint for every A e A. 

8,3. Retum to the Example. 

Returning to R1,1, in the orthogonal basis 0.(1), Q(e 1) we find 

lt., Q) = ( ~ ~) 
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Thus we have produced an irreducible representation and we can write 

(52) 

while 

(53) 

Thus in a pure state defined by oo 1(A) given above, we find that the representation for Q is 

the familiar real Pauli spinor. 

In the case of the nonions equation (53) is generalised to 

n(t)·[i] 
Giving us the basis for the three-dimension representation discussed in section 8.1. It is 

not difficult to show that the corresponding matrix representation can be written as 

0 l oo' 

0 

The rest of the matrixes can be found using the multiplication table above. 

Notice also that this approach enables us to attribute to each A E A, a vector 

Q(A) =n.,(A )Q(l) . 
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When generalising to include an infinite algebra we require the representation space H00 to 

be defined in terms of a strong closure of these vectors. This means that Q( I) is cyclic 

for rt000 A vector is cyclic relative to the algebra if the set ( 1t"'(A)Q I A E A} is dense in 

H00 • This means that for any vector ljJ E J/00 j.p -rt
00 
(A~~ can be made as small as desired. 

In conclusion then our construction associates to every state ro on A a cyclic 

representation n" of A. We can then write the expectation value as 

ro(A) = (nln., (A)In) 

where we have written Q(l)=ln). 

8.4 The Limit n -+co 

The simplest way to proceed to generalise the n-ions is to go to the limit n -? oo, This 

limit has already been discussed by Hiley and Monk (1993) and Hiley (200 I), their 

argument being based on earlier work by Weyl (1931). We will briefly outline the 
argument again here for the sake of completeness. 

We have written e1 = exp[isP] and e2 = exp[i1JX] where s = 'ln!flpn and fJ = 2nlfun so 

that we can regard e1 as a translation in space and e2 as a translation in momentum space. 

Thus we can regard (e,t' as translating from x, -? xk-s· In the limit this corresponds to 

the transformation ljl(x) -? ljJ(x-s). Similarly (e,)' takes xk -? rok'xk, which in the limit 

corresponds to ljl(x) -? exp[itx].ljl(x). This shows how the Schriidinger representation 

emerges from the discrete Weyl algebra. In this case the discrete Fourier transfotmation 

mentioned above in section 7 .I becomes the usual Fourier transformation that takes the x­

representation to the p-representation. 

If we now examine the limiting process on the primitive idempotent E00 we find 

(53) 

Thus we see that in the limit the Weyl idempotent E0(n) plays the role of the Dirac delta 

function in the continuum algebra. If we start directly from the Heisenberg algebra 

o.,fined through the standard commutation relations [X, P] = i, we miss the idempotent, 
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the Dirac delta function which we must add later when we have constructed the Hilbert 

f"ace. 

If we remain in the algebraic structure then we can formally write E00(n) =A then we find 

the relations 

XL\= 0, AP=O, and i\2 = L:l 
(54) 

If we identify E =At introduced by Frescura and Hiley ( 1984) then the following relation 

result: 

EX=O, PE=O, and £2 =£ 

(56) 

The set { 1, X, P, E} then generates what we have called the extended Heisenberg algebra. 
Further details of this structure can be found in Hiley (200 I). 

9 Conclusions. 

We have shown how an approach to quantum mechanics can be built from the algebraic 

structure of the Clifford algebra and the discrete Weyl algebra (or the generalised 

Clifford algebra). These algebras can be treated by the same techniques that.do not 
require Hilbert space yet enable us to calculating mean values required in quantum 

mechanics. In the appendix we compare the two approaches in table form. We have also 

shown how these techniques are related to the Hilbert space, which effectively requires 

additional structure that involves the space-time continuum. Yet these algebras already 

contain geometric feature not only of space-time itself, but of a generalised phase space 

as already pointed out in Bohm and Hiley (1981 and 1983). The full implications of this 

geometric structure will be discussed in another publication. 

10. Appendix. 

In this appendix we list the correspondence between the algebraic approach to quantum 

r'~chanics which we call "The Algebra of Process" and the usual approach which we call 

"The Algebra of Observables". We also include the extra step which involves a 

projection of the ket vector space into L2(x). 
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Algebra of Process. 

*Algebra A 

Left ideal, L E IL 

Generated by idempotents ei, 

£/ = Ei ~ Aei. 

Basis of ideal Eu with Ei ~ Eii 

[I <:i<:n,AND I <:j2n] 

Right ideal, R e IR 

Generated by idempotents Ei 

e/ = ej ~ eiA. 

Inner product. ro(RL) = (R! L) 

[Trace : coeff ofl..''1 of characteristic poly.] 

Outer product, L.R ~ Be;;C 

L.L* ~Be;;B* 

Completeness relation. 

182 

Algebra of Observables. 

t Algebra A 

External vector space, I ) E V 

Basis I i) 
[12i2n) 

=> ( xl '11 ) = '11(•) 

Dual vector space, ( I E V* 

[t:l >~<I J 

Inner product 

Outer product, I )(I 
J, 

=> ( 'IJI x ) = \jl*(x) 

<I > 
=> j'IJ '(x)\jl(x)d\ 

Projection operator P1 =I i )(1j 

Completeness relation. 

I= 2)Xil 
I 

=> L('IJ,Jx')(xJ'Il) =ll(x'-x) 
J 
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L ensity operator, p =I, Be 11B' 
i 

[p =pt, Tr(p) =I, p+ve and linear] 

For diagonal p 

Expectation values. 

GNS construction 

p=D*D=D*ID, i.e. 3D= LAE11 

11. References. 
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Density operator, p, 

For diagonal p 

p = I,t.,li){;l 
i 

p(x', x) = L A.,'ljl '(x')tv (x) 
i 

Expectation values. 

{A)= Tr(pA)= 2,2,{r~1Ait)(tlr)= I,(riAir) 
' I 

=*(A)= I,t.,J'ljl ,· (x)tv ;(.>)d\ 
I 

GNS construction 
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A New View of Sommerfeld's Fine Structure 
Constant And Its Consequences 

Abstract 

PETER MOBIUS 

Postboz 200!195 I D- 01192 
Dresden I Germany 

Sommerfeld's fine structure constant is decomposed into 2 universal electrical re­
sistancies, the impedance of the vacuum and the quantum Hall resistance. With 
these quantities a new quantization procedure is postulated, leading to new spe­
cial constants of unconventional dimension (Scun's) having the same value for 
the classical and assigned quantum system. Extending these ideas to the case of 
gravitational interaction mass relations are deduced, leading to "mass analogues" 
With this procedure an instructive parametrization of the masses of the heayy 
leptons and the heayy gauge vector bosons is derived, using an expansion with 
respect to power series of the inverse square root of Sommerfelds fine structure 
constant, having a reasonable agreement with the experimental values. 

Keywords Sommerfeld's fine structure constant, energy spectra, mass rela­
tions 

1 Introduction to important constants of nature 
For the theoretical description of different phenomena in nature the fundamental 
constants of nature play an essential role. They should be a combination of 
a numerical value with a physical dimension, expressed in certain units. For 
the description of classical physics the essential constants are known up to the 
beginning of the 20th century. But with the beginning of atomic, nuclear and high 
energy physics a considerable number of new constants appeared, where Plancks 
action constant played an essential role. 
Let us start with the constants of classical physics [1] 
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speed of light c = 299 792 458 ms-1 

Newtons gravitational constant GN = 6.6725985 · w-u m3kg-1 s-2 

permittivity of free space e0 = 8.854 187 817 · 10-12 Fm-1 

permeability of free space 1Jo = 12.566 370 614 w-7 NA - 2 , 

the last 2 constants a.re connected with the speed of light by c-2 = c01Jo, 
impedance of free space Z = ..jjiO/co = 1/eoc = 376, 72f!. 
Going over to quantum theory and elementary particle physics 
an important role play 
Plancks action konstant h = 6.626075 · 10-34 

electric charge of the electron lei = 1.602177 · 10-19 

mass of the electron m. = 0.510 999 

Ws2 

c 
MeV/c2 

mass of the proton 111p = 938.272 313 
Bohr magneton IJ.B = 5.788 382 · 10-11 

MeV /c'l = 9.109 · w-31kg 
MevT-1 • 

So far no attempt is made to derive the numerical values of these constants. 
An important role for the description of the interaction of electromagnetic radi­
ation with electric charge plays Sommerfelds fine structure constant given by 

a= e2 /47rc01tc, a= 1/137.035 989, (1) 

which is dimensionless, meaning that its value is independent in which units e, h, c 
are measured. How can this fact be explained? The first attempt is to assume 
that it is the quotient of 2 physical quantities of the same dimension. So we try 
the ansatz 

a=Z/flo with Z = 1/c0c and flo= 2h/e2
, (2) 

where z is the above given impedance of the free space z = 376, 72 n and flo a 
so far unknown quantity of the size 

flo= 51,625 kf!. (3) 

How could such a big resistance be explained up to 1985? So far only in the 
theory of electric circuits and filters resistancies of such order occured, but why 
should there appear Plancks action quantum h? No useful explanations were 
found up to 1985. 

2 Nanoelectronics 
With increasing integration of the density of devices on chips a transition took 
place from microelectronics to nanoelectronics. While microelectronics is dom­
inated by classical physics, in nanoelectronics (lnm = w-9m) quantum effects 
can occur. To compare it with atomic physics one can roughly say, that 1nm 
corresponds to 20 · at, where a1 is the first Bohr radius in the hydrogen atom, 
given by al = coh2 /1f m. e2 ~ 0, 53. w-10m. 
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Because electrons play an essential role, it is instructive to look for the action 
quantum per unit charge h/e = 4, 132Vs, 
permitting to say, that it is related to a special flux quantum measured in Vs. 
Now the Josephson effect provided that the elementary flux quantum is given by 
«1>0 = h/2e = 2, 066 · w-15Vs. (Giaver, Asaki, Josephson Nobel prize 1973) 
(Historical remark: when lecturing about the Josephson effect I suggested already, 
that the quantities (h, e, 2) are so important, that at least another Nobel prize 
containing these 3 quanitities (h, e, 2) will follow). 
More than ten years later the ''Quantum-Hall-effect" was discovered, providing 
for the quantum-Hall-resistance the relation 

RH = h/ne2 
R1 1/n (25, 813) kn , (n = 1, 2, 3 ... ) (4) 

and Klaus v. Klitzing received the Nobel prize 1985 for it. The essential idea 
is now that the conductivity occurs U 
in steps of t? / h = 38, 7 40 J.IS. Soon 
followed the triangle relation h/e2 h/2e 
for (U, I, f) for the "!-electron-
transistor'' containing voltage, cur-
rent and frequency (Fig. 1). I f 

e 
The corresponding relations 
between these quantities are now 

Figure 1: The triangle relation for (U, I, f) 

U = (h/2e)f and I= ef. (5) 

Now we can understand the quantity Ro = 2RH(n = 1) =51, 625 kO and find the 
connection to Sommerfelds fine structure constant 

2 1 1 1 1( z ) 
a= e /47rcooc = 2. eoc . hfe2 = 2 RII(l) :;::: Z/2R. (6) 

Let us finish this chapter with an instructive relation characterizing the type of 
nanotechnology by the power, which is necessary for the use of one chip (usually 
with 30 em diameter) having Nb hits. It is given by 

(7) 

where cb is the energy needed to create 1 hit. This quantity cb characterizes 
the applied technology. In the case of Silicium-technology it is approximately 
given by Cb(Si)= w-13Ws/bit, but there exist other ones, e.g. RSFQ-technology 
needing only w-18Wsfbit. The quantity Nb is the number of bits of the chip. For 
a diameter of 30 em possible values are Nb(I) = lMbit to Nb(II) = 1Gbit . 
Finally f is the applied frequency, which is nowadays between 1 MHz and 1 GHz. 
Let us look at 2 different examples I and II: 
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N6(I) = 1 Mbit, f(I) = 1 MHz and N6(II) = 1 Gbit, /(II) == 1 GHz, (8) 

P(I) - e6(Si) N6(I) /(I) = 10-13Ws/bit 106bit106s-1 = 0, 1 W, (9) 

P(II) - e6(Si) N6(II) !(II)= 10-13Ws/bit 109bit109s-1 = lOOkW. (10) 

This power is mainly needed for cooling. It is worthwhile to compare it with the 
power of a gas stove of a 1-family house in Dresden, having in average 20 kW. 

3 New Quantization Rules 
The decomposition of Sommerfelds fine structure constant into a "classical" part 
Z and a "quantum theoretical part" R leads to a new quantization procedure 
revealing two new phenomena 
- ScuD's : §J>ecial ~onstants of !J.DConventional dimension 
- Mass analogues: mass relations for heavy leptons and heavy gauge vector bosons 

with respect to reference particles. 
Let us start with classical quantities On and the corresponding quantum theoret­
ical ones Qnp, indicating by p that there might be different ones for a given n. 
The new quantization procedure has the form 

(11) 

where Z and R are given above and n characterizes the number the different 
classical quantities (lengthes, energies ... ), and p, characterizing the power of Z 
and R, may take integer and noninteger values 

f;p(X) = Xf , i = 1, 2 and X1 = ktZ, X2 = k2R, (12) 

with k; having so far only the values 21, 2°, 2-1• 

This relation is the backbone of the following considerations, where now numerous 
applications in different fields of physics, reaching from atomic to gravitational 
and high energy physics will be investigated. To classical systems On and quan­
tum systems Qnp new constants S~ can be assigned having the same numerical 
value in both systems, if they are combined with an unconventional dimension 

(13) 

These constants S~ are called ScuD'S, which are so far not treated in the litera­
ture. 

4 Application to Atomic Physics 
Let us start with a basic quantity of elementary particle physics, which is nowa­
days surprisingly the classical electron radius [1] defined by the relation 

e2 e2 
rruf = 

4 
, givingr. = 

4 
CJ = 2,81794fm. (14) 

1feor • 7reom 
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Using now r. as C1 and putting p = -1 in (11) used in the fonn 

r.ft.-t(Z) = Qt,-d2,-t(2R) giving ~ = Q;lt (15) 

and with the help of Z = -{ifo = .!c , 
2 2 

b . e c-0c Q e . 
we o tam 41fcom& = t,-t 2h meanmg 

li -
Q1,-1 = - = .>.. = 386, 159/m. 

me 
(16) 

So to the classical electron radius we assign with the help of (15) the Compton 
wavelength of the electron. Now due to the relation (15) we get a new physical 
quantity 

- 2 

sil) = r. = ~' sfl) = -4 e 'sf!>= 7,84am0-1(1am = w-18m). (17) 
Z 2R 1rmc 

This is a new constant, having an unconventional physical dimension [mn-1] , 

therefore it is called 'ScuD', meaning !!J>ecial Qonstant of Qimension. It is now 
one ainl of this paper to derive numerous ScuD's in different field of physics 
and to discuss its consequences. They are 'invariant' by the transition from the 
classical to the quantum system, so they fonn some common 'roof' of classical 
and quantum theory. 
In the next case we use again 01 = r., but put p = -2 providing 

e2(coc)2 e4 
r./1,-2(Z) = Q1,-2h.-2(2R) or 41fcomc2 = Ql,-2 4h2 , (18) 

eoh2 
meaning Q1 -2 = -- =an with an = 52,9 pm, (19) 

' 1fme2 

where an is the first Bohr radius of the hydrogen atom in the case of a nucleus 
with an infinite mass. 
The corresponding ScuD Sf2l has the value 

8(2) - e2coC Si2) = 1, 986 . 10-20 m{l-2 . 1 - 41fcomc' (20) 

Now let us pass to the case using again C1 but with p = -3 giving 

Ct Q1,-a lead' t za = (2R)3 mg 0 (21) 

This is a size typical in nanophysics, so we conjecture now that aN represents 
some critical thickness of layers in systems of nanoelectronics [2] . 
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The corresponding ScUD has the value 

s<a) - e2(eoc)2 s(3) - 5 272. 10-23 n-3 
1 - 47rmc ' 1 - ' m , (22) 

which is a very small amount combined with an unconventional dimension. Now 
it is instructive to give a survey for the three ScuD'S connected with r., having 
the shape 

s<1>-~ 
1 - 47rmc' 

(23) 

which in a short hand notation can be written in this case 

S JI s<1> z1-" 1 2 3 1=1· ,v=,,. (24) 

This demonstrates that this new quantities have certain discrete values in the set 
of the ScuD's, all can be expressed by only classical quantities, though they are 
related with classical and quantum objects. Is it some new kind of 'discretization' 
of classical objects, meaning that these classical objects can have only certain 
specific values? Do we get a new view for classifying objects in atomic and 
nanophysics, or even high energy physics? 

5 Treatment of the Energy Levels of the Hydrogen 
Atom 

AB a classical quantity we use the rest energy of the electron, divided by a factor 
of 2 for convenience. So we begin with C2 = ~me? and p = 2 and the relation 
(11) in the form 

me4 
giving Q2,2 = &~h2 = EH, EH = 13,605eV, 

(25) 

the binding energy of the hydrogen atom in the case of a nucleus with infinite 
mass. The corresponding SCUD s~') = C2/1;J(Z) is given by 

s<'l = me? with the value s<1l = 36 255GeV02 (26) 
2 2(t:oc)2 2 ' . 

In the next step we look at the fine structure splitting in the hydrogen atom, 
i.e. the energy difference between the two excited levels with principal quantum 
number n = 2 but with different spin states j = ~ and j = ~. called LlEp(2), 
which is of the order l1Ep(2) = 45, 3p.eV. Here it is appropriate to use the 
relation (11) with the same c2 but p = 4 in the form 

C2h,4 ( ~) = Q2,4/2,4(2R), giving ~me ( ~) 
4 

= l1Ep(2)(2R)4
• (27) 
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Leading to 

where the relation 
1 2 EH . 
2mc = 

02 
IS used . 

This result can easily be derived with the help of the Dirac equation [3]. 
Now the corresponding quantity 8~2) is given by 

(2) rn,Cl • h h val s(2) ']) yn4 82 = 
2
( )4 Wit t e ue 2 = 321,8 e .. , 

3 e0c 

(28) 

(29) 

(30) 

which we can assign to the fine structure splitting in the hydrogen atom for n = 2. 
In the hydrogen atom the number of states belonging to the shell with principle 
quantum number n is equal to 2n2• In the case of n = 2 these are 8 states, a 
quartet belonging to j = ~and two doublets having j = ~· The energy difference 
between the two doublets is just the famous Lambshift (3] with the splitting of 
~EL(2} ~ 4,37J.teV. Now we shall try to get some approach to this effect by 
starting again with 0 2 but taking p = 5 in (11) in the form 

C2!1,s(Z) = Q2,5h.5(2R), providing Q2,s = ~mJl (~r = Eua3
, (31) 

where the relation (29) has been used again. To a good approximation the Lamb­
shift (4] is given by the approximation 

~EL(2) ~ J2aEua3
, giving the value ~EL(2) ~ 4.320 J.teV, (32) 

which deviates from the standard value of 4, 3737 J.te V roughly by 1 % . 
Relation (32) indicates that the quantity Q2,5 does not agree with a directly 

observable quantity of the hydrogen spectrum but deviates a factor of ~ from 
it 

Q2,5 = VIML(2) , (33) 

which is however of the order 0(1) rv 1, 22, which is an acceptable fact 

(34) 

Tolerating this we look now at the SCUD 8J3l, considering both sides of (34) 
separately and using again (29). 
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Left hand side: 

Right hand side: 

Q2,s/2,o(2R) = ~b.EL(2)(2R)5 = ~liEHci(2R)5 = ~m2V(2R)5 = 

1 r? 5 'TrU! 
= 2m Z = 2(t:oc)5 ' 

providing 8~3) = 2~>• with the value 

8~3) = 1, 91 EeVW (1EeV = 1018eV), (35) 

where the 'energy part' of this constant is extremely huge even in high energy 
physics. 

6 Derivation of Mass Relations for Elementary 
Particles 

When the high energy accelerators started working in the early sixties a number 
of new objects were discovered, called "elementary particles", though they are not 
at all elementary. They are divided into leptons, hadrons (baryons and mesons) 
and heavy gauge vector bosons. In addition there is a "monster particle" called 
Higgs particle. 
Up to now no generally excepted way exists to determine the corresponding mass 
values. A first attempt was Gell-Mann's "Eightfold way", where the particles 
were put into SU(3) octets and decuplets. This is however doubtful, because the 
masses of the particles within one multiplet can differ by a factor of 3. To take 
care of this, a symmetry-breaking is introduced leading to the Gell-Mann-Okubo 
mass formulaes [1] 

1( ) 1( ) 2 2 2 2 mN + rna: = 4 3ma + mE , 4mK >= 3m!l + m" , (36) 

where the first one is concerned with the ( ~) + octet of baryons and the other one 
with the o- octet of mesons (Gell-Mann, Nobel prize 1969). 
Now we shall derive mass relations by an expansion with respect to certain cou­
pling constants. How do we get such an expansion? The fundamental mass of 
quantum theory is the Planck mass Mp, given by 

Mp = .;-:;;, Mp = 2,176 w-s kg or Mpc2 = 1, 221019 GeV. (37) 

How is it derived? We plot two typicallengthes, the quantum theoretical Comp­
ton wave length A= h/mc and the classical Schwarzschild radius R, = 2GNm/c2 
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as function of the mass and ask for the intersection point >. = R, providing 

MP = Jli;. Discarding a factor of 2 we get the above result for Mp, having a 

meaning for chemists, because its value is also Mp = 21, 761-'g. 
Computing the Compton wave length of Mp provides the Planck length 

{hG;; -35 
Lp == y (;3" , Lp = 1, 6 · 10 m, 

which is far beyond all experimental facilities. Now Lp is the basis of the 
''THEORY of EXTENDED OBJECTS" called "strings". 
Now we go the opposite way and try to assign to Lp and Mp the corresponding 
classical quantities with the help of relation (11) with p = -1/2 providing 

le1 = ; Iff£~ 10-36 m , me1 = lei/ J 41fe0G N = 1, 8611g. (38) 

The classical mass can also be derived by the requirement that for it the grav­
itational force is equal to the electric force between 2 elementary chargese of 
opposite sign for arbitrary distance 

m~ 1 lel2 

GN-== --·-. 
r 2 41feo r 2 

Now we obtain the fundamental relation 

(39) 

which is in contrast to the relation that the binding energy of the electron in the 
hydrogen atom E8 is very much smaller than its classical energy Eel == mc'l 

I 1 2 5 
En Ec~. = 2" 01 ~ 2 · 10- «: 1 . 

So we can assign to a classical mass mc1 a higher mass mA (mass analogue) via 
me1 --t mA = me~/.Jii or an expansion with few terms in the form 

m --t mA = m/.Jii(ao+ad.Jii+ ... ) "mass analogue". (40) 

Now we apply this idea to the masses of the heavy leptons with masses 
mp = 105, 6MeV /c2 and mr = 1777,0MeV /c2 

, where the muon and the tauon 
belong to the 2nd and 3rd generation g(f-') = 2, g(r) = 3 of leptons. Analogous to 
the hydrogen atom C = mc'l/2, we postulate that C(f-') and C(r) are given by 
the mass analogues, chll.l'acterized by g, giving 

(41) 
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with the generation function f3(g) having the form f3(g) = ( -1)9-1NL -1, where 
NL = 2 is the number of generations of heavy leptons, giving {3(2) = -3 and 
{3(3) = 1. So the expansion with only 2 terms provides already the mass values 

2m c? 
m,.c?= Ja (1/vfa-3)=104,2MeV (error<l,5%) (42a) 

m,.c? = 
2m.c? (1/va + 1) = 1779,5 MeV (error< o, 2%) (42b) 

a 

giving a surprising agreement. 

7 Masses of Heavy Vector Gauge Bosons 
Heavy vector gauge bosons are the fundamental objects in the theory of elec­
troweak interactions, consisting of the charged Woton W+ and W_ , having the 
mass of Mwc? = 80,419 ± 0, 056 GeV and the neutral Zoton Z0 having the mass 
Mzc? = 91,1876±0,0021GeV. 
If we want to extend the method of mass analogues to the case of the heavy 
vector gauge bosons, we have to look for vector particles, which could serve 
as reference particles. A promising choice seems to be the well known vector ~ 
meson, having 3 charge states P± and Po , playing a fundamental role in the theory 
of electromagnetic form factors of the nucleon. But the problem is now, that p 
is a hadron, having in addition to the electroweak also strong interactions and 
that the idea of the mass analogues is so far only used for charged particles. To 
take this into account we introduce additional subtraction terms in the enhanced 

· masses and make an ansatz in the form 

fflGB = ~ ()a- {3(Z.,z,)) mp = 770MeV/c2
, (43) 

where {3 is a quantity reflecting that an electric charge number z. and an analo­
gous "strong charge number'' z. will influence the mass subtraction. Discarding 
the strong interaction of p and extrapolating from the case of the heavy leptons we 
try for (:J the ansatz {3 = 1 + JZ.J giving the fictitious masses mw = 87,4 GeV /c2 

and mz = 96,4 GeV /c2 
, which are of course to high. But, surprisingly, using for 

the strong charge number the value z. = 0, 75 , which is of the same order like 
JZ.J = 1, we get with {3 = 1 + JZ.J + JZ,J the following results 

mw= ~ ()a-(1+1+0,75)) Ri80,6GeV/c2
, (44) 

mz= ~ ()a-(1+0,75)) =89,6GeV 

which are in reasonable agreement with the observed values. 
The terms subtracted from the enhanced mass due to z. = 0, 75 are of the order 
of 8, 77 mp respective 6, 75 Ge V / c2 

• 
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8 New Strate_gy by Redefinition of Sommerfelds Fine 
Structure Constant 

With the help of the classical rest energy of the electron Ea = mr? the bind­
ing energy of the electron in the hydrogen atom can be written EH = !mdlc? 
providing EH /Ed = ~dl . It is now advantageous to introduce a modified fine 
structure constant am defined by 

a~= EH/Ea, giving am= afVz = 5,1610-3 and 1/am = 193,789 ~ .200 

It is now worthwhile to introduce in addition a modified electron mass m~ by (t:l 
relation 
m~dl = 0,1 amGeV = O, 516 MeV deviating from m.dl = O, 511 MeV by < 1%. 

(46) 

Now we consider the strongly interacting charged pion with mass 711,r = 139, 57 MeV /c2 , 

being related to the electron mass by the empirical relation 

711,r "'2m./ a= 140, 05MeV /c2
• 

The corresponding modified pion mass m~ is 

m''lf =2m~/ a= 2m~/0am = Vz · 0,1 am GeV/c2 or 
am 

m~= '{;aevjc2 =141,42MeV/c2
, 

deviating from the correct mass of the pion by < 1, 3% . 
But now m~ = '{J GeV fc2 is independent of am, so no longer any connection 
exists to an electromagnetic coupling constant, meaning that at the mass of 
0, 141 GeV fc2 a transition to another interaction, the strong interaction occurs! 
With the help of m~ and the mass of the nucleon mN (as input) a coupling 
constant can be determined, permitting to estimate the masses of the hadrons 
up to 1GeV fc2 with a surprising accuracy. 
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The topic of probabilistic geometry Ins been researched in the field of mathematics for well over 
50 years. Applying the intrinsic yet unintuitive metrics in these high-dimensional spaces to the 
information arena is conceptually very tricky. Pentti Kanerva found results related to this field in 
the mid 80s and applied them to content addressable memories. Dr. P. Nick Lawrence also 
rediscovered a more generalized version of these results in the early 90s and has developed it 
into his patented computational theory called Corobs, which stands for Co~relational-Algorithm 
Objects. Recently, the link between quantum theory and Corob Theory was researched under 
DOD SBIR funding. This paper/presentation gives an overview of this field including the key 
concepts of how to implement useful computing knowing that rnndomly chosen points are all an 
expected or standard distance apart (robust equidistance of sqrt(N/6) in a real unit N-cube as 
N>20). These ideas are particularly relevant to the ANPA audience because of the direct 
application to "Progrnm Universe" goals and results, since in a binary unit N-cube the distance 
and discrimination metrics are both XOR For a link to the slides for this presentation see the 
Yahoo anpa-list email archive. 

1. Introduction 

The primary idea beneath ANPA's combinatorial hierarchy goals is the hope that known stable 
constants and laws of physics spontaneously emerge due to the combinatorics of low-level 
random information processes. As a result of years of research at Lawrence Technologies, LLC 
on random neurological processes and more recently random quantum processes, we have 
developed a high-dimensional, computation model we call "Corob Theory". This paper 
introduces the key ideas of Comb theory, which are related to the obscure mathematical field of 
probabilistic geometry. The goal of corob theory is to understand and mimic our ability to see 
and do things like previously seen and done. Corob theory and progrnm universe goals are 
similar because both are interested in how something stable can emerge from purely random 
processes. Even though Corob theory started as a high-dimensional neurological based 
computation model, it was recently expanded to include the high-dimensional complex-valued 

15485 Belt Line Rd, Suite 200, Dallas, Texas 75254, USA, see http://www.LT.com 

1 



199 

quantum corobs. These results depend on the intrinsic and emergent yet unintuitive distance 
metric properties of high-dimensional spaces. 

1.1 Approach and Concepts 

The Corob Technology is based on the idea that neurology somehow uses randomness to do 
useful similarity computing, and understanding this approach will lead to computers that act 
more like living systems, thereby performing like synthetic organisms or SyothorgsTM. This 
thinking led to the rediscovery of the little known mathematical property from probabilistic 
geometry [1] that randomly chosen points within a high-dimensional unit Ncube approaches a 

growing expected or standard Cartesian distance .J N I 6 as the number of dimensions grows 
large. Even though these results are statistical in nature, the standard deviation is a constant 

.J11120 = 0.2415, so effectively the actual range of the standard distance becomes extremely 
narrow and approaches the expected mean standard distance with high levels of certainty. We 
call this tendency toward the expected standard distance the fundamental Corob theorem. 
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Figure l. Random process with mean of 1.0 

2. Randomness and Statistics 

The results presented in this paper act like random processes with a mean and a standard 
deviation. Therefore, these two terms are introduced and discussed here. This section is a small 
refresher course on the key aspects of probability mathematics the ccmb theory relies on. Also, 
we define our own terms that rely on these statistical properties. 
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2.1 Mean or Expected Value 

If a number of uniformly distributed random values are fed into a random process they produce a 
mean value with a high level of precision, so the random process tends to the mean, which 
represents the expected value. The random process actually generates values slightly smaller or 
larger than the mean, as shown in Figure 1. So even though the process tends to the expected 
value or mean, the actual values spread out around that center point. As one might expect 
random values close to the mean are more common than values further away. This spread can be 
characterized using the standard deviation and confidence interval, which are discussed nel[. 

2.2 Standard Deviation or Dispersion 

The exact amount of spread of the values from the random process is defined by the measure 
called standard deviation, which is the square root of the variance. Random processes naturally 
produce values closer to the mean value with a higher probability. The dispersion of values from 
the random process falls within the normalized interval defined by one standard deviation with a 
probability (or confidence interval) of 68.2%. This means that roughly two out of every three 
values falls within one standard deviation, nineteen out of every twenty values with within two 
standard deviations, etc (see Table 1). In contrast, it is possible but extremely unlikely that a 
random process will produce a value greater than 4 or 5 standard deviations away from the mean. 
This probability can be computed using the error function if the distribution is Gaussian. This 
relationship between probability and distance deviation from the mean has important information 
theoretic significance for the random processes discussed in this paper. 

Table 1. Confidence Interval vs. standard deviation 

Standard Deviations Confidence Interval 
±1 0.6826895 
±2 0.9544997 
±3 0.9973002 
±4 0.9999366 
±5 0.9999994 

3. High Dimensional Spaces 

The primary random process forming the basis of corob technology is simply applying the 
Cartesian distance metric between two sets of N unifonnly distributed, bounded, random values, 
where each set represents the address of a random point inside a high-dimensional unit N-cube. 
This random process can be thought of in two ways, as a mean of the probabilistic process or an 
ensemble result similar to the concept of the center of gravity. The ensemble results and 
interpretation appears to be directly related to the probabilistic phenomena. 

As this paper will demonstrate, the mean (and thereby the standard deviation) of several 

probabilistic Cartesian distances is related to the square root of the number of dimensions ~ .JN, 
with some unexpected results as N grows much larger than the typical 3 Euclidean dimensions 
(N>>20). This chapter provides a step-by-step mathematical introduction to these main ideas. 
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3.1 Cartesian Distance Metric 

The random process is simply the distance metric between any pair of points. Given an N 
dimensional unit N-cube and address values ( 0 ~ x. ~ I and 0 :5: y1 :5: I ) in each of the N 
dimensions for points X= [xi> ~ •... , JQ, ••• , liN] andY= [y1, "jl, ... , J!, ... ,YN], then the Cartesian 
distance is simply the square root of the sum of differences squared between the two points or 

d = /'.£
1 
(x1 - yy = J'£

1 
(z1 l . The distance to the origin in three dimensions (for X, Y and Z) 

is simply the well-known distance formula d =~('If+( ;Y +(~)2 or d =~(Xf +(Y)2+(Z)2 
• 

The primary unexpected result can now be discussed, which occurs when the values lll and Yi are 
randomly generated with a uniform distribution random number generator, thereby creating a 
probabilistic geometry [1]. Under these conditions the distance between two randomly chosen 

points tends to an expected constant standard distance ~ .J N I 6 as the number of dimensions 
grows large N»20. This equidistance tendency will be discussed next. 

3.2 Tendency towards Equid/stance 

In three dimensions, the histogram of distances between randomly generated points X to the 
center point Y = [0.5, 0.5, ... , 0.5] looks like the graph in Figure 2. This histogram is basically 
triangular, where the asymmetry is due to fewer occurrences of the largest distances since they 
are non-uniformly located only in the extreme comers of then-cube. 
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Figure 2. Distances for random points to center point in 3-space 
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The interesting thing to note is that Figure 2 is exactly the same random process as Figure 1 
except that the nnmber of dimensions representing each point is N = 3 rather than N = 12. The 
distances to the center point can be generalized for any nnmber of dimensions and the result 
defines a probabilistic geometry, where any randomly chosen point probabiistically tends to be 

at the distance - .J N 112 from the center of the space. This distance to the center is conceptually 

equivalent to an expected standard radius that grows with the JN and the tendency toward that 
particular value grows very strong with increasing N because the probabilistic distance metrics 

are dependent on JN but this standard deviation is also a constant! 
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Figure 3. Histogram of Standard radius for N = 3, 12, 100 and 1000 

Figure 3 illustrates the standard radius and dispersion of the values with increasing N. If the 
standard deviation is actually computed for each of the cases the standard deviation is the 

constant value ../I/60 . Since the standard deviation indicates tlie spread of values around the 
mean standard radius, the actual spread becomes a smaller and smaller percentage of the mean 
that grows with increasing N. Therefore, normalizing the standard deviation by dividing by the 

expected radius produces tlie ratio ../1!60/.JN /12 =.Jl/60* 12/ N = .J1 15N. The normalized 
standard deviation actually shrinks with N (and in the limit tends to 0 for very large N). 'This 
means the standard radius tends strongly to a standard constant value (for each N) with 
increasing N. See Figure 4, which is a normalized version of Figure 3. Because of this property, 
probabilistic geometries are easy to explore using simple programs with randomly chosen points, 
because they quickly converge to their respective mean values, and 1 is high unlikely to find a 
point that is 5-l 0 standard deviations away from the mean. 
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Figure 4. Normalized standard deviation of radius for N=3, 12, 100 and 1000 

3.3 Probabilistic Geometries 

2 

The label of standard radius evokes the idea that the random points are located on the surface of 
a high-dimensional N-sphere. One way to attempt to confirm this is to find the distance between 
a 1000 randomly chosen points and the origin Y = [0, 0, ... , 0] with N=1000 and the result is the 

distance .JN /3, which happens to be twice the standard radius 2.JN /12 = .J4N /12 = .JN 13. 
This distance is unexpected because the known geometrical distance from the origin to the center 

is simply d =J'}:d/(0,5)2 =.JN(0.25) =.JN/4. Since the random point is actually the radius 

.J N 112 away from the center, this defines a right triangle ( .J N 14 f + ( .J N 112 )' = ( .JN 13 r 
which simplifies to N/4 + N/12 = 3N/12 + N/12= 4N /12 = N/3. Therefore the distance between 

any randomly chosen point to the origin is .J N /3 , but even more unexpected is that this is also 
the distance to any random comer!! Likewise, the standard deviation of this standard comer 
distance approaches 0 with increasing N. This result is hard to visualize because the distance 

between a random point and every random comer is the constant .J N /3 . This is similar to Pentti 

Kanerva's [2] distance between any two random comers of an n-cube .JN 12 since the right 
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triangle from the center to two random comers has the property ( .J N I 4) 2 

+ ( .J N I 4) 2 

= ( .J N I 2) 2 

and has the binomial distribution that can be derived using Pascal's triangle. 

The most relevant statistical metric is the distance between two randomly chosen points inside 

the unit Ncube tends to the standard distance .J N I 6 , with the standard deviation approaching 
0 as N grows to infinity. It is not that the other points do not exist; it is they are extremely hard to 
find using random processes. For a latge number of random points, they all tend to a standard 
radius from the center, a standard diameter (D=2r) from any comer and a standard distance 
from each other. Points with these properties do not form an Nsphere inside an Ncube, but 
rather a high-dimensional tetrahedron or N-equihedron (or N-shell), since all the points tend to 
be equidistant. This idea is illustrated in Figure 5, where all the blue points are equidistance from 
the center red dot (and more importantly from each other). If any point (big yellow dot) was then 
moved to the center, tlte big red dot would be among the remaining blue points. These distance 
properties are definitely wrong for anN-sphere so we use the term N-shell or N-equihedron. 

Figure 5. Planar Visualization of Equidistance Property 

An alternative visualization of all the equidistance properties is shown in Figure 6, which depicts 
this topology using a planar equilateral triangle to represent the N-equihedron and all lines are 
distances normalized by the expected standard radius. Note that any lines of the same color are 
the same length even if it is impossible to draw them as such in a planar graphic. 
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Figure 6. Standard distances from the perspective of green random points 

An important fact regarding Figure 6 is all the distances have been normalized by dividing by the 
expected standard radius R resulting in all standard distances becoming invariants or constants. 
For example, with the normalized radius X = RIR ""l, then similarly the expected standard 

distance is Y "" .J2 , the normalized comer to center distance is Z "' J3, the standard comer 

distance is D = 2R = 2 "'.J4 and the ncube's major diagonal is M "" Ji2. The normalized 

Kanerva distance is K "' ..J6 . This means all expected distances are true constants independent 
of N and with vanishing standard deviations for ve1y large N. Table 2 illustrates these same 
metrics in a tabular fashion depending on the preferred perspective of unit side or unit radius. 

Since the standard radius and major diagonal are constants for any number of N, then the 

normalized length of every side S must shrink with increasing N or S = 1/R "" .J1 21 N . 
Maintaining a wlit radius forces the N-cube to shrink and maintaining a unit side length on the 

N-cube means the standard radius increases proportional to .JN . Since 12 is the magic number 
used for both the radius and Ncube side, when the number of dimensions N = 12 then the 
lengths R = S = 1 = volume. When the radius R = 1 then this acts like the writarity constraint 
from quantum mechanics. This simple set of mathematical relationships is rich with potential 
meaning regarding the size or volume of things in both the classical and quantum domain 
depending on the number of dimensions and the normalization perspective, The number 12 is a 
special constant that emerges from this analysis, where these two aspects are indistinguishable. 

8 



206 

Table 2. <kometric and probabilistic properties of unit N·cubes 

Line Type of Distance with Distance with Description of distance metric 
Property Unit Side Unit Radius 

1 <kom =I "'./12/N Side: any comer to a nearest corner 

2 Prob R,..JN/12 "'1 Radius: midpoint to random point 

3 Prob Y"' ./N/6 ,.fi Random point to random point 

4 Geom Z=./N/4 ,J3 Any corner to midpoint 

5 Prob D ,..JN/3 ,.f4 Random corner to random point 

6 Prob K"' .JN/2 .. J6 Random comer to random corner 

7 Geom M=.JN .,..Jfi Any corner to most distant comer 

A final point about Figure 6 is the arc drawn at distance .J3 from the origin. Obviously there are 

more points outside this arc then inside this arc, so this represents why the ensemble length J3 
is greater than the geometrical comer·center distance of .J4 . 

This unit Ncube space is a distance metric space but nothing has been said about the angles. 
From standard geometry it is know that for right triangles then .; + If = If where sides a and b 
form a right angle and h is the hypotenuse. This property happens to be true for the expected 

Ji2 .Ji2 r:;2 . r::;2 r;,2 ,-;2 . 
standard distance + 1 =v 2 and the Kanerva distance '113 +'113 =v 6 , whiCh suggests all 
randomly chosen points (or corners) are orthogonal to each other when treated as vectors from 
the center of the space. Obviously, the angles shown between the yellow lines of the standard 
radiuses all approach 90° even though Figure 6 cannot be drawn to scale. Since the standard 
distance is probabilistic, the angle between them is also not exact The angle between to two 
vectors (defined as midpoint to each random point) approaches an expected sta11dard a11gle of 
90° as N grows. Figure 7 shows how the standard deviation shrinks with increasing N such that 
for N> 3000 the standard deviation of the standard angle is <I 0 • The angle is computed with the 

formula in Figure 7 using the inner product {xly)=~I,x,y, and nonn lxl =..j!;f' formulas. 

_ ~'( (xly) ) 
SizeofN Standard Deviation 

Inner Prod As Angle 

e -cos llxll IIYII 100 .1000 5.758° 
1000 .0315 1.816° 

10,000 .0100 0.563° 

Figure 7. Expected Standard Angle approaches 90° for large N 

3.4 Soft Tokens or Corobs 

The entire probabilistic geometry is based on the premise that a set of random points generate 
these probabilities and at Lawrence Technologies we call such a random point a "corob" or soft 
token. A soft token is a valid term we have borrowed from communications theory, which has 
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the identical meaning, where the tokens are maximally spread out through an Nspace providing 
an error-correcting region around each token. It is also know from coding theory the maximum 
information density occurs when the tokens are uniformly spread throughout the space and they 
are equally spaced. These properties naturally occur for combs and have been known about in 
the field of probabilistic geometries for decades. The primary invention of co rob theory is how to 
coax useful Turing complete computing from these randomly populated metric N-spaces. 

3.5 Computing with Soft Tokens 

Computing with random corobs requires defining tokens and assigning particular symbolic 
meaning to each of the tokens. This is equivalent to assigning meaning to a particular random 
address in the subspace of dimension N. All the other random points are extremely far way 

because the standard deviation of distance metrics are proportional to .J11 N . Computation is 
simply mapping values from the environment into points in a subspace (using a sensor), finding 
which points are closest to meaningful known points, converting to another subspace (lobe), and 
finally converting the soft tokens back into the tradition numeric or string literals (actor). Corob 
computing is simply the process of creating spaces with the correct distance relationships to 
perform your desired behavior by moving the computation state around within the subspaces. 
This process can be shown to be Turing complete because lobes can define arbitrary logic gates 
and also represent dynamically stored state similar to a latch or cross-coupled NAND-gates. The 
following three sections discuss the various spatial and temporal relationship properties. 

3.6 N-spaces md Subspaces 

If an N-dimensional space is split in two, both of the resulting subspaces have the same 
properties regarding random tokens, as the whole Nspace but with lower fidelity due to the 
increase in the normalized standard deviation. This is equivalent to the holographic property and 
can be easily understood as a noisy version of the original token. In general, random combs are a 
set of random address values defined for a subspace of particular size N. Subspaces are 
concatenated together and sampled which effects tokens relative addresses depending on the 
desired operation. Remember that the directions up, down, right, left, east and west etc do not 
exist in subspaces. The only useful metric is similarity of distances compared to randomly 
chosen points, which were previously produced or known about in the system. For this reason, 
synthetic organisms respond in ways similar to previously seen, known or educated actions. 

3.1 Cardinal, Ordinal and Contim.Jous Relationships 

Most of computing involves defining relationships between tokens, and corob theory 
geometrically represents all such relationships in N-spaces. The three kinds of relationships are: 

l) Cardinal or unordered tokens (such as a list of names, properties or colors). 
2) Ordered tokens (such as the alphabet where letter "c" is closer to "d" than "m") 
3) Continuous spaces (such as 1-D for temperature and 2-D for images, etc) 

Cardinal tokens are directly implemented using the random corobs already defmed since they 
tend to be equally spaced with no apparent ordering. A subspace can hold M cardinal tokens 
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without any confusion by choosing the size N of the subspace such that some minimum spacing 
is guaranteed (i.e. 5-10 standard deviations) for that number of tokens. 

Ordered tokens require that the distance between tokens is proportional to the difference in their 
adjacent sequence number. The distances between adjacent tokens must be smaller than standard 
distance and can be constructed using the following procedure. First decide what percentage of 
standard distance the tokens should be spaced apart (i.e. use s = 30% but depends on the 
application). Second, generate a random point C!:9 and assign that to the first token "a". Third, 
generate another random point 029+1 and use it as a random angle reference point at standard 
distance d. Interpolate between the two points to find a point close to cl by using the formula 
cr*s + c2(l-s) to compute the address of token "b". Repeat steps 2 & 3 between remaining points 
Ci and CiH. The resulting pearls on a string each have a distance metric that is smaller for its 
immediate token neighbor(s) than to the other tokens. When any token is compared to any of the 
pre-defined tokens, the closest tokens are easy to find. Also, the nearest neighbors are unique 
because it is extremely unlikely that random carobs will be less than the standard distance apart. 
This close spacing of sequential tokens is called a string carob (can also form a ring corob ). 

Continuous spaces are conceptually equivalent to ordered-tokens except that a continuous 
number of points must maintain the linear spacing as expected in a continuous variable. So if a 
continuous space is pre-populated with a set of ordered grid points, it is possible find an arbitrary 
number of interpolated points between each grid point. Unfortunately, the interpolated metric 
distances between grid points act as if they droop like fabric between tent poles because this 
process represents simulating a linear 1-D space within a high-dimensional Nsubspace with 
unusual probabilistic memes. Therefore, a construct was invented and patented called the 
toothpick method for string co robs, which effectively randomizes the drooping effect. Tbe string 
corob can be adapted for representing 1-D, 2-D, etc continuous spaces as illustrated in Figure 8. 
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3.8 Mutual Exclusion and Concurrency 

Corob tokens are stored inN-dimensional subspaces just like conventional classical tokens can 
be assigned a binary number and stored in a conventional n-bit register or memory. For example, 
the three tokens Red= Oh, Green= l(h and Blue= 1 h could be stored in a 2 bit register, which 
has the maximum capacity of i = 4 possible distinct binary tokens. These distinct values are 
mutually exclusive because there is room for only one binary value at a time. Alternatively, the 
three tokens could be orthogonally coded as Red= 0012, Green= Ol(h and Blue= 10~ in a 3 bit 
register with a maximum capacity of 'i = 8 distinct states, which then simultaneously allows any 
valid combination of Red, Green and Blue such as Purple = lOh and White = llh. 
Unfortunately, no other color shades can be represented in this encoding unless more intensity 
bits are allocated fa each color (from 1 bit to 8 or 24 bits as used in modem computer graphics). 

This discussion demonstrates that states (Red, Green or Blue) can share the same minimalistic bit 
encodings only if they are mutual exclusive. If multiple states must be simultaneously present 
then the encoding cannot be shared and must be redundant (orthogonal or separate bits allocated 
for each color). This same argument is true for tokens defined in subspaces in that each corob 
token is encoded as a random address in the subspace. The difference between subspaces and 
registers is subspaces naturally have extra room to simultaneously represent mixtures of naturally 
orthonormal tokens using the principles of vector addition. 

For example, if Red, Green and Blue are each assigned a random corob in the same subspace 
(size N = 20 gives statistically reasonable separation) then they can be thought of as orthonormal 
states with an error correction region around each point. It is also possible to create points that 
are partway between Red and Blue (just average their addresses) and form a color we know as 
Purple. So even though the colors Purple and Yellow etc were not predefined for the "color 
subspace" they can be represented in the system as a concurrent mixture of other primacy tokens. 

This kind of concurrency or token mixtures does not emerge in the traditional mutual exclusive 
binary encodings of tokens unless they are separately coded. Because of the minimal encoding, 
conventional binary encoding have abrupt edges while corobs represent soft tokens with a unique 
kind of concurrency encoding possible. This concurrency can occur because corob points can 
also be thought of as orthonormal basis vectors. This concurrency is also similar to the mixture 
of spin states in quantum computing, thereby leading the qubit property we call superposition. 
The primary idea behind superposition is that the spin states are NOT mutually exclusive, so the 
system state can simultaneously represent both Up and Down or both True and False. 

3.9 Noise Insensitivity and Reliability 

Most tokens are assigned a mndom address in a subspace, which are naturally far apart. If some 
process creates a noisy version of one of the tokens (drifting away in a random direction by 
mixing in another unknown random token) the distance metric will still identify the closest 
original token compared to all the other known tokens up to the standard distance limit. This 
probabilistic geometry property leads to reliability of identifying tokens in the fuce of noise less 
than the amount equivalent to pure randomness. This idea that the amount of noise is directly 
quantifiable based on the standard distance metric is an important idea central to corob theory. 

12 
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4. Distance and Information Content 

4.1 Distance Metric is Information 

Any probabilistic process defines a mean and standard deviation. In addition, the confidence 
interval is proportional to the standard deviation and can be computed using the error function 
(by assuming the distribution as a Gaussian). This means that a distance me1ric represents a 
probability, which can be directly converted to the equivalent information content in bits. 
Therefore two points at the standard distance have little information content since they are at the 
expected distance. Alternatively, two points that are close compared to standard distance 
represent a much higher information content since it is unexpected due to random processes. 

4.2 Information content of each dimension 

The information content of each dimension can be computed by starting with the standard 

distance represented as the number of standard deviations .JN76 I .J1 I 120 = .J20N 17 , which 

leads to a probability using the error function prob = erfcc( .J20N 17 . The final bit content of this 
standard distance probability is: bits= -hll(prob). Figure 9 shows the plot of these equations for 
N from 1 through 250, where after that the error function (which is an integral) underflows for 
double precision floating-point numbers, 

~oor----------r----------~--------~----------~.---------, 'x' 

1000 . 

6(1(1 

400 

Ob---------~----------L----------L-·---------L-·---------J 
0 50 100 150 200 250 

Figure 9. Bit content of standard distance for N=l-250 
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This plot produces a straight line that approximates the equation of 1 + ( N t../71120)-= 

= 1 +(4.14* N). So each dimension (a floating point number 0 ~~:>I) is worth slightly more 
than 4 bits of information or roughly sixteen discrete values in each dimension. This makes sense 
since the N-space volume and the mean standard distance grows with N, so more bits are 
required to represent probability in larger spaces since they are effectively N-shell ratios. This 
limit to the precision needed for representing each dimension is primarily due to the distance 
metric, which sums many such squared dimensions resulting in the lower order bits becoming 
insignificant. This also means that the hardware accelemtors for this kild of system may be able 
to use less than 6-8 bits of precision for each adder or multiplier used in the squaring operations. 

Based on Figure 9 and the equation 1 + N../120/7 (or approximately 1 + N(l +n")) it is possible 
to represent either probabilities or bit content by creating specifically sized spaces to hold that 
information content. Pre-specified grid points can be carefully located in that space and then a 
test point can be created with multiple simultaneous probabilities. This strong relationship 
between concurrent probabilities, information content and distance metric is expected to be 
useful in the quantum-computing arena. 

5. Quantum Corobs 

The key step in applying corob theory to quantum computing is to compute the standard metrics 
for bounded, compleJE-valued spaces. The first step is to make the space symmetric around zero 
by choosing the bounds to be -1 to + 1 thereby making the side length of S=2 and the space 
center the point (0,0,0, ... ]. All distance metrics normalized by the standard radius are the same 
due to axis relabeling. The next step converts real to complex numbers by tmnsforming 
uniformly distributed random values to uniformly distributed random phases. Finally, we must 
deal with the fact that the vector dements are complex numbers. So the difference between 

complex numbers produces Z; = ( X1 - Y;) , which can be used in Cartesian distance formula of 

Jz/ +z/+ ... +z/. This requires the complex square of lzl =z;z1, where z; =a1 -ib1 is 

the complex conjugate of z1=a1+ib1 resulting in lz1 !
2

=(a1 -ib1)(~+ib1)=a/+42 , 
which is the scalar magnitude squared of the complex number. 

When a large array of N uniformly distributed phase complex numbers with magnitude = I is 
placed through discovery of the standard metrics, the results are shown in Figure I 0. This array 
ofN complex numbers also exhibits the corob standard distance metrics. Notice how the comer 
distance distribution is different due to the constraint that each complex magnitude = I. In any 
case the standard distance is the same after renormalization using the standard mdius. Arrays of 
complex numbers form the essential mathematics of quantum Hilbert spaces. 

Both the real and complex spaces that are symmetric around point [0,0,0, ... ] have the property 
that randomly chosen points also naturally represent a vector from the center, without any fix up. 
This is useful since the same representation can be used for distance metrics or vector 
computations (i.e. inner product). Also the center does not shift if the botmds of the space grows. 

14 
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This same standard metrics discovery process can also be applied to arrays of mathematical 
objects of higher grade, such as isolated arrays of qubits and arrays of ebits. Figure 11 shows the 
same normalized distance metrics that result for both. These arrays of qubits are not the typical 
entangled quantum registers but simple arrays of isolated qubits, which we call a quantum 
ensemble. The arrays of ebits are also arrays of isolated ebits, where each ebit is fonned by 
inseparably entangling two qubits. Quantum combs are quantum ensembles formed on top of 
simple arrays of qubits or ebits, where the phase is the primary random variable. 

5.1 Measurement as Noise Injection 

It is possible to encode classical corobs into quantum corobs by converting random values to 
random phases. It is also possible to convert a quantum corob back into a classical corob or 
Kanerva bit array by measuring the quantum corob. The key result of this measurement process 
is the quantum corob survives this process. We relieve this result is so significant that we have 
already filed a provisional US patent on the idea. Here are the details. 

The key concept about this measurement process is when evenly distributed phase angles are 
· projected; they produce results that look like a noisy version of some average result. Most 

importantly, the noise is smaller than the amount that would make it appear like another 
completely random point. In simple corob terms, the distance between repeated projections of a 
repeatable corob soft token X is smaller than standard distance, whereas the distance between 
projection of soft token X compared to that of soft token Y is at appropriate standard distance. 
Figure 12 pictorially represents these relative distances of repeatable projections. 

. . . . ' 
.. ' . " ; . ~ . . 

•· .;;.; stanliara olshin~e . 

Figure 12. Cluster Projection distance for qubit arrays 

Figure 13 shows the histogram that proves the earlier statement that repeated projections from a 
repeatable qubit soft token X acts like noisy version of some average expectation result because 
the distance is roughly 0.5 of standard distance. The rule of thumb we use is if the standard 
distance is 0.5 then the number of non-noisy dimensions is (0.5)2 

= 0.25 to give the same 
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distance, so roughly 25% of the dimensions are noisy. This is possible even with arrays of 
random phase qubits because the projection process favors points/probabilities that are closer to 
either measurement basis set compared to the purely random results from phases 45 degrees 
away. Since the initial phase is totally random the choice of basis states is also immaterial. The 
histogram demonstrates that the standard deviation also shrinks as N becomes larger. The labels 
mean; ic = "in cluster" and be = "between cluster". These histograms indicate it is highly 
unlikely for expected values around 0.5 standard distance will ever be confused with points at 
standard distance, therefore repeatable, qubit-encoded quantum corobs survive measurement. 

. 

0,5 1 1,5 

• qsbc50. -~--- .. 
'qslc50' . -

'qs!x;100' --­
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Figure 13. State cluster measurement histogram for qubit arrays N=50, 100, 1000 

' 

2 

This result is interesting and quite unintuitive, because quantum randomness is not considered to 
be a computational resource. The key to this result is that isolated quantum ensembles must be 
used instead of entangled quantum registers. Notice discrete states when N=50 is low. 

This result can be easily validated by looking at arrays of larger grain-size mathematical objects 
vs. complex numbers, qubits or ebits. Assume that each array element is an entangled quantum 
register of <F2, 3, 4, or more qubits. Using the tensor product to create entangled qubits forms 
larger sets of unique basis vectors. Table 3 shows the result of taking a measurement using an 
arbitrary phase basis vector. The key conclusion is that the larger register the more random the 
measurement process produces. Even though quantum registers are producing corobs, they 
generate random corobs rather than tokens that survive. These numbers are slightly different 
than the talk slides due to improvements in our libraries of generators. 
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Table 3. State Cluster measurement distances for arrays of higher grained qubit registers 

Element o/o of standist # ofreals Entangled state equation 

complex 70.7% 2 a (is complex) 

1 qubit 50% 4 aiO)+bll) 

2 qubits 65% . 
. 

8 al002} +bl012)+cl102)+ dl112) 

3 qubits 76% 12 Co I~ )+ctloot2) + ... +c6111~}+£711l~) 

4 qubits 83% 16 c0 I00002)+q 100012)+ ... +tj4 llll02} +q5 lllll2} 

>4qubits 100%. >16 c0 IO)+qll}+ ... +cN_2IN- ~ +cN-tl N -1) 

This same result is illustrated graphically in Figure 14 for a fixed N= 1000 with changing grain 
size of CFl vs. q=2. These measurements are the cluster distances of the new state results after 
measurement. 
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Figure 14. State Cluster histograms for arrays N= 1000 of qubit registers with q= 1 and CF2 

The new resulting state is only part of the measurement process. The answer can also be viewed 
as a corob state since it is a binary valued Kanerva point. If many answers are averaged together 
they form the expected value, which is just the probability of finding a 1, so can be represented 
as real-valued corob. Figure 15 shows the histogram distributions of the measurement answers. 
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Figure 15. Answer cluster histograms for arrays N=SOO of qubit registers with q= 1 and q=2 

In conclusion, isolated arrays of qubits (or quantum ensembles) allow representing quantum 
corobs that survive measurement, whereas quantum registers produce random corobs. 

5.2 Eblt carobs survive measurement 

Constructing arrays of uniformly distributed random phase complex numbers or qubits (pairs of 
complex numbers) is mathematically straightforward. A qubit is represented as expression 

ajO}+bjl} where complex numbers a and b must meet the unitarity constraint of a' +b' =1. The 

first step in investigating corobs using ebits is that generating uniformly distributed arrays of 
random phase ebits is not as simple. These ebit states are the inseparable entanglement of two 
individual qubits. With complex numbers a, b, c and d an ebit has the representation of 

aiOO)+dlll) (or biOl)+cllO)) with respective unitarily constraints of a' +d2 =1 with b=c=O 

(or b' +c2 =1 with a =d =0), which both meet the overall constraint of a2 +b' +c2 +d 2 =L 
Notice how no tensor product of two smaller states can produce either combination of states, 
which is the definition of inseparability for ebits. It is still possible to mathematically produce a 
uniform random phase distribution of ebits after the tensor product and erasure steps. 

Wilen an ebit is measured, the two qubits are then broken apart into two separate unentangled 
qubits of the appropriate states. So the measurement for an ebit array of size N produces two 
qubit arrays of size N and a binary answer array of size N. These can all be analyzed from a 
standard distance metrics with the following results. Again Figures 16 and 17 are slightly 
different than the presented slides due to improvements in the ebit modeling libraries. 
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Figure 18. State cluster distances for ebit arrays N= 1000 with q=2 and q=3 
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The overall result of measurement of quantum corobs represented in ebit arrays, is the both the 
answer and the qubit results indicate survival of the tokens. Quantum corobs survive 
measurement. Measurement of highly entangled quantum registers produce random corobs. 

6. Conclusions 

The striking result of this research is that noise and quantum randomness can be quantitatively 
viewed from the corob perspective. This result shows that unentangled quantum ensembles can 
be useful for representing unique data tokens in both the classical and qu&ntum domains. Most 
importantly, these quantum data tokens can survive quantum measurement, which may be useful 
for any neurological theory that would make use of quantum mechanisms. 

In order to explore this interrelation between classical and quantum corobs, we are building a 
corob language and tool suite that would allow systems to be defined containing arrays of both 
types of cells. This language is currently going thru the second design revision. The key 
computational mechanism is lightweight concurrent rules that act as unique observer 
perspectives defined by corobs or basis states in various subspaces. These rules appear to have 
the characteristics of quantum superposition because states can evolve in multiple simultaneous 
paths. l is expected that corob language with quantum extensions would allow research in 
interesting quantum domains such as quantum key distribution and quantum computation. 

These results are novel and interesting since most people researching quantum computing do not 
know about corob theory. Anytime a large number of independent random values are represented 
by a system then standard distance metrics emerge. Program universe also has these same 
properties so therefore corob distance metrics must naturally emerge from that endeavor. The 
corob theory also is quite instructive about how stability can emerge from purely random 
processes (since the discrimination metric is identical to distance metric), which is virtually the 
same goal as Program Universe. 
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ABSTRACT 
In the first section, 'Morphology and Classification', I give a brief 
account of the history of morphology and classification, examining the 
philosophical and theoretical basis of these disciplines. I criticise 
Darwin's contribution, questioning whether the explanations he gives in 
The Origin of Species are valid. I favour the cladistic theory of 
classification, which rejects the need for evolutionary assumptions. 

In 'Genes and Modules', I reject neo-Darwinism's materialistic emphasis 
on genes. Nucleic acid genes rely on the infrastructure of the cell to carry 
out their role as replicators. The cell is a modular system of bounded 
compartments, on which the whole delicate balance of metabolism relies. 

In 'Parts and Wholes', I contrast the mereology of Darwin with that of 
cladistics: historical groups comprising ancestor and descendants vs. 
relationships of organisms comprising common characters. These 
considerations of mereology lead on to a discussion of the appropriate 
theoretical basis of morphology and classification. In 'Specifications and 
Instances', I suggest such a basis is to be found in category theory. 

1. MORPHOLOGY AND CLASSIFICATION 
Pierre Belon, in his La Nature des Oyseaux ( 1555), places a skeleton of a 
bird alongside the skeleton of a human being. He shows that many ofthe 
bones in the two skeletons correspond and can be given the same names. 
This is a simply a pragmatic exercise, he says, to save time explaining the 
parts (1, ch. 12, p. 38). It is easier to discuss the anatomy of a bird, if we 
follow the same plan as in human anatomy (I, ch, 12, p. 39). The parts of 
the bird and the human correspond, but nothing is said of the relationship 
of birds and humans themselves. Belon is dealing solely with 
morphology--{:omparative anatomy-rather than classification. 
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Carolus Linnaeus, the great eighteenth century Swedish naturalist, is 
hailed as the father of modem classification. He describes six classes of 
animals, namely mammals, birds, batrachians (reptiles and amphibians), 
fishes, insects and worms. With Linnaeus, comparisons do not simply 
yield a pragmatic scheme; they reveal the inner design of nature itself. 
Each class is a rung on the ladder of perfection, the scala naturae, 
starting at the worms and rising to the highest of animals, Man. Birds 
carry some of the perfect characters of mammals, but not all. They 
correspond in many ways, but they occupy one rung lower down on the 
ladder than mammals. 

The classification of animals without backbones has changed much since 
Linnaeus' time. The arrangement of backboned animals, excepting the 
split of the batrachians, has changed little until recently and remains the 
popular understanding. Fishes are cold-blooded, have scaly skins and lay 
eggs in the water. Amphibians live out of the water but must return to lay 
their eggs. Reptiles have a watertight skin and watertight eggs, and are 
thus able to live entirely on land. Birds and mammals are warm-blooded, 
birds being covered by a protective layer of feathers and mammals by fur. 
Birds have the power of flight. Most mammals bear live young that they 
continue to nourish by suckling. If we arrange nature as a scale of 
perfection, then it makes sense to classifY living beings partly by the 
presence of characters, marking their perfection, and partly by the 
absence of characters, signifYing imperfection. Thus, fishes are all 
backboned animals except amphibians, reptiles, birds and animals. They 
live permanently in water and do not have four limbs. They lack the 
characters of their increasingly perfect cousins. 

Towards the end of the eighteenth century, Johann Wolfgang von Goethe 
applies a very different approach to living things. He looks not for 
perfection and imperfection, but for unity. He sees in individual plants, 
the One Plant that brings forth the many and yet remains always itsel£ 
The plants in their organs, leat: stem and root, emerge as a multiplicity 
from the unity of the lea£ Looking one day on the shattered skull of a 
sheep, he sees a unity among the backboned animals: they are 
transformed vertebrae. Goethe's followers, Carl Gustav Carus (1828) 
and Richard Owen ( 1848) develop the type of all backboned animals (see 
Figure 1 ). The archetype is a series of vertebrae repeated along the long 
axis of the body. Simply, the unity of type is a common architectural 
plan, or Bauplan. Thus, we may recognise common elements in the type 
through their relative positions: 'The archetype skeleton represents the 
idea of a series of essentially similar segments succeeding each other in 
the axis of the body; such segments being composed of parts similar in 
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number and arrangement' (Owen, 1866: :xiii). Geoffroy Saint-Hilaire 
(1818) understands the ear ossicles-the bones that lie in the middle ear 
in mammals, namely the malleus, incus and stapes-as the same as the 
opercular bones-the bones that cover the gills in fishes. Both lie behind 
the lower jaw and below the ear region of the braincase. Today, we 
would not accept Geoffroy's conclusion, but instead a similar one, made 
by Reichert in 1837. The ear ossicles correspond to bones at the back of 
the lower jaw, in fact lying beneath the opercular bones, namely the 
articular, the quadrate and the hyomandibular. Geoffroy espouses a 
principle of the constancy of relative position and connections. The 
generative process acts in such a way as to preserve the connections of 
elements invariant. A more subtle understanding of unity of type is 
therefore a unity of generative principle. Common plan manifests from 
common process, as an invariant. The generative principle is the source 
of multiplicity, not in a historical but in a rational, imaginative sense. 
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Figure 1: The vertebrate archetype from Owen (1848), constructed as a 
series of vertebrae. 

Unity of type among living things of different modes of life is 
morphology's great claim. (The term 'morphology' owes to Goethe.) 
Darwin seeks to explain unity of type, in the thirteenth chapter of The 
Origin of Species. 'What can be more curious than that the hand of man, 
formed for grasping, that of a mole for digging, the leg of the horse, the 
paddle of the porpoise, and the wing of the bat, should be all constructed 
on the same pattern, and should include the same bones, in the same 
relative positions' (Darwin, 1859 [1968: 415]). The mole lives 
underground, the horse above it; the porpoise lives in the sea and the bat 
in the air. Yet, we may discern the same pattern of bones among these 
animals adapted to such different lifestyles. Darwin's explanation for the 
common plan lies not in a common generative principle but in a common 
historical origin. 'If we suppose that the ancient progenitor, the archetype 
as it may be called, of all mammals, had its limbs constructed on the 
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existing general pattern, for whatever purpose they served, we can at once 
perceive the plain signification of the homologous construction of the 
limbs throughout the whole class' (Zoe. cit., p.416). 

Morphological classification reveals a hierarchy of types within types, so 
for example, mammals are vertebrates and vertebrates are animals. 
Classification is 'the grand fact in natural history of the subordination of 
group under group, which, from its familiarity does not sufficiently strike 
us' (Zoe cit., p.398). Darwin's explanation of classification is common 
descent: 'descent is the hidden bond of connexion which naturalists have 
sought' (Joe. cit., p.414). Humans, moles, horses, porpoises and bats are 
all descended from the common ancestral mammal, yet have all 
undergone modifications for adaptation to different modes of life. This is 
Darwin's theory of descent with modification caused by natural selection. 

In a more modern classification of the backboned animals (Forey, pp. 30-
31, pp. 128-143, in Burn, 1980), there are ten classes, six of which are 
devoted to fishes. The different types of fishes are as different from each 
other as they are from amphibians, reptiles, birds and mammals. The 
features that some fishes lack are striking. Hagfishes lack a fully 
developed backbone, instead the notochord, which is normally the 
embryonic precursor of the backbone, remains in the adult to form the 
main means of bodily support. (fudeed, hagfishes lie outside the 
backboned animals, and to include them we should talk of the craniates, 
animals with skulls.) Bone and cartilage are alien to the earliest fossil 
forms, the heterostracans. They have a different kind of skeletal tissue, 
aspidin, which lacks cells. Hagfishes, lampreys and the extinct 
heterostracans do not have jaws. Instead, hagfishes and lampreys have a 
muscular tongue with which they rasp at their prey, sucking blood. 
Neither do these three have paired fins, which arrive with another jawless 
group, the extinct cephalaspidomorphs. (For a fuller discussion, see 
Forey and Janvier, 1993, and the section on craniates at the Tree of Life 
website, http://tolweb.org/tree?group=Craniata&contgroup=Chordata). 

The features that some fishes share with the tetrapods, or four-legged 
vertebrates, are just as surprising. Lungfishes cannot breathe in water. If 
they are held under water, they will drown. Young lungfishes have 
external gills, just like young amphibians. In the same way as 
amphibians, they lose their gills and gas exchange then takes place at the 
lungs. Lungfishes possess a double circulation, just like we do, blood 
from one half of the heart supplying the lungs, blood from the other half 
supplying the rest of the body. Look, next time you go to the aquarium at 
London Zoo. You may see a lungfish rise to the surface to breathe! 



224 

How have scientists arrived at the conclusions summarised above? Let's 
look at the modem process of classification. The data of classification 
are the characters. Examining a study group, the systematist will make a 
list of characters and their states, scoring the specimens in the study 
group as to which state they possess. Through some method, usually 
codified in a mathematical algorithm, such scorings are converted into the 
classification. 

Willi Hennig's method is based on Darwin's theory of descent with 
modification: 'Evolution is a transformation of organisms in form and 
mode of life through which the descendants become different from their 
ancestors' (Zimmerman, quoted in Hennig, 1966: 88). Limbs are 
transformed fins; fins are primitive, yet limbs are derived. Fishes share 
the primitive character, fins, whereas tetrapods share the derived 
character. In Hennig's method, only the tetrapods are a genuine historical 
group; the fishes are not. 

Consider the salmon, the lungfish and the cow. The cow may seem the 
most different, and the salmon and the lungfish most similar. However, 
as we have seen, the lungfish shares derived characters with the tetrapods 
that are not found in the salmon. The external gills and the two­
chambered heart are the most striking. Other characters that the lungfish 
and the salmon have in common, such as paired fins not legs, and cold 
not warm blood, are primitive characters (see also Gee, 2000). 

Hennig explicitly ties his method to a model of the evolutionary process. 
The derived characters of the lungfish and the cow are hypothesised to 
have appeared in their ancestral species. The lungfish shares a more 
recent common ancestor with the cow than with the salmon. The species 
ancestral to all three split to give rise to the salmon and to the ancestral 
species of the lungfish and the cow. 'Evolution in this sense 
(transformation) is also connected with speciation: if a species 
(reproductive community) is split into two mutually isolated communities 
of reproduction ... there is always a change (transformation) of at least 
one character of the ancestral species in at least one of the daughter 
species' (Hennig, 1966: 88). Hennig's method generates binary 
classifications: at every fork, two branches result. The two branches so 
formed are 'sister groups' (Hennig, 1966: 139). 

For Hennig, morphology is not enough for classification. We need to add 
the tenet of descent with modification, of the evolutionary transformation 
of characters. Why are morphological correspondences-special 
homologies-not enough? Hennig answers that evolutionary 
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transformations involve the loss, not only the gain, of features. 'In 
general, we speak only of the homology of organs, but a "character" may 
also be the absence of an organ' (Hennig, 1966: 95). The absence of 
wings in silverfish and springtails is a shared primitive character, whereas 
the absence ofwings in fleas and lice is shared derived. 'This cannot be 
expressed in an equally unequivocal way by saying that the absence of 
wings is a "special homology"' in the fleas and lice, but not in springtails 
and silverfish. 

Fleas are 'a well-defined and homogeneous group', according to Davies 
(p. 146 in Burton, 1980). 'They are wingless, with a brown, bristly, 
strongly sclerotised body compressed from side to side. Their eyes are 
greatly reduced and the antennae are short but the legs are well developed 
and in many species the hind pair is used for jumping.' To be a flea is not 
simply to be wingless, but to have a compressed body, short antennae and 
well-developed legs. We classify them together because of these positive 
characters. Fleas undergo complete metamorphosis (holometaboly), 
where they pass through a pupal stage between larva and adult. In the 
pupa, the larval tissues die and break down, and the adult tissues grow 
from special zones of persistently embryonic tissues, known as the 
imaginal discs. Since most insects that completely metamorphose have 
wings, then it is likely that fleas have lost their wings. The position of 
fleas within the winged insects is based on characters they possess, not on 
characters they lack. The fact that fleas lack wings just makes the 
business of classification more frustrating. 

Norman Platnick applies a similar argument to the absence of limbs in 
fishes: 'if we form a group Pisces, we have based it not on a character, 
but on the absence of a character. The group Pisces includes those 
organisms with fins that also happen to lack modified fins (limbs). Such 
use of the absence of a character is one of the hallmarks of an artificial 
group' (Platnick, 1980: 544). Paired appendages unite the 
cephalospidomorph fishes with the gnathostomes (backboned animals 
with jaws). Tetrapods have these paired appendages manifesting as limbs 
and are one type of gnathostome. Sharks, lungfishes and codfishes are 
others. There is level in the hierarchy of types where the presence of 
paired appendages is relevant: allying the cephalaspidomorphs with 
gnathostomes and not, for example, the lampreys or the hagfish. 
However, with the Cephalaspidomorpha + Gnathostomata, we cannot 
pull together as Pisces all those animals which have paired appendages 
but not limbs. In this context, the presence of paired appendages is no 
longer relevant. Colin Patterson (1982) points that every shared primitive 



226 

character is just a shared derived character considered at the wrong 
hierarchical level. 

Morphology is the study of the affinities between parts of organisms; 
classification is the study of the affinities between organisms as a whole. 
According to Hennig, we bridge the gap by considering transformations 
between corresponding parts. According to Patterson, we bridge the gap 
simply by considering the hierarchical level of correspondences. Every 
homology is a shared derived character somewhere in the hierarchy of 
life. We either assume a process of transformation, or a hierarchically 
branching pattern. Cladistics is the study of branching diagrams (Nelson 
1979) and the approach of Nelson, Platnick and Patterson is known as 
pattern cladistics. 

2. GENES AND MODULES 
There are difficulties in morphological classification, in the delimitation 
and correlation of characters, which have led some systematists to 
genetics instead. Where does one character start and another stop? Do 
we consider a suite of features, which make up a coherent functional 
whole, one character or many? What are the dependencies between the 
states of one character and the states of another? These correlations could 
be functional or pleiotropic. For example, all the different adaptations to 
endothermy ("warm-bloodedness") in birds and mammals are 
functionally correlated, whereas a mutation that causes both blindness 
and a deformity of the skeleton in mice is known as a pleiotropic 
correlation. 

Much of the literature on morphological classification deals with 
disagreements over the conceptualisation of characters. Often such 
disagreements arise because living things vary continuously rather than 
discretely. Many of the algorithms employed for morphological 
classification require discrete characters. So, systematists need to find a 
way to divide the range of continuous variation into a number of 
relatively distinct states. Also, the processes of morphological change are 
only just becoming understood. How can we classify when we know so 
little about the possibilities of character state transformation? For 
example, we may reason that it is unlikely that lice and fleas are unlikely 
to be related by the loss of wings, because in evolution it is easier to 
destroy than to create (Mayr, 1942: 278-279). However, it would be 
better if we had a testable model of morphological change to back up 
such reasoning. 
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What about gene sequences? Do we have more success here? The base 
pair is the character and it is possible to construct tractable, statistical 
models of genetic change. The model can take account of dependencies 
between characters. For example, base pairs in the first codon position 
are more likely to be constrained by function than base pairs in the third 
position. This is because the base pair in the third position often makes 
no difference to the aminoacid into the ribosomes translate the gene 
sequence. 
Base pairs are the units of replication, mutation and recombination, the 
material cause of genetic evolution. They are the hereditary atoms that 
are passed on from generation to generation, ensuring material continuity. 
In this mechanistic approach, statistical models of genetic change 
represent the efficient cause of evolution. Models may simply describe a 
certain probability for base pairs to be miscopied. (Imagine a machine 
running down.) Alternatively, models can be increased in complexity by 
considering the external forces of natural selection. (Imagine billiard 
balls pushed here and there.) So to avoid the problems with delimitation 
and correlation of characters we may tum to a material approach. 

1n Darwin's account, form is reduced to matter. Form is preserved from 
generation by generation, through the material connection of descent. 
Darwin does not say why form should be preserved from a common 
ancestor, and this seems a little at odds with 'descent with modification'. 
To explain the unity of type, we have to assume 'descent without 
modification'! 1f we bring natural selection into the equation, then we 
can say that form is preserved as long as it is not disadvantageous and 
removed by selection. So instead of 'descent with modification caused 
by natural selection', we have 'descent without modification caused by 
the absence of natural rejection'. Rather than explaining morphology and 
classification, Darwin explains them away! 

We may have doubts about the present inability of a genetic approach to 
account for all the subtleties of morphology. Is it only a matter of time 
before genetics fully explains the riddles of organic form, or is there some 
fundamental impediment to its progress? Today all life is based on 
nucleic acid, but life could not have started that way. Graham Cairns 
Smith (1982) raises 19 objections to the synthesis of nucleic acids in the 
early oceans. There are difficulties with the purity, the concentration and 
the instability of intermediates. The replication of nucleic acids requires 
processes and structures that are too complex to take place outside a 
living cell: intricate metabolic pathways, delicately synthesised enzymes, 
organised structures such as ribosomes. Much more likely, life started 
with materials that were common in the early Earth. The origin of life 
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was 'low-tech' rather than 'hi~ tech', unlikely to have been based on 
sophisticated, manufactured components. 

Cairns Smith's controversial suggestion is that life started as clay 
crystals-replicators that were not DNA. Clay crystal layers grow one 
on top of another. Dislocations propagate through the crystal lattice like 
mutations in a lineage of bacteria. Some time after the origin of life, 
there was a genetic takeover, where DNA replaced clay in its role as 
replicator. All today's life is likely to have been descended from a 
common ancestor with nucleic acid as the replicator. This does not mean 
that all life that has ever lived replicated through nucleic acid. 

Apart from being the first replicators, clay crystals would also have had 
to provide the first cellular morphologies. Clays are inert, not readily 
reacting with organic molecules in aqueous conditions. They would not 
have interfered with complex, drawn-out synthesis of organic molecules. 
Clays can form the structured compartments necessary to concentrate 
reactants and to purify products in a metabolic pathway. Halloysites 
form membranous tubes and vesicles. Zeolites and sepiolites pack 
together as bundles of grooved rods, with well-defined pores. 

Cells and their compartments must have been present to allow DNA 
replicators to evolve. 'These complex structures, we are beginning to 
suspect, hold much of the secret of how cellular processes are controlled 
in both space and time: the secret may consist, at least in part, of isolating 
and maintaining the different cellular constituents-mainly enzymes, 
together with their substrates, products and modifiers (activators, 
inhibitors )-in different compartments; sometimes allowing, sometimes 
denying mutual accessibility' (Mahler and Cordes, 1971). Clays would 
have formed the 'glassware' for early organic reactions. 

The neo-Darwinian definition of life is to replicate with error: 'We shall 
regard as alive any populations of entities which has the properties of 
multiplication, heredity and variation' (Maynard Smith, 1975). 
However, this cannot be the whole story. Living cells are bounded and 
themselves contain bounded components. This is vital to metabolism. 
Living cells are stable to resist error catastrophe, forestalling the build-up 
of deleterious errors. At the same time, favourable errors are 
accumulated and preserved over generations. Living cells are 
autonomous, bounded, stable entities, creating and maintaining the 
boundary between themselves and their surrounding world. 'Animals and 
plants are made out of homologous organelles like the mitochondria, 
homologous organs like the gills and lungs, homologous limbs such as 
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arms and wings. They are the stable holons in the evolutionary flux' 
(Koestler, 1967: 139). 

Life is not simply a replicating system; it is an organised, modular 
system. Living organisation is the end of 'an ordered and structured 
inner movement that is essential to what things are' (Bohm, 1980: 12). 
Far from being explained away by theories of genetic descent, 
morphology, with the cell as the unit of morphology, lies at the centre of 
a theory of life, not DNA. 

3. PARTS AND WHOLES 
In the Darwinian picture, an ancestor and its descendants form a whole in 
the manner of an individual, with a unique origin, history and 
termination. The taxa discovered through classification are wholes, with 
organisms as their parts. If ancestry is not considered, taxa lose their 
claims to individuality and classifications are nothing more than diagrams 
of set membership (Friday, 1994). The taxa that emerge in a 
classification are, therefore, accidents of history. Species descended from 
a common ancestor form a historical group. There is no necessary-or 
rational-connection between them. Without common descent, the 
hierarchy of types is nothing more than an arbitrary nesting of sets. Ho 
(1990) and Goodwin (1994) complain that Darwin thus removes the 
scientific status of biology by replacing rational theories of biological 
organisation with purely historical narratives. Darwin changes the 
language of biology, away from talking about types-common generative 
principles-to historical groups of ancestral and descendant species. 

Gary Nelson considers an alternative picture to Darwin. Taxa are not 
groups of organisms, but relationships. 'Conceived as relationships, taxa 
and homologies do not literally descend from one another. Taxa come 
into being with organisms that literally descend' (Nelson, 1989: 281 )'. 
The unity of the tetrapod type, for example, consists in the homologies, or 
morphological correspondences, that tetrapods share. To justifY the 
hypothesis of the tetrapod type, there is no need to propose that there 
existed a tetrapod ancestor, which possessed these features. No ancestral 
animals have been found and many evolutionary arguments are advanced 
to account for this. For example, if new species emerge in small, isolated 
populations, then it is unlikely that any members of the new species will 
die in circumstances suitable for their remains to be fossilised. The 
validity of the Tetrapoda does not depend on the ancestral tetrapod being 
found. To recognise a morphological correspondence is to make a 
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hypothesis, not about ancestry, but about the level in the hierarchy of life 
at which it applies. Every homology is part of some taxon, contributes to 
the unity of some type. 

A horseshoe bat and I are organisms, and one of the parts of my body, my 
arm, is a homologue of the bat's wing. Following Darwin, we would say 
that the bat and I belong to the taxon Tetrapoda, as descendants of the 
ancestral tetrapod. However, Nelson says that the bat and I are related 
through the taxon Tetrapoda, and our arms/wings are related by the 
homology 'limbs'. This homology is part ofthe Tetrapoda. 'Taxa are 
homologies and have homologies for their parts. Organisms are 
homologues and have homologues for their parts' (Nelson, 1989: 279). 
Nelson describes homologies and taxa as 'phylogenetic parts of life', as 
opposed to homologues and organisms, which are 'ontogenetic parts of 
life'. Phylogenetic parts of life expose the hierarchical pattern of life, the 
pattern of common descent, if you will. Ontogenetic parts of life express 
the history of individual living things. 

There are a number of subtle ideas here, which we will need to explore 
further: 

1. The distinction between phylogenetic and ontogenetic parts of life, 
and the relationship between the two. 

2. The distinction between homologies and taxa and the part-whole 
relationship between the two. 

3. The relationship between taxa at different hierarchical levels. 

All these ideas derive from Patterson (1982). To recognise a 
morphological correspondence is to make a hypothesis about the level in 
the hierarchy of life at which it applies, and thus to make a hypothesis of 
a taxon. My Ph.D. supervisor, Ken Joysey, commissioned this paper 
from Patterson. He hoped that, forced to consider the question of 
homology, Patterson would give up the pattern approach he had adopted 
from Nelson and Platnick. Instead, Joysey relates, 'Patterson gave up 
evolution'! In the same symposium volume, Alan Charig comments that, 
without evolution, pattern cladistics 'is without any proper theoretical 
basis' (Charig, 1982: 372). Statistics underpins genetic approaches to 
reconstructing evolutionary history. The likelihood of and support for a 
particular tree are well defined within the theory. The suggestion I make 
in this paper is that the appropriate mathematical language for cladistics 
is category theory, and in particular, colimits. I examine the application 
of category theory to hierarchies in computer science and explore its 
relevance to systematics. 
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4. SPECIFICATIONS AND INSTANCES 
'How do you build big, complicated things? Commonly, you put them 
together-or configure them-from smaller, simpler 'things, and this is as 
familiar in software development as it is in everyday life' (Vickers and 
Hill, 2001: 32). This is Herbert Simon's message (Simon, 1962), that the 
architecture of complexity-natural and artificial-is modular. Arthur 
Koestler (1967) draws extensively on Simon in his hierarchical theory of 
holons, which he applies to behaviour, language and morphology. 

Software modules can be reused in contexts different to the one in which 
they originated. The internal implementation of the module can change 
as long as the services that it offers remain the same. Enhancements and 
bug fixes are limited in scope to one or a few modules. These are the 
principles of object- and component-oriented programming. They are 
related to Simon's insight, that modular systems are more stable. 
Subsystems may change independently of one another, without affecting 
the integrity of the system. 

The object-oriented programmer defines the services offered by a module 
as a class. The properties will generally be held internally, invisible to 
the outside world, and methods will he available to get and set these 
properties. A running program will create objects as instances of the 
class. Each object may have different data values, but conforms to the 
type of module specified in the class. 

Steven Vickers and Gillian Hill address the problem of putting together 
systems from specified components and specified sharing. They contrast 
specifications with their instances. This is a very natural language to talk 
about classification. Taxa are specifications and organisms are instances. 
The horseshoe bat and I are instances of the tetrapod specification, which 
is composed of the homology 'four limbs'. This defmes the tetrapod 
type. The horseshoe bat and I possess instances of four limbs as parts of 
our body. Instances of homologies are homologues. Nelson's 
phylogenetic parts of life are specifications; his ontogenetic parts of life 
are instances. 

In a similar vein, Stanley Salthe reflects on the hierarchy of classification 
and concludes that it is a hierarchy of specifications. Hierarchies, say in 
ecology, are usually considered in scalar terms, where 'components at 
different levels differ in size roughly by orders of magnitude ... Levels in 
the specification hierarchy mark the qualitative differences of different 
realms of being, as in 'physical realm' versus 'biological realm" (Salthe, 
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2001, http://www.nbi.dk/~natphiVsalthe!Hierarchy th.html). One of the 
tasks of the systematist, when presented with a specimen, is to give as 
precise a specification of its identity as possible. With fossils, which may 
not be complete, the identification may be carried only to family level, 
leaving the genus unspecified, or to genus, leaving the species 
unspecified. Levels in the specification hierarchy emerge in a generative 
process, starting with the most general and leading to the roost specific. 
At each stage, the range of accessible states narrows irreversibly (Salthe, 
1993: 64-65). 

So how does category theory fit in? A category is 'a mathematical 
universe', populated with certain objects, maps between these objects, 
and rules for how the maps can be added together (Lawvere and 
Schanuel, 1998). Maps between objects are often called morphisms. 

Consider specifications, X and Y, to be objects in a category C: '... a 
morphism u: X--> Y describes how the specification X can be considered 
a part of Y. In consequence, an implementation-or instance--of Y 
contains somewhere inside itself an instance of X, and we shall view this 
reduction of instances of Y to those of X as the most direct manifestation 
of morphisms. (Note the contravariance. The natural direction of 
morphisms for instances is the reverse of the natural direction for the 
syntax of specifications.)' (Vickers and Hill, 2001: 32) 

So, in Nelson's category of life, specifications X and Yare phylogenetic 
parts of life, namely homologies and taxa respectively. The 
implementations, or instances, of X and Yare homologues and organisms. 
The map u assigns a homology X to the taxon Y of which it is a part. In 
consequence, an instance of taxon Y contains within itself an instance of 
the homology X For example, u: four limbs --> Tetrapoda means that 
tetrapod organisms possess homologues of four limbs, whether arms, 
legs, wings or flippers. The language of specifications and instances, 
framed in category theory, captures the subtlety ofNelson's mereology. 

'Now suppose Y1 and Y2 both contain X, by morphisros u1: X--> fi. Then 
the pushout Z, a simple colimit, configures a new specification out of Y1 

and Y2 with sharing a common part X' (Vickers and Hill, 2001: 33 ). Let's 
consider a concrete example (Vickers and Hill, 2001: 43-44). Lift is the 
class of instances of lifts in an office building. CButton is the class 
whose instances are series of call buttons. There is an instance reduction 
from Lift instances to CButton instances. Given any lift, we can point out 
its call buttons and so display a CButton instance. The category C of 
primitive specifications includes the objects Lift and CButton and a map 
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i: CButton --> Lift. If L1 is a lift instance, then i1L1 will denote its call 
buttons. We would like to specify a LiftSystem with two lifts serving the 
same location. Naturally, they should share the same call buttons. We 
have two lifts instances L 1 and L2 and a set of call buttons B, which is 
common, i.e. i[L1 = i2L2=B. Identifying the pattern of call buttons 
common to the two lifts allows us to recognise a specification hierarchy. 
The lifts are at level n in the hierarchy, the lift system at level n+ 1. 

This is exactly Patterson's insight that the hypothesis of a morphological 
correspondence between instances of two taxa is equivalent to the 
hypothesis of a taxon at a higher level. Indeed, the two taxa are sister 
taxa within the newly discovered taxon. 

Consider an example where there are three taxa, hagfishes, lampreys and 
gnathostomes, or jawed vertebrates (see Figure 2, below). Hagfishes 
have a skul~ but no backbone or jaws. Lampreys have a skull, a 
backbone, but no jaws. Gnathostomes have a skull, a backbone and a pair 
of jaws. The homology 'backbone' shows that lampreys and 
gnathostomes are sister taxa. This relation identifies the Vertebrata, 
which emerges as the colimit. In turn, the homology 'skull' shows that 
vertebrates and hagfishes are sister taxa, identifying the Craniata as a 
further colimit. Hierarchy bridges the gap between the morphology and 
classification and emerges naturally from the theory of categories. 

!----------------- bagfisbes 
----Craniata--! !---- lampreys 

!-Vertebrata-! 
!---- jawed vertebrates 

Figure 2: The classification of craniates. 

So far, the algorithms employed in cladistic analysis require discrete 
characters. We have already mentioned that this raises a difficulty with 
continuous characters, which have to be split up into a number of discrete 
states. Ideally, data should be entered into the analysis in as raw a form 
as possible. Categories are abstract, wherein lies their power. If 
homology can be formalised in the way that the above discussion 
suggests, then we have a concept that applies to continuous characters as 
equally as to discrete characters. I am hopeful that new methods of 
cladistic analysis will emerge from the application of category theory. 
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Abstract. The aim of this paper is to provide a sketch of a bit 
more fom1al underpioning concerning the conceptual intricacy of the 
notion of '(primordial) emergence' by applying category- and topos­
theoretical means.' This relates most directly to what had been called 
'the m~ontology of primordial emergence' in the con-esponding 
paper "The Tower of Turtles" (see the "The Philosophical Aspects 
of ANPA 24"), namely the 'objects which are not intended entities'. 

A particularly interesting instance of such 'objects which are no 
entities' is the proposed mathematical structure from which in my 
understanding the most elementary (or fundamental) physical 
stntcture(s) have been emergent. 

1 Introduction 
In this paper' I will try to give an outline of a mathematical model of 'primordial 
emergence'. By 'primordial emergence' is meant an emergence of primordial physicality up 
from an unphysical purely intelligible mathematical state. Intimately intertwined with that I 
will also present a sketch of a mathematical structure apt to solve a seeming paradox of the 
reductionist program in science which I've discussed in the directly related paper 'The 
Tower of Turtles'' (see the volume containing 'The Philosophical Aspects of ANPA 24') 
where I stressed the point that the reductionist program cannot come to its very end, i.e. it 
cannot terminate as long as it is pursued as a project with the aim of discovering a 
primordial and fundamental level of physical reality which doesn't stem from any other 
(non-physical) preceding structure. 

1 The idea of applying features of topos-thcory as means for analyzing the concept of emergence and subsequently 
tbrmulating a theory of emergence had - to my knowledge- for the first time been proposed in P.Eisenhardt, D.Kurth, 
Emergenz und Dynamik, Cuxhaven I 993 
2 This paper is based on the talk I gave at the ANPA 24 meeting in Cambridge (UK), August 2002 
3 D.Kurth, The Tower of Turtles, in: The Philosophical Aspects of ANPA 24, Proceedings of ANPA 24, to appear 
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I.e. I did state in this paper that it is a hidden (yet perhaps mostly unnoticed) implication of 
the reductionist project that physical existence itself has to be seen as being emergent from 
an underlying pre-physical level, which I would call a 'meontological' level, by tllis 
indicating that this level has to be seen as being made of objects which are no entities and 
which cannot even be intended to be entities, i.e. a level of not in any sense physically 
existing objects. Thus these objects should - since I'm not in favour of spiritual entities (at 
least not in this context)- be mathematical objects. 
As an inspiration for such kind of objects I had a look into somewhat related considerations 
of Leibniz where I found a sketch of something I've called 'dynamical Leibniz-point 
objects' .4 

The means I now will use to give the Leibniz-point objects a modem spin are mainly the 
ones you might expect. Namely 

a) n-categories or higher dimensional categorical algebra' (yet in our case it will turn out 
to be rather lower dimensional, i.e. negative ascending categorical algebra) and intricately 
intertwined with that 

b) Topos theory 

But before we will try to make a suggestion of how to bring such reconstructed Leibniz­
point objects (despite the fact that they shall not be intended to be entities) into appearance, 
we must at first say a word about our interpretation of the conatus which by Leibniz was 
meant to be copresent with his special kind of points (i.e. points which have patis (or a 
structure) yet no extension). Leibniz obviously took the conatus as an infimum motus, i.e. as 
an infinitesimal motion and as such of course as an infinitesimal physical entity. 
Such an infinitesimal physical entity could obviously not serve for our purpose of 
overcoming the difficulties of reductionism and therefore we will give this dynamical aspect 
attached to that unconventional Leibniz point object a different meaning. Like the Leibniz 
point object itself we also will understand the conatus as an entirely mathematical object, i.e. 
as something dynamical in a purely mathematical sense. There is already a tradition in 
doing so and taking in particular morphisms as formal analogies of dynamical action.• Thus 
we will suggest to see the conatus as an automorphism of a Leibniz point object onto itself. 
And motivated by this new aspect we now will also rename our objects in question and 
instead of 'Leibniz point objects' we will just call them 'automorphic objects' ( obM1). 

Now two other preliminary tetminological remarks (yet this time not about a tetminology of 
our own making). The mathematical concept of an n-category had been developed in two 
different mathematical contexts and there are also two different types of n-categories, 
namely strict n-categories and weak n-categories. Since we will later make use of both these 
types let me give now a short characterisation. 
Strict n-categories are the much older and in a sense less fmitful bunch. Yet they played an 
imp01iant role in metamathematical considerations e.g. in the nlid sixties when they had 
been used by F.W.Lawvere7 in the business of foundational effotis. Lawvere's n-category 
(the category of categories CAT) then served a metamathematical purpose. That kind of n-

4 For more details cf. D. Kurth, The Tower of Turtles, Joe. cit. 
5 The idea of applying n·categorical concepts and means for analyzing emergence has already been introduced (and 
extensively discussed) in: P.Eisenhardt, D. Kurth, Complexity Categoritied; in: Implications, Scientific Aspects of ANPA 
22, (ed. Keith Bowden), London2001 
6 Ct: as an example F.W.Lawvere, Categorical Dynamics, in: Topos theoretic methods in geometry (ed. A.Kock et. al.), pp. 
1-28. Aarhus University Matematik lnstitut various publication series no. 30, Aarhus 1979 
7 Ct: F.W.Lawvere, The category of categories as a foundation for mathematics, in: S.Eilenberg ct. al. (eds.), Proceedings 
of the Conference on Categorical Algebra in La Jolla, 1965 
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categories later had been named strict n-categories (i.e. a kind of n-category in which the 
specific content or structure of the n-1 category is not so much of a particular relevance) in 
difference to the so called weak n-categories which are no metamathematical products of 
foundational endeavours yet categorical representations of increasingly enriched layers of 
hierarchical sttuctures. I.e. in a strict n-category the object of the strict n-category is the 
respective n-1 category itself whereas in a weak n-category the object(s) of the weak n­
category is (are) the morphism(s} of the respective n-1 category. By J.Baez, an important 
contributor to the development of higher dimensional categorical algebra (read as 'n­
category theory'), the definition and the significance of weak n-categories has been put into 
the following words 

"An n-category is an algebraic structure consisting of a collection of 'objects', a 
collection of 'morphisms' between objects, a collection of '2- morphisms' between 
morphisms, and so on up to n-morphisms, with various reasonable ways of composing 
these j-morphisms. A 0-category is just a set, while a !-category is just a categmy. 
Recently n-categories for arbitrarily large n have begun to play an increasingly important 
role in many subjects including homotopy theory and topological quantum field theory. 
The reason is that they let us avoid mistaking isomorphism for equality."' 

The mathematical concept or object of a topos had been originally designed by William F. 
Lawvere and Michael Tierney to be a dynamical version of a set." By dynamical here is 
meant that there are (non-trivial) morphisms between any of the objects of the topos , where 
these objects are roughly speaking the categorical version of the elements of set theory. 
Further characteristics of a topos are amongst others that any topos has to have an initial 
object as well as a terminal object. The mentioned dynamical aspect then turns out to be 
equivalent to the various sequences of morphisms which can be found in the universe 
between the initial and the terminal object. 
In the following we will make use of all three concepts we've just touched. And by making 
use of them we can maybe also give an additional philosophical spin to the difference of 
'impact' related to strict respectively weak n-categories. 

2 The topos of pre-physical emergence (PrePhys): automorphic 
objects with a (negative ascending) n-categorical enrichment 

The following figure FIG.! shows the mathematical stmcture I propose as being fit to carry 
the burden of the tower of turtles or being apt to stand as a profound basis for it. FIG.l shows 
the topos PrePhys which is meant to represent an assumed pre-physical as well as pre­
natural meontological 'process' and that process itself is characterised by a strict n­

categorical unfolding of automorphic objects obAM· 

So we mix toposic and n-categorical features in PrePhys. And by speaking of a 
'meontological process' we do even something more strange than that. The notion of a 
'meontological process' implies a process of(or in) the non-being. 
Thus it must not come as a surprise that the automorphic objects obAM, which are the 
particular sort of subobjects of PrePhys, are exactly the candidates for the objects which are 
not and cannot even be intended to be entities but which are intended to be the matrix from 

8 Baez, J., An Introduction to n-Categories, in. 7th conference on Category Theory and Computer Science, ed. E.Moggi 
and G.Rosolini, Springer Lecture Notes in Computer Science vol. 1290 (1997) pI 
9 Cf. F. W.Lawvere, An elementary theory of the category of sets. Proceedings of the National Academy of Sciences, 
U.S.A., 52, 1506-11; F. W.Lawvere, Continuously variable sets: algebraic geometry= geometric logic, in: Proceedings of 
the ASL Logic Colloquium, Bristol 1973 (ed. H.Rose, J.C.Shepherdson), pp. 135-56 
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which such objects can arise (or emerge) which then could justifiably be intended to be 
entities.10 To shed some light on such peculiar objects has been the motivation and purpose 
of this paper as had been explained in the introduction. 

ob • ..-- AM (O-ro) 
! 
i 

v.; ob 
• ..-- AM(O-i) 
! 

-1.-
ob 

0- AM (0-1) }ob 
AM (0) 

PrePhys 

FIG.l: The topos of pre-physical emergence PrePhys: automorphic 
objects with a (negative ascending) strict n-categorical enrichment 

For PrePhys the following definitions hold: 

PrePhys: { obAM(O-oo)> obAM(O-i)• obAM(O)} 

with obAM(O-ro) (or a respective obAM(O-i)) as initial object and obAM(O) as 
terminal object 
for 1 s; i s; ro 
and with ro >> n, ro >> n+ 1, ro >> n+2, ... , ro >> n+j, ro >> n+k, ... ; 
with k » j (for n, j, k E 1N) 
ro then is an infinitely large Natural Number, and thus it holds ro i' CIJ, 

Any of the automorphic objects obAM which are the subobj ects of PrePhys then is itself also 
a category, consisting of an object ohAM and an (auto)morphism amobAM· Yet it must be 
noted that the very structure ofPrePhys, i.e. the relations between its subobjects { obAM(O-oo)• 
obAM(0-1)• obAM(O)} is a strict n-categorical unfolding. Therefore it holds for arbitraty 
subobjects obAM ofPrePhys: 

a)Any subobject obAM ofPrePhys has ann-categorical double obAM(-1). 
b)An n-category obAM(-i) with the rank (or dimension) -i consists of an object obAM(-i-1) 

and the automorphism amubAM(-i-1) onto that object obAM(-i-1) itself. 
(For Os i sro; i E 1N and co being an infinitely large Natural Number) 

As a further illustration of that n-categorical aspect of the internal making of PrePhys might 
serve FIG.2, which shows obAM(O) and its internal structure consisting of obAM(0-1) and the 
automorphism amob(0-1) of obAM(0-1) onto itself in some magnification. 

10 For all the anti-epistemological, ontological and meontological intricacies which had been implied in these remarks cf. 
D.Kurth, Actual Existence and Factual Objectivation, in: Movements, Philosophical Aspects of ANPA 23 (Proceedings of 
ANPA 23), Arleta D. Ford (ed.), London 2002 and D.Kurth, The Tower of Turtles, in: The Philosophical Aspects of 
ANPA 24, Proceedings of ANPA 24, to appear 

4 



240 

ob ==:> 
Ai\1(0) 

FIG.2: obAM(O),obAM(0-1) and amob(0-1) as seen through a magnifYing glass 

AM((J..I) 
} 

ob 

ob 
AM(O) 

The following figure FIG.3 then might give the reader a broader perspective on that 
mentioned meontological process, which can be characterised as a potentially infinite 
regress into the entrails of the pre-physical meon, the non-being, itself. And it might be a 
question of terminological taste whether to call that process an 'unfolding' or an 'enfolding'. 

AM 
oiJ (0-1) 

ob 
AM(O.tol) 

ob 
AM(0-1) 

ob 
AM(0-2) 

ob 
Al\t(0-1) 

ob 
AM(O) 

FIG.3: The potentially infinite involutive regress in PrePhys: a negative ascending inverted 
hierarchy 

PrePhys has the automorphic object obAM(O-w) or a respective obAM(O-i) as its initial object 
and the automorphic object obAM(O) as its terminal object, the functors between the various 
obAM(O-i) (possibly upfi·om obAM(O-<oJ) terminating at obAM(OJ all being isomorphisms. 
The automorphic object obAM(O) and the various automorphic objects obAM(O-i) (possibly 
including obAM(O-o>J) then are the subobjects ofPrePhys. 
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In addition - and even somewhat in contrast - to these topos-theoretical characterisations 
there are also the respective n-categorical features namely that the objects obAM(O-I) signify a 
(negatively ascending) hierarchy of respectively lower (or rather 'negatively higher') 
dimensional strict n-categories (possibly up to obAM(O-w)) related to the one from which this 
'descending' (Le. negatively ascending) cascade stmis namely ohAM(O)· Thus it must be 
noted that even though obAM(O) is - so to speak - the sta1iing point of a cons/ruction of 
negatively increasing categorical dimension it very well also is - perhaps at the first look 
somewhat puzzling - the object with the highest dimension in the pmiicular hierarchy 
produced by an assumed underlying process- simply due to the fact that 0 > 0-i (fori E IN). 
The mentioned contrast of the topos-theoretical characterisation of PrePhys and the 
characterisation of the n-categorical construction of the obAM(O-i) (possibly up to obAM(O-w)) 

(which also happen to be the subobjects of PrePbys) has - in my view - to do with two 
problems. Naillely a) with the difference between a process and a construction, and then 
subsequently b) with the problem of how to envision a pre-physical or pre-natural process. 
Concerning a) it seems obvious to me that the n-categorical approach has to be a 
construction. From that then follows that this construction has to start with obAM(O) since the 
dimensions of the subsequently constructed ohAM(0-1) (possibly up to ohAM(O-ro)) will 
increase .11 Yet this will be a rather uncommon sort of increase, namely an increase - so to 
say - in negative direction. 
But that directedness of the respective n-categorical construction doesn't matter at all for the 
assumed underlying process as such. For, if one could imagine such a process as being 
'real', then of course such a 'real' process would have to start with an object of a 
respectively lowest dimension like obAM(O-ro) or aJl appropriate obAM(0-1)· This relates 
obviously to the problem b) mentioned above. But even if it might be hard to envision or 
imagine such a pre-natural meontological process one has - at least in the context of this 
argument - to assume such a process. And therefore questions of attainability of objects like 
obAM(O-ro) do not matter in the topos-theoretical perspective. The intrinsic 'dynamics' of the 
topos PrePhys had ce1iainly to start with obAM(O-ro) (or an appropriate ohAM(O-i)) and to 
terminate in obAM(0)· 1

' 

I've introduced the topos of pre-physical emergence PrePhys for mainly two reasons. At 
first to give a 'consistent' model of the most primordial emergence of stmcture, naJllely an 
even pre-physical emergence. By 'consistent' here I mean 'consistent' with a mode of 
emergence, which has also applications beyond just that pre-physical emergence itself. That 
'mode of how emergence works' CaJl in my view be described by an unfolding of new levels 
which again in some cases can be modelled by categorification13, Le. described by the means 
of dimensional increase as seen in n-categ01y the01y. Also foreshadowed in PrePhys is the -
in my view - very important aspect of a heterotopic mapping1', Le. that emergent transitions 
are essentially characterised by a (stratified) increase of the topological genus, Le. an 
emergent higher level has a kind of 'higher dimensional' topological genus, an example for 

11 Such a construction obviously starts with the object of an at least minimal attainability (which is also the object with the 
respectively highest dimension), namely obAM(O)• i.e. it starts where a pre-natural meontological 'process' should end. In 
contrast to obAMtO) the obAMtO-i) are significantly less attainable and obAMtO-w) is definitely unattainable 
12 Again a bit puzzling is that- to my understanding- such intrinsic dynamics (or the generative structure) of PrePhys 
would by itself show no stratified structure. Thus it seems to me that emergentic features hide in pre-natural meontological 
contexts not less than they do in natural ontological ones. 
13 l use this tenn - which had originally be invented by L.Crane - following J.Baez and !.Dolan. CJ: J.Baez, !.Dolan, 
Categorification, math.QN9802029 5 Feb. 1998 
14 The term 'heterotopic mapping' had been suggested to me by Hans van den Berg to describe a 'genus increasing' 
transformation. 
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that is 'Antoine's necklace' (a chain the links of which are chains the links of which again 
are chains etc.). In the case of PrePhys attaching the feature of topological genus might be 
rather metaphorical. Yet it will turn out that together with increasing ontological hardening 
by the same mechanism which works in Pt·ePhys also the feature of topological genus will 
emerge - soon. 

3 The topos of primordial physical emergence (Prim Tor) 

The following figure FIG.3 shows again a mathematical structure which bears toposic as 
well as n-categorical features, namely the topos of primordial physical emergence which 
I've called PrimTor. 
PrimTor is meant to be a topos - so to speak - just on top of PrePhys. The objects of 
Prim Tor are again 11-categories but this time there is an important change to note in contrast 
to the mix up of n-categorical and toposic aspects which we have seen in the case of 
PrePhys. In PrePhys the virtually infinitary cascade of 11-categories obAM(-i) all had been 
strict n-categories, which are n-categories the objects of which are respective (n-J)­
categories themselves. A classical.example for such a strict 11-category is the category of 
categories Cat. 
Yet in the case of Prim Tor, which has just two subobjects (namely obAM(O) and torAMob(OJ), 
the category torAMob(O) (which stands for the terminal object) is a weak 11-categorical 
extension of the other subobject obAM(O) which stands in Prim Tor for the initial object (but 
is already known as the terminal object of PrePhys). I.e. torAMob(O) is a weak 11-categorical 
dimensional increase of obAM(O) with amob(O) (i.e. the automorphism of obAM(O) onto itself) as 
its object and amamob(O) (i.e. the automorphism of amob(O) onto itself) as its n-morphism. 
This then generates a sort of rolled-up or toroidal plane which would- embedded in a three­
dimensional space - look like a cable torus. 
Therefore I called this n-categorical extension of obAM(O) 'tol'AMob(O)'. 
Yet this weak n-categorical dimensional increase (resp. 'enlargement', 'enrichment' or 
'unfolding') is also of a particular philosophical relevance. Since in contrast to the strict 11-
categorical dimensional increase in PnPhys the weak 11-categorical enrichment in Prim Tor 
shows the most defining feature of a real emergent transition, namely a change in the 
making-up of the intended entities in question. I.e. the succeeding entities in an emergent 
transition have essentially to differ in their very structure from the preceding ones they stem 
from. Weak n-categorical dimensional enrichment or categorification is particularly apt to 
serve as model for emergent transitions or complexification since the n+ ]-category is not an 
enrichment of the objects of then-category but takes the 'dynamical' aspect of the respective 
11-category as its base." This implies an important 'step aside' which then allows to give a 
model of the chain of beings not just as a quite linear and continuous sequence of variations 
but rather of a discontinuous unfolding of an emergent hierarchy of levels. Pl'imTor is 
meant to represent the most elementary of such levels. 

15 Cf. !'.Eisenhardt, D.Kurth, Complexity Categorified; in: Implications, Scientific Aspects of ANPA 22, (ed. Keith 
Bowden), London 2001 
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Fto.4: The topos of primordial physical emergence Prim Tor: a weak n-categorical enrichment 

For Prim Tor the following definition holds: 

PrimTor: {torAMob(O), obAM(OJ} 

with obAM(O) as initial object and torAMob(O) as terminal object 

In the light of the (anti)epistemological distinctions I've mentioned in the introduction to 
this paper" between objects which cannot be intended to be entities (i.e. purely intelligible, 
formal or mathematical objects) and objects which can be intended to be entities (i.e. 
potentially physical objects) the tori (or rolled-up toroidal planes) tol'AMob(O) then are 
intended to represent such later potentially physical objects as being emerged from an 
underlying level of purely intelligible or mathematical objects ( obAM(OJ)· And such an 
emergence then would also have to be seen as the emergence of potential physical existence 
from a underlying state of no physical existence and this again would provide the conceptual 
means of overcoming the seeming paradox of reductionism - mentioned in the introduction 
of this paper - without abandoning the reductionist project as such. 

3.1 Linked toroidal objects 

Since there is no limitation attached for the higher dimensional toroidal objects torAMob(O) 
concerning either anything like 'orientation' or the number of the n-morphisms amamob(O), 
which essentially constitute torAMob(O), there could vety well be various linked toroidal 
objects come as a result of the respective n-(auto)morphisms amamob(O)· 
Such linked toroidal objects then could be understood as something like elementaty chain­
elements, which again could be rated as first instances of what I regard to be the 
quintessential property of- in this case yet very elementary and consequently very 'simple' -
'complex systems', namely topological connectivity. 

16 Cf. also D.Kurth, Actual Existence and Factual Objectivation, in: Movements, Philosophical Aspects of ANPA 23 
(Proceedings of ANPA 23), Arleta D. Ford (ed,), London 2002 and D.Kurth, The Tower of Turtles, in: The Philosophical 
Aspects of ANPA 24, Proceedings of ANPA 24, to appear 
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2 dim linked toroidal planes 

Fto.5: 2 dim linked rolled-up toroidal planes 
(embedded in R 3

): a first instance of potential 
physical complexity 

The philosophical significance of the linked toroidal objects shown in FIG.5 lies in my 
view in the assumption that physical existence is linked to an at least minimal degree of 
complexity and that - as laid out above - the very feature of complexity is topological 
connectivity. That leads to the consequence that I doubt it being meaningful to speak of 
'elementary physical objects', if by 'elementary' is meant 'simple' or 'of no degree of 
complexity'. The reason for this point of view is of course that it is consistent with my view 
of reductionism and the required action to overcome its seeming paradox." Just to make this 
point as clear as possible: In my view there can't exist an absolutely elementary or simple 
'physical entity', i.e. a physical entity of an absolutely least complexity. Quite on the 
contrary I hold that even the most elementary physical objects stem from mathematical ones 
and by this they already inherited a respective degree of complexity and since the physical 
objects emerged out of the mathematical ones their proper rank of complexity is also higher 
than that of their respective mathematical predecessors. Thus in my view the only objects of 
a truly least complexity could only be mathematical objects, e.g. of the kind of obAM(0-1)· 
In the light of these premises I want to highlight the transitorial as well as hermaphrodite 
natme of Prim Tor. I.e. Prim Tor represents just this transitorial stage in the emergence of 
physical existence, in which its terminal objects tor AMob(O) are no more purely mathematical 
and not yet proper physical ones." And the linked 2-dim !'oiled-up toi'Oidal planes then 
would just be a step further in the direction of emerging physical existence. 

17 Cf. D. Kurth, The Tower ofTurtles, in: The Philosophical Aspects of ANPA 24, Proceedings of ANPA 24, to appear 
18 And this provides a good excuse for a surely surprising and perhaps overly precautionary note, namely that an essential 
part of my argument in this papers relies exclusively on this mentioned double-nature of PrimTor. This relates to the 
emergence of physics out of mathematics. The proclaimed emergence of an elementary (almost) physical slate up from a 
purely mathematical one would precisely take place in the transition from the obAM(O) to the torAMob(Oi in PrimTor. The 
infinilary negative ascending hierarchy of obAM(-I) in PrePhys is not required for that emergent transition but just for 
providing a non~paradoxical infinite regress fOr the reductionist program. 
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4 Interpretation 

4.1 Emergence categorified: weak 2-categoricallocalic/quantal spin tori 

After coming so near to the advent of physical existence a question carefully avoided till 
now might eventually come across and can no longer be evaded. This is the question of what 
particular mathematical objects the obAM actually are? 
My answer to this question might appear as predominantly clear, but then a bit undecided as 
well: The 'natural' candidates for being the real obAM are either locales or quantales. 
The reasons for this sort of choice (or choices) should be rather obvious. At first the entire 
context in which the obAM undergo their emergent endeavours - namely PrePhys and 
Prim Tor - is thoroughly toposic. Locales as well as quantales again are of a toposic nature, 
thus having them as the subobjects of PrePhys and PrimTor would at least satisfy 
principles of simplicity as well as selfconsistency. 
Yet for the argument in this paper another reason is at least as relevant. Locales (as well as 
quantales) are just by their very nature ideal candidates for giving the 'Leibniz-point 
objects'" (once envisioned and postulated by Leibniz" in his Theoria motus abstracti), 
which had been the starting point of the considerations in this paper, a most rigorous 
mathematical setting, i.e. a reformulation in the tenns oftopos theory. 

Locales are topos-theoretical doubles of the open sets of set theory and bear also a strong 
resemblance of the monads of non-standard analysis. All these concepts have in common 
that they somehow are apt to substitute the ordinary point by a kind of rather infinitesimal 
element which has - even if not proper pat1s in the sense of Leibniz then at least - an internal 
structure." An elementary explanation of the notion of a locale in a somewhat broader 
context (which has yet the advantage to put this explanation in just that context which has 
been the starting point of this paper, namely that of topos theory) had been given by 
Saunders Mac Lane and leke Moerdijk: 

"A topos is, in a suitable sense, a generalized space, so should have (generalized!) points. 
Indeed, at a given point x of an ordinary topological space X, one can erect each set A as a 
sort of "skyscraper" sheaf Ax concentrated around the point x. The resulting mapping from 
the category of sets into that of sheaves on X is, in fact, the direct image of a geometric 

morphism Sets ~ Sh (X). But an arbitrmy topos S may not have enough "points" Sets~ 

Sin this sense. In order to develop an adequate comparison between topoi and spaces, it 
is useful to alter the definition of a space by describing a space not in terms of its points, 

19 Cf. the introduction to this paper. Cf. also D.Kurth, The Tower of Turtles, in: The Philosophical Aspects of ANPA 24, 
Proceedings of ANPA 24, to appear 
20 Specifically as subobjects of a topos PrePhys1oc locales locAM(·I) might also provide a conceptual basis for reconciling 
the hitherto seemingly contradictory relationalist and dynamist tendencies in Leibniz' natural philosophy. The relata which 
are supposed to constitute a certain space then could be seen as respectively lower dimensional (abstract) spaces 
themselves being constituted by relata which again are respectively lower dimensional abstract spaces related to the one 
they constitute and themselves again being constituted by another set of such a kind of relata etc. 
That possible reconciliation then would be just due to the double nature of PrePhys1" as a topos and a structure of n­
categorical tm~ or enfolding {see above). The relationist aspect then would be carried by its loposic nature and the 
dynamist aspect by its n-categorical dowry. I.e. in the toposic perspective PrePhys1oc has all the various locales locAM(-i) as 
ordinary subobjccts (and in that sense as proper relata(!)), yet seen as elements of the respective strict n-categorical 
structure (which again happens to be PrePhys1") any strict 11-category locAMHl has also a strict n-1 category locAM{-I-I) as 
its object. And since locAMHl would just be produced as the automorphism of locAMH·Il I would rate this as a genuinely 
dynamical generation in contrast to a merely static relation. 
21 The mathematical definition and an extensive explanation of locales can be found in: S.Mac Lane, I.Mocrdijk, Sheaves 
in Geometry and Logic: A Jirst Introduction to Topos Theory, New York Berlin 1992 
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but in terms of its open sets. The objects so defined by a lattice of open sets are called 
locales. Since sheaves can be described in terms of coverings by open sets, one can 
construct a topos Sh(.\) consisting of all the sheaves of sets on such a locale X. Moreover, 
any "continuous" map Y--+ X between locales gives rise to a geometric morphism Sh( Y) 
--+ Sh(.K,l between such sheaf to poi."" 

In this paper locales locAM, which would stand for the originally introduced obAM, then 
would have to be seen as - in an emergence-theoretical sense preceding - constituents of the 
physical space and not as (in whatever ways derived) parts of it and therefore they would 
utterly lack the very feature of a pre-particle or of a spatial entity. This is in distinct contrast 
primarily to loops, which had been designed just as elementary parts of physical space, i.e. 
derived as discrete elements of space based on canonical quantization of the relativistic 
space-time manifold." 
This makes a significant difference because even if one may claim that such an eventually 
uncovered quantized and thereby discrete deep-structure of physical space would be the 
underlying and even - in that sense - 'true' structure of physical space one cannot claim that 
physical space would be emergent from that structure but just the opposite, namely that 
space always and ever was made up by that elementary structure (and thus did not emerge 
out of a radically non-spatial pre-structure). 
Yet to claim that space itself is radically emergent from a pre-spatial structure requires a 
completely different approach, since - if by the epithet 'spatial' here a physical space is 
suggested - such a pre-spatial structure would have to be of an essentially non-spatial 
making. 
Locales as well as their non-commutative siblings, quantales24 , now are just such 
mathematical objects, which neither had been derived from any concepts of physical space 
nor designed for the purpose to provide elements for a physical space to be built up by (or 
on) them. I.e. locales (and quantales) must not be seen as - in what ever way diluted or 
diminihed -parts of physical space, not at least because they cannot be taken as physical 
entities at all. 
But if the assumed most imperceptibly emerging physicality does not stem from the objects 
in the topos( es) SpinTOI'toc (resp. SpinTorqu) - (both) shown (in a sort of superposition) in 
F10.6 (which are just the respectively interpreted versions of PrimTor, see FIG.4) then -
since nothing else is left - any possibly emerging physicality must stem from the respective 
weak 11-morphisms in SpinTortoc (resp. SpinTot'qu), i.e. then+ 1 (auto)morphisms spAI\IIoc(O) 
(resp. SPAMqtt(o)) of the 11-(auto)morphism AMtoc(O) (resp. AMqtt(O)) onto themselves. 

22 S.Mac Lane, I.Moerdijk, Sheaves in Geometry and Logic: A first Introduction to Topos Theory, p 8 
23 In such a sense (as well in many others aspects) the role attached in this paper to locales (or quantales) differs decisively 
from e.g. the role of Wilson Loops in the loop-theoretical approach to Quantum Gravity. 
24 Most of what has been said about locales above also relates to quantnles, which are in fact a sort of quantized locales, i.e. 
locales which satisfy an additional noncommutative rule. Quantales had been originally introduced by C.J .. Mulvey in 
1986. For a detailed introduction into the subject cf. C.J.Mulvey, M.Nawaz, Quantales: Quanta! sets, in: Non-classical 
Logics and their Application to Fuzzy Subsets: A Handbook of the Mathematical Foundations of Fuzzy Set Theory, 
Kluwer 1995, pp 159·217: somewhat more related to the topic of this paper is: C.J.Mulvey, J. \V.Pelletier; On the 
Quantisation of Points, J.Pure Appl. Algebra 159 (200 I) 231-295 
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AM loc(O)/ qti(O) 
2 dim linked splntoroldal pl11nes 

F!G.6: The topos(es) of emergence: SpinTor loc /*qtl 
>I: [The dash (/) in F1o.6 signifies that the objects in question are always supposed either to be read as proper 

locales or as their non commutative siblings, namely quantales.] 

For SpinTor1oc the following definition holds: 

SpinTorloc: {locAM(O), sptorAMioc(O)} 

with locAM(O) as initial object and sptor AMioc(O) as terminal object 

Respectively the following definition holds for SpinTorqu: 

SpinTorqu: { qtlAM(O), sptor AMqti(O)} 

with <ttiAM(O) as initial object and sptorAMqti(O) as terminal object 

Thus the emergence of potential physicality is - in my view - utterly based on the dynamical 
-which here are in fact the same as the emergentic- aspects of the mathematical structure(s) 
(SpinTor10, resp, SpinTorqu) in question, namely the aspects, which are related to the weak 
n-categorical entrails of the topos(es) SpinTor1oc (resp. SpinTorqlh i.e. the weak 2-
categorical (auto)morphisms spAMioc(O) (resp. SPAMqii(O))·" And this is perfectly in line with 
the philosophical premises which led me to all these conclusions" and which originated in 
Leibniz' radical dynamism as displayed in his Theoria motus abstracli (as well as in many 
others of his writings). 

25 But in sharp contrast to the similar situation in the case of PrePhys here the mentioned "H'eak n-categorical entrails" are 
no more and not at all completely independent of the toposic structure of SpinTor1" (resp. SpinTor,11 ), but- just to the 
contrary - in the case of SpinTor1" (resp. SpinTor,11) the (toposic) morphisms, which lead from the initial object(s) 
locAM(OJ (resp. qt!AM(OJ) lo the terminal object(s) sptorAMI.,tOJ (resp. sptorAMqtl (O)) are just identical with the weak n­
eategorical (auto)morphism(s} sp""'"t'J (resp. SPAMqtJtoJ}. 
26 Ct: D.Kurth, The Tower of Turtles, in: The Philosophical Aspects of ANPA 24, Proceedings of ANPA 24, to appear; 
and D.Kurth, Actual Existence and Factual Objectivation, in: Movements, Philosophical Aspects of ANPA 23 
(Proceedings ofANPA 23), Arleta D. Ford (ed.), London 2002 
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But then what could that insinuated physical feature of SPAMioc(O) (resp. SPAMqti(O)) ever be? 
Since we haven't been parsimonious with exacting suggestions to the imaginative 
benevolence and faculty of the readers, we feel entitled to stress at least that benevolence (of 
the remaining ones) a little further. 
I take or interpret the SPAMioc(O) (resp. SPAMqti(O)) as a smt of (physical) spin. And I would 
even extend this interpretation to the preceding automorphism(s) AMtoc(O) (resp. Amqu(o)), 
i.e. I would take them as being spins of either locales or quantales. With this surely exacting 
suggestion we now have reached the decisive point of the whole argument, which I put 
forward in this paper. The only excuse for all these exactions is the fact that the notion of 
'emergence' inherently has a tinge of unreasonableness, since it implies to find a way (a sort 
of continuity) across an abyss (of a radic a! discontiuous nature). 
As always in the theory of emergence also in the case of the relation of the concepts of 
'automorphism' on the one hand and of 'spin' on the other the reductionist view works fine 
and the proper emergentist one much less fine, if at all. This becomes obvious when one 
agrees that the physical spin can - as an abstract symmetric rotation - nicely be modelled as 
an instance of an automorphism, yet that an automorphism can obviously not be seen as an 
instance of a spin, simply because it lacks the physical features of a spin. 
Yet as always in the theory of emergence one has to overcome the undeniable 
reasonableness of this objection. Since by not doing so one has to pay a much higher price in 
terms of reasonableness, i.e. one has either to admit the existence of miracles, e.g. in the 
case of the emergence of life up from prebiotic conditions, or of potential paradoxes as in 
the case of the reductionist project with respect to the question of the ontological status of a 
first physical entity. 
So I hold that SpinTor1oc (resp. SpinTor qtl) provides a model of how automorphisms of the 
sott of SPAMioc(O) (resp. SPAMqti(O)) and their 'predecessors' AMtoc(O) (resp. Amqii(O)) once 
could have find a way across the abyss between the meontology of mathematical objects and 
the ontology of intended physical entities by metamorphosing into spins. 

4.2 From spin chains to contiguity: emergent topological connectivity= complexity 

Yet of course we have still left out some futther exacting details of SpinTor1oc (resp. 
SpiuTorqu), namely the status of their terminal objects sptorAMioc(O) (resp. sptot'AMqii(O)). 
Now, these are apparently static images of the automorphisms SPAMioc(O) (resp. SPAMqii(O)) of 
which they are 'made of. I.e. insofar as they are statified automorphisms they are ontified as 
to be a smt of elements. And they are supposed to be elements -quite literally. This becomes 
evident in the bottom line of F1o.6 in the case ofthe object called '2-dim linked spintoroidal 
planes'. 
I.e. the real potential physical role of sptot'AMioc(O) (resp. sptorAMqii(O)) as elements lies 
exclusively in their potential role as elements of a spinchain, i.e. a spinchain just of such 
elements as sptor AMioc(O) (resp. sptorAMqti(O))· . 
Such spinchains then might - appropriately increased - grow into more complex physical 
entities. A possible example could be entities like 'strings', the proposed elements of such 
entities, namely sptorAMioc(O) (resp. sptot'AMqti(O)) then being a sort of 'patton' of such 
spinchains or 'strings'. Yet serious physical stuff was never the topic of this paper so we 
stick to our philosophical suggestions. As a somewhat enlarged illustration of these 
philosophical suggestions see FIG. 7. 
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2 dim linked splntoroldal planes 

open spluthalns 

FIG.7: spinchains: emergent topological con­
nectivity built-up of linked spintori 

In this respect what matters most with the spinchains shown in FIG.7 is that the emerging 
physicality - claimed to be illustrated there - is essentially due to the growing topological 
connectivity which is as well characterised by the contiguous structure (of a chain). 

0 ( .. ---!.I I! 

sp AM I~(O)tqli(O) 

. 

---sptot· • 
Al'llloe(O)/ qti(O) 

. 

2 dim ~p[ntori 

0 
l 

(~plntnroldal pbi!I~.'J) 

~·partons' 

Spin Tor 
loc 

SpinTorqti 

2 dim linked ~pinlorohlal planu 

open splnehalns 
='npen .~Iring~' 

closed splneh:~lns 
='clo\etl strln~' 

FIG.S: The topos(es) of emergence. And elementary spinchains (made of linked spintori) as first 
instances of emergent topological connectivity. 
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As the mentioned growing topological connectivity is producing more of that contiguous 
stmcture(s) by its own further growth it also produces more and more of potential actual 
physicality. Thus - I hold - that exactly such topological connectivity or contiguity is the 
underlying stmcture (and measure) of physical complexity and even the most elementary 
physical entities already are characterised by an increased complexity related to that of the 
mathematical objects from which they stem." 
Since this paper was - for good reason - not about physics at all but just about to think of it 
as emerging, it now already overstretched its scope. Therefore it may now come to an end 
after having presented you instead of a summary an overview of the proposed topos( es) of 
emergence in F10.8. 

27 This is again in line with my claim that any assumed most elementary physical entity already has to have a certain degree 
of complexity which directly stems from (the increase of complexity having taken place in the pre-physical emergence of) 
ils mathematical predecessors. 
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Alternative Natural Philosophy Association 

Statement of Purpose 

l. The primary purpose of the Association is to consider coherent models based on a 
minimal number of assumptions, so as to bring together major areas of thought and 
experience within a natural philosophy alternative to the prevailing scientific attitude. 
The Combinatorial Hierarchy, as such a model, will form an initial focus of our 
discussions. 

2. This purpose will be pursued by research, publications and any other appropriate 
means including the foundation of subsidiary organisations and the support of 
individuals and groups with the same objective. 

3. The Association will remain open to new ideas and modes of action, however 
suggested, which might serve the primary purpose. 

4. The Association will seek ways to use its knowledge and facilities for the benefit of 
humanity and will try to prevent such knowledge and facilities being used to the 
detriment of humanity. 

Organisation (altered to reflect current situation by KGB) 

I. The Executive Council is the governing body of the Association. It consists of: 

(a) All past Presidents of the Association. 

(b) Officers (President, Treasurer and Co-ordinator). 

(c) Ordinary members nominated by classes (a) and (b), who serve for three 
years, with the possibility of re-nomination. 

2. Members of the Association are (a) members of the Executive Council and (b) 
others nominated by the members and approved by the Executive Council. 

3. The President is the official representative of the Association in external affairs, and 
has the responsibility for calling meetings of the Membership, at least annually, for the 
determination of overall policy. 

4. The Treasurer is the responsible financial officer of the Association for the receipt 
and disbursement of funds. 

5. The President and Co-ordinator may be paid an appropriate salary for their services, 
funds permitting. These services will include the organisation of meetings and the 
editing of the Proceedings of such meetings for publication, co-ordination of and 
participation in the research activities of the Association, preparation when appropriate 
of research reports and publication of such reports, and other such duties as may be 
assigned. 

6. President, Co-ordinator and Treasurer may, as appropriate, receive funds for travel 
expenses, secretarial help, etc. 



252 

7. The Executive Council has selected an independent Advisory Board. It may adopt 
its own rules for the operation and replacement of members. The Executive Council 
may nominate candidates to the Board. Any member of the Board, or the Board 
collectively, may make recommendations to the Executive Council, or directly to the 
Membership. Action taken on such recommendations must be promptly reported by 
the Executive Council to the Board in writing. 

8. Dues are currently £20.00 per annum. 

Executive Council: Dr. John Arnson, Dr. Ted Bastin, Mr. Anthony M. Deakin 
(Chairman), Dr. Tom Etter, Ms. Arleta Griffor, Prof. Louis Kauffinan, Prof. Clive W. 
Kilmister, Dr. Michael Manthey, Prof. H. Pierre Noyes, Dr. David Roscoe, Dr. Fredric 
S. Young, Prof. Rainer Zimmerman. 

President: Dr. Keith Bowden, 139 Sandringham Road, Barking, Essex, IGll 9AH, 
UK. 

[Tel: 0208 594 5064, Email: k.bowden@physics.bbk.ac.uk]. 

Treasurer: David Roscoe, Department of Applied Mathematics, Sheffield University, 
Sheffield S3 7RH. 

[Tel: 01142 235 2785, Email: d.roscoe@sheffield.ac.uk] 

Co-ordinator: Arleta Griffor, 37a Shepherds Way, Rickmansworth WD3 7NN. 

[Tel: 01923 461679, Email: agriffor@physics.bbk.ac.uk] 

Advisory Board: M. Horner (Chairman), Profs. G.F. Chew (Berkeley), C. Isham 
(Imperial College), M. Redhead (Cambridge), N. Cartwright (LSE), C. W. Kilmister 
(London, retired), H. Pierre Noyes (Stanford, retired). 




